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ABSTRACT

In magnetic resonance diffusion tensor imaging (DTI), the direc-
tion and magnitude of diffusion of water molecules is character-
ized by a diffusion tensor. In the central nervous system, the highly
organized fibre structure of white matter fibre tracts causesthe dif-
fusion to be anisotropic. From the DTI data, one can calculate a
vector field representing the preferred direction of diffusion at each
imaging voxel, which corresponds to the orientation of white mat-
ter fibres. However, the reconstruction of continuous fibre tracts
from such data remains a challenge because the measurementsare
dense and typically quite noisy. In this paper we introduce ageo-
metric flow to address this problem. The key ideas are: 1) to locally
extend the vector field in its orthogonal plane and 2) to modelthe
fibres as very thin tubes, by introducing a constraint on the min-
imum cross-sectional curvature. We illustrate the approach with
reconstructions of both simulated and real diffusion tensor images.

1. INTRODUCTION

There is a growing computer vision literature on the use of geo-
metric flows for image segmentation. Most existing methods draw
their motivation from the active contour model of Kass, Witkin
and Terzopoulos [1] but rely on level set techniques introduced
by Osher and Sethian to handle topological changes in a seam-
less fashion [2]. The first such approach was introduced indepen-
dently by Caselleset al. [3] and Malladiet al. [4]. These models
later evolved to include interpretations as gradient flows that mini-
mized particular weighted geometric functionals [5, 6] andto take
into account the statistics of the regions enclosed by the evolving
curves or surfaces [7, 8]. Nevertheless, few of these methods work
directly with initial data that is in the form of a vector field.

One source of vector field data which is beginning to attract
significant attention in the medical community is magnetic reso-
nance diffusion tensor imaging (DTI). This imaging modality re-
sults in local measurements of the amount of diffusion of water
molecules in different directions, as characterized by a diffusion
tensor. Locations where the diffusion seems to have a dominant
direction coincide with white matter fibre tracts. Curiously, in the
computer vision literature, the analogy of a diffusion tensor has
been shown to be extremely useful in the enhancement of flow-
like patterns in images as well as in the understanding of nonlinear
diffusion filtering [9, 10]. It has also been used in optical flow cal-
culations [11].

A few methods have been recently proposed in the literature
for reconstructing fibre tracts from DTI data [12–15], but each has
one or more limitations (see Section 2). This remains a significant
computational challenge because the data is typically verydense,
with multiple parallel fibres being very close to one another, and is
also noisy. The issue of regularizing the data while preserving its

“structure” has received some attention in the literature.Proposed
methods include ones which smooth the original tensor field [16]
or the principal eigenvector field[17, 18]. Recent methods devel-
oped in the computer vision literature include [19, 20].

In this paper we introduce a geometric flow to reconstruct fibre
tracts in diffusion tensor images. We assume that the imageshave
first been suitably regularized. The key construction is to extend
the vectors (locally) in the planes orthogonal to them and tothen
apply a flux maximizing flow introduced in related work [21]. A
further constraint on the cross-sectional curvature is introduced to
force the flow to give narrow structures, since one has the strong
prior that the fibre tracts should be tubular. We begin with a brief
review of diffusion tensor imaging.

2. BACKGROUND

The physical process of diffusion has become important as a means
of providing contrast in magnetic resonance imaging. In diffusion
tensor imaging (DTI), a series of diffusion-weighted base images
is used to calculate a diffusion tensor at each volume element in an
imaging volume. The tensor describes the probability that awa-
ter molecule originally at point� � travels to point� in time �� .
For unbounded diffusion, this probability density function (PDF)
is Gaussian,� �� ��� 	 �� 
 � � �� ���� �� 
� � ��� �� �� � �� 
� � �� �� � �� 
��� � �

(1)

In diffusion tensor imaging, the diffusion PDF is assumed tobe
Gaussian. The surface representing the root mean square diffusion
distances in each direction is an ellipsoid.

The diffusion tensorD is positive-definite and therefore has
three real, orthogonal eigenvectors. The eigenvectors�� of D give
the directions of the semi-major and semi-minor axes of the diffu-
sion ellipsoid. The lengths of these axes are given by� �, where
the  � are the eigenvalue magnitudes. The diffusion ellipsoid is
more elongated when the tissue has a more anisotropic structure,
and the eigenvector� � corresponding to the largest eigenvalue
gives the preferred direction of diffusion. The eigenvalues can be
used to compute a scalar measure of the degree of anisotropy,
called the anisotropy index (AI). A commonly used anisotropy in-
dex is the fractional anisotropy (FA),! " � # $% & � � � ' 
( ) � ( � ' 
( ) � � � ' 
(� (� )  (( )  (� 
 	 (2)

where
' is the average eigenvalue magnitude. The AI is rotation-

ally invariant and does not require sorting of the eigenvalues, i.e.,
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there is no sorting bias. It is confined to a small range between 0
and 1, with 0 implying that the diffusion is isotropic.

In recent years, there has been growing interest in reconstruct-
ing continuous white matter fibre tracts from diffusion tensor data.
Diffusion tractographyshould prove useful in evaluating patho-
logical cases where white matter is either displaced or affected,
as well as in establishing whether and how different regionsof
the brain are connected. There is currently no other non-invasive
method of doingin vivo tractography. An ideal fibre tracking algo-
rithm should account for curving, branching, merging, and junc-
tions of fibres. It should be stable in the presence of noise. It should
also be stable with respect to the chosen seed point at which track-
ing starts.

The majority of the tracking algorithms that have been pro-
posed in the literature use only the* + field. Most stop tracking
when the anisotropy index falls below a certain threshold, and/or
when the coherence of* + directions in adjacent voxels is low, im-
plicitly requiring the tracts to have low curvature. These include
a variant on standard streamline methods for reconstructing vec-
tor fields calledfibre assignment with continuous tracking(FACT)
[12]. In this method, tracking is stopped when the anisotropy in-
dex drops below a certain threshold, or when the directions of * +
in the surrounding voxels become incoherent. The method does
not directly allow for branching. A variational approach tofinding
streamlines through a regularized vector field is introduced in [20].
Parkeret al.propose a method that allows for branching and has no
anisotropy index cutoff [13]. This is beneficial when reconstruct-
ing small tracts which propagate through otherwise isotropic tissue
where the anisotropy index is low. Other methods for integrating
the vector field include representing the tract as a parametrized
curve in 3D space and solving the Frenet equations [14], or us-
ing a Lagrangian approach [15]. These are all iterative methods,
meaining the complexity of the algorithms increases as the num-
ber of tracts to be reconstructed increases.

3. FLUX MAXIMIZING FLOWS

We shall now briefly review the flux maximizing flows introduced
in [21]. These flows are designed to evolve closed curves in 2D
or closed surfaces in 3D so as to increase the flux of a fixed vec-
tor field through them at the fastest possible rate with respect to a
Euclidean length or area metric, respectively. The intuition is pre-
sented in Figure 1.

Fig. 1. LEFT: A closed planar curve is placed in a 2D vector field.
RIGHT: The curve evolves so as to increase the inward flux through
its boundary as fast as possible. The resting flux maximizingcon-
figuration is one where the inward normals to the curve are every-
where aligned with the direction of the vector field.

Let , - , ./ 0 12 be a smooth family of closed curves evolving
in the plane. Here1 parametrizes the family and/ the given curve.
Without loss of generality we shall assume that3 4 / 4 5, i.e.,
that , .3 0 12 - , .50 1 2. We shall also assume that the first deriva-
tives exist and that, 6 .3 0 12 - , 6 .50 1 2. The unit tangent7 and the
unit inward normal8 to , are given by

7 - 9:;<;
=>,; > - 9:?<?

= @8 - 9A<;:;
=>,; > - 9A<?:?

=
whereB is the arc-length parametrization of the curve. Now con-
sider a vector fieldC - .D + .: 0 < 2 0 DE .: 0 < 22 defined for each point.: 0 < 2 in F E . The total inward flux of the vector field through the
curve is given by the contour integralG HI: .12 - J +K LC 08 M >,; > N/ - J O PQRK LC 08 M NB (3)

whereS .12 is the Euclidean length of the curve. In recent work [21],
we have shown that the following result holds:

Proposition 1. The direction in which the inward flux of the vector
field C through the curve, is increasing most rapidly is given byTUT Q - NVW .C 28 .

In other words, the gradient flow which maximizes the rate of in-
crease of the total inward flux with respect to the Euclidean arc-
length is obtained by moving each point of the curve in the direc-
tion of the inward normal by an amount proportional to the diver-
gence of the vector field. This result also generalizes to thecase of
an evolving closed surfaceX in a 3D vector fieldC
Proposition 2. The direction in which the inward flux of the vector
field C through the surfaceX is increasing most rapidly is given
by

TYT Q - NVW .C 28 .

Subsequent to our work (but developed independently), a sim-
ilar result was used to interpret the Marr-Hildreth operator as max-
imizing a flux-based geometric functional [22].

4. A MODIFIED FLOW FOR FIBRE TRACT
RECONSTRUCTION

The flux maximizing flow is designed to align the evolving curve
or surface to be locally perpendicular to the vector field of interest.
Thus it can be a very useful tool in the segmentation of medical
images. For example, in the segmentation of magnetic resonance
angiography (MRA) images the vector field can be taken to be the
gradient of the intensity image [21]. In DTI, at locations where the
diffusion is anisotropic, the principle eigenvector field gives the lo-
cal orientationalongwhite matter fibre tracts. The key to applying
the flux maximizing flow to such data is to view the fibre tracts as
very narrow tubes in 3D1 and to extend each element of the vec-
tor field in the plane orthogonal to it, as illustrated in Figure 2. By
this construction one can seek an evolution that grows seedsalong
fibre tracts by maximizing the inward flux of the extended vector
field through their surfaces.

In order to implement the flow, we use the level set represen-
tation for surfaces flowing according to functions of curvature [2]

1 In the limit as the thickness shrinks to zero one obtains a 3D
curve.
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Fig. 2. The principal eigenvectors are shown as solid lines sweep-
ing out a white matter fibre tract (a 3D curve). Each eigenvector is
extended locally in the plane orthogonal to it. The extendedvector
field, shown by the arrows, is one which creates a large inwardflux
through the surface of a narrow tube.

which is now a standard approach for implementing partial dif-
ferential equations of this type in the literature, since itallows for
topological changes to occur without any additional computational
complexity. LetZ [\ ] ^ ] _` a b c d ef ] g ` h ij be a family of sur-
faces satisfying the curve evolution equationZ k l m n , wherem
is an arbitrary (local) scalar speed function. Then it can beshown
that if Z [\ ] ^ ] _ ` is represented by the zero level set of a smooth
and Lipschitz continuous functiono a i j d ef ] g ` h i , the
evolving surface satisfiesok l m pqo p.

This last equation is solved using a combination of straight-
forward discretization and numerical techniques derived from hy-
perbolic conservation laws [2]. For hyperbolic terms, caremust be
taken to implement derivatives with upwinding in the properdi-
rection. The evolving surfaceZ is then obtained as the zero level
set ofo .

Rather than explicitly calculate the divergence of the extended
vector field, we shall make the numerical computation much more
robust by resorting to an integral form. Letr^ be a volume,s^ a
volume element,st its bounding surface,n theoutwardnormal
at each point on the surface andsb a surface area element. Via the
divergence theorem,uvw xyz [{ `xz | u}~ � { ]n � x� �

(4)

In other words, the integral of the divergence of a vector field over
a volume is given by its outward flux through that region’s bound-
ing surface. For our numerical implementations we use this flux
formulation along the boundaries of spheres of diameter 1.5voxels
in the extended vector field. Numerically, this operation isfar more
stable than attempting to estimate the divergence via derivatives of
the vector field{ , particularly at locations where this vector field
is becoming singular.

5. EXAMPLES

We now present numerical experiments on both syntheticallygen-
erated data and DTI vector field data from the spinal cord of a rat.
Both data sets are stored in rectangular 3D lattices, with uniform
spacing in the�,� and� directions. The principle eigenvectors of
the diffusion tensor are extended in the plane orthogonal tothem
using the following procedure. First, let each voxel� in the origi-
nal data set be represented by a 3x3 block of voxels in a new data
set. For each voxel in the 3x3 block corresponding to� in the
new data set construct the vector from that voxel to� and project
this vector onto the plane orthogonal to the principle eigenvector at� . Store the resulting vector at the corresponding voxel. Finally,
scale each stored vector by the anisotropy index, which reflects

Fig. 3. Left: The synthetic 3D vector field created by simulating
random walks on a rectangular lattice while allowing branching.
Randomly oriented vectors are assigned to the background. The
vectors are scaled to reflect a spatially varying anisotropyindex.
Right: result of the reconstruction of this vector field. Theinitial
seeds were placed (automatically) at voxels in the extendedvector
field having high inward flux.

the confidence in the direction of the principle eigenvector. In our
experiments we use the fractional anisotropy (Eq. 2).

The synthetic data was created by simulating random walks
through a rectangular lattice in 3D, while allowing for branching
to occur. The superposition of the vectors obtained by all the walks
was considered to be the organized tracts to be reconstructed. An
anisotropy index of 1 was assigned to all of the voxels visited by
the random walks. Vectors of random orientation were assigned to
voxels that had not been visited by the random walk. These were
assigned random anisotropy indices less than one. This simulates
unorganized tissue micro-structure in the region surrounding the
tracts. The vector field thus obtained and the results of the recon-
struction process using the flux maximizing flow on the extended
vector field are shown in Figure 3. The initial seeds were placed
automatically at voxels having high inward flux.

The second data set was obtained from a diffusion tensor im-
age of the spinal cord of a rat. Prior to processing this data for
reconstruction, it was smoothed using the regularization flow pro-
posed in [20].

Figure 4 shows the anisotropy index calculated from the rat
data and the result of the reconstruction. Once again, the initial
seeds were placed at voxels having high inward flux. Alternatively,
the user could manually select one or more regions from whichto
start tracking.

Fig. 4. Left: Slice through the anisotropy index values of the DTI
of a rat’s spinal cord. The fibre tracts run from bottom to top.
Right: preliminary results of the reconstruction of the ratspinal
cord tracts.

3



6. DISCUSSION

We have presented a geometric flow for reconstructing white mat-
ter fibre tracts, modeled as narrow tubes in 3D. The key benefitof
our method is that it has the ability to reconstruct multiplefibres in
parallel, instead of taking an iterative approach. It dealswell with
arbitrary numbers of branches and merge points. It reconstructs
organized tracts through dense vector fields in which background
directions are incoherent, as illustrated on synthetic data. The flow
does not stop when the anisotropy index falls below a threshold,
although the speed of flow scaled by the AI. Removing this scal-
ing may improve results in regions where small tracts have low
AI due to partial volume with isotropic material. There is noex-
plicit curvature constraint, implying that the fibres can have high
curvature.

Our discussion has so far focussed on the reconstruction of
the principle eigenvector field derived from the diffusion tensor.
The tensor formulation is limited because of its assumptionthat
the diffusion is Gaussian. This assumption breaks down in regions
where fibres cross at a sub-voxel scale, or where the diffusion is
highly restricted. In the case of crossing fibres, the tensoronly
gives volume-averaged information about the direction of fibres,
and the AI is artifactually low. It may be preferable to use all of
the information in the diffusion tensor instead of only the princi-
ple eigenvector, as suggested by Batcheloret al [23]. Even greater
accuracy for fibre orientation could be obtained by measuring the
scalar diffusion coefficient (a measure of the root mean square dif-
fusion distance) at high angular resolution [24]. Our method could
potentially be modified to use directional diffusion measurements
made arbitrarily high angular resolution: this would be a key ad-
vantage of this algorithm other other fibre tracking techniques.
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