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Abstract. A number of geometric active contour and surface models havebeen
proposed for shape segmentation in the literature. The essential idea is to evolve
a curve (in 2D) or a surface (in 3D) so that it clings to the features of interest
in an intensity image. Several of these models have been derived, using a vari-
ational formulation, as gradient flows which minimize or maximize a particular
energy functional. However, in practice these models oftenfail on images of low
contrast or narrow structures. To address this problem we have recently proposed
the idea of maximizing the rate of increase of flux of an auxiliary vector field
through a curve. This has lead to an interpretation as a 2D gradient flow, which is
essentially parameter free. In this paper we extend the analysis to 3D and prove
that the form of the gradient flow does not change. We illustrate its potential with
level-set based segmentations of blood vessels in a large 3Dcomputed rotational
angiography (CRA) data set.

1 Introduction

Level-set based numerical methods for hyperbolic conservation laws developed by Os-
her and Sethian [14] for curvature-dependent flame propagation were introduced to
the computer vision community for shape analysis by Kimiaet al. [8]. Such models
were later adapted to the problem of shape segmentation independently by Caselleset
al. [3] and Malladiet al. [13]. Here the essential idea was to halt an evolving curve in
the presence of intensity edges by multiplying the evolution equation with an image-
gradient based stopping potential. This led to new active contour models which, when
implemented using level set methods, handled changes in topology due to the splitting
and merging of multiple contours in a natural way. These geometric flows for shape
segmentation were later given formal motivation as well as unified with the classical
energy minimization formulations through several independent investigations [4, 7, 16,
17]. The main idea was to modify the Euclidean arc-length or the Euclidean area by
a scalar function and to then derive the resulting gradient evolution equations. Math-
ematically this amounted to defining a new metric on the plane, tailored to the given
image, and then deriving the corresponding gradient flows. The results generalized to
the case of evolving surfaces in 3D by adding one more dimension to the variational
formulation.



Recently there have been other advances in the use of geometric flows in computer
vision, which have both theoretical and practical value. First, it has been recognized
that a practical weakness of most geometric flows with stopping terms based purely on
local image gradients is that they may “leak” in the presenceof weak or low contrast
boundaries, are not suitable for segmenting textures and typically require the initial
curve or curves to lie entirely inside or outside the regionsto be segmented. Thus, a
number of researchers have sought to derive flows which take into account the statistics
of the regions enclosed by the evolving curves [15, 21]. Further developments include
multi-phase motions, which allow triple points to be captured [5], as well as the incor-
poration of an external force field based on a diffused gradient of an edge map [20].
Second, most geometric flows are not able to capture elongated low contrast structures
well, such as blood vessels viewed in 2D and 3D angiography images. At places where
such structures are narrow, edge gradients may be weak due topartial volume effects
and it is also unclear how to robustly measure region statistics. Approaches to regu-
larizing the flow in 3D by introducing a term proportional to mean curvature have the
unfortunate effect of annihilating such structures. To address this issue, Lorigo et al.
have proposed the use of active contours with co-dimension 2(curves in 3D) [12]. The
idea is to regularize the flow by a term proportional to the curvature of a 3D curve. The
approach is grounded in the level set theory for mean curvature evolution of surfaces of
arbitrary co-dimension [1] and has a variational formulation along with an energy min-
imizing interpretation. However, the derived flow is later modified with a (heuristic)
multiplicative term to tailor it to blood vessel segmentation [12].

We have recently suggested an alternate approach to segmenting blood vessels in
angiography images, which is motivated by the observation that blood flows in the
direction of vessels. Brightness in angiography images is proportional to the magnitude
of the blood flow velocity. This leads to the constraint that in the vicinity of blood vessel
boundaries, the gradient vector field of the image should be locally orthogonal to them.
Thus, a natural principle to use towards the recovery of these boundaries is to maximize
the inward flux of the gradient vector field through an evolving curve (in 2D) or surface
(in 3D). The derivation of the 2D flux maximizing flow was presented in [18] and lead
to an elegant interpretation which is essentially parameter free. In the current paper we
prove that the extension to 3D has the same form, a calculation which is more subtle. We
also illustrate the potential of the 3D flux maximizing flow with several new simulations
of blood vessels segmented from a large 3D computed rotational angiography (CRA)
data set.

2 3D Flux Maximizing Flows
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where� ���
is the surface area of the evolving surface. The main contribution of the

current paper is the proof of the following theorem

Theorem 1. The direction in which the inward flux of the vector field� through the
surface� is increasing most rapidly is given by��� � � �� �� �� .

It turns out that the flux maximizing flow has the same form in 2D, a calculation which
we presented in [18]. However, the proof is more subtle for the 3D case.

Proof: The essential idea is to calculate the first variation of the flux functional with
respect to
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With � � �� �� �  � �� � � �� �  � �� � � �� �  � ���, the unit normal vector is given by the nor-
malized cross product of two vectors in the tangent plane:
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where the integrand is the inner product of� � with another vector. We shall now sim-
plify

�� so that it takes on a similar form. It turns out to be advantageous to express the
unit normal vector in Eq. (2) as��  �!"��  �! " and expand it in terms of the partial derivatives�� � � � � �� � �� � �� � �� only later. With
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The trick now is to eploit the fact that for any vectors� , # and$ , the following prop-
erties of inner products and cross products hold:
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Using integration by parts,
�
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Thus, for the inward flux to increase as fast as possible, the two vectors should be made
parallel:
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The above expression for the 3D flux maximizing gradient flow can be further simpli-
fied by noting that the components of the flow in the tangentialplane to the surface�
affect only the parametrization of the surface, but not its evolved shape. Hence, they can
be dropped. The normal component of the flow can be calculatedby taking the inner
product of the right hand side of Eq. (3) with the unit normal vector in Eq. (2) to give
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the terms can be grouped and simplified. The curious result isthat most cancel, leaving
the following simple and elegant form for the 3D flux maximizing flow:
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Remark: The flux maximizing flow is a hyperbolic equation since it depends solely on
the external vector field� and not on properties of the evolving surface. It is easy to see
that the flow will drive towards and then converge to a zero level set of the divergence
of � . Thus, the existence and uniqueness of a solution to Eq. (4) is guaranteed, unless
the vector field is everywhere non-conservative.

3 Blood Vessel Segmentation

3.1 Background

We shall now show how the 3D flux maximizing flow can be tailoredto the problem of
segmenting blood vessels in angiography images. We begin byreviewing some of the



recent approaches which have been proposed in the literature. Wilson and Noble have
introduced a Gaussian mixture model to characterize the physical properties of blood
flow [19]. The parameters are estimated using the EM algorithm and structural criteria
are then used to refine the initial segmentation. Krissian etal. propose a method which
incorporates a Gaussian model for the intensity distribution as a function of distance
from vessel centerlines, and exploits properties of the Hessian to obtain geometric esti-
mates [11]. Koller et al. have also introduced a multi-scalemethod for the detection of
curvilinear structures in 2D and 3D data [9] which combines the responses of steerable
linear filters and also exploits the Hessian matrix to obtaingeometric estimates. Bullitt
et al. have introduced a method for obtaining 3D vascular trees which calculates ves-
sel centerlines as intensity ridges in the data and estimates vessel width via medialness
calculations [2]. It should be noted that several of the above approaches require second
derivative computations, e.g., to compute the Hessian. Numerically accurate estimates
of principal curvature magnitudes and directions are obtained only when the intensity
images have been suitably smoothed. Approaches to smoothing the data while preserv-
ing and enhancing vessel-like structures include [10, 6].

Whereas the potential of several of the above approaches hasbeen empirically
demonstrated, their ability to recover low contrast thin vessels remains unclear. A recent
framework which has been developed with this as one of its goals is the work of Lorigo
et al. [12]. The main idea is to regularize a geometric flow in 3D using the curvature of
a 3D curve, rather than the classical mean curvature based regularizations which tend to
annihilate thin structures. The work is grounded in the recent level set theory developed
for mean curvature flows in arbitrary co-dimension [1]. Thisflow is given by [12]:
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Here
�

is an embedding surface whose zero level set is the evolving 3D curve,� is the
smaller nonzero eigen value of a particular matrix [1]� is an image-dependent weight-
ing factor,� is the intensity image and� is its Hessian. For numerical simulations the
evolution of the curve is depicted by the evolution of an�-level set. It should be noted
that without the multiplicative factor�

��� �� �� the evolution equation is a gradient
flow which minimizes a weighted curvature functional. The multiplicative factor is a
heuristic which modifies the flow so that normals to the�-level set align themselves
(locally) to the direction of image intensity gradients (the inner product of��

and� �
is then maximized). However, with the introduction of this term the flow loses its pure
energy minimizing interpretation.

3.2 The 3D Flux Maximizing Flow

The intuition behind using the 3D flux maximizing flow for blood vessel segmentation
is illustrated in Figure 1. Here a cross section through an idealized blood vessel (a bright
region in a uniform darker background) is depicted. It is clear that if one considers the
gradient� � of the original intensity image� to be the vector field� whose inward flux
through the evolving surface is to be maximized, then the optimal configuration is for
the evolving surface to align itself locally to the blood vessel boundaries. However, an



important consideration in the implementation of Eq. (4) isthat since the divergence of
the vector field needs to be calculated, implicitly second derivatives of� are being used.
The numerical computation can be made much more robust by exploiting a consequence
of the divergence theorem. The divergence at a point is defined as the netoutwardflux
per unit volume, as the volume about the point shrinks to zero. Via the divergence
theorem, 	

� �
��� �� ��� � 	 	 � � �� � �� � (5)

Here�
is the volume,	 is its bounding surface,� is the outward normal at each point

on the surface, and
�

and
��

are volume and surface area elements.

For our numerical implementations we use this outward flux formulation (which
gives a measure proportional to the divergence) along the boundaries of spheres of
varying radii, corresponding to a range of 3D blood vessel widths. The chosen flux
value at a particular location is the maximum (magnitude) flux over the range of radii.
In contrast to other multi-scale approaches where combining information across scales
is non-trivial [11] normalization across scales is straightforward in our case. One simply
has to divide by the number of entries in the discrete sum thatapproximates Eq. (5).
Locations where the total outward flux is negative (or equivalently the total inward
flux is positive) correspond to sinks; locations where the total outward flux is positive
correspond to sources, as illustrated in Figure 1. Hence, the inward flux maximizing
flow in Eq (4) has the desirable effect that, when seeds are placed within blood vessels,
the sinks drive the seeds towards the vessel boundaries and the sources outside prevent
the flow from leaking.

Source

Sink

Fig. 1. An illustration of the gradient vector field of an angiography image along a cross-section
of a 3D blood vessel. Assuming a uniform background intensity, at the scale of the vessel’s width
the total inward flux is positive (a sink). Outside the vessel, at a smaller scale, the total inward
flux is negative (a source).



3.3 Level Set Implementation

In order to implement the flow, we use the level set representation for compact embed-
ded surfaces, due to Osher and Sethian [14]. Let� �� �  � �� � �� � �� � �� � �� � �� � � � � � 

be a family of compact embedded surfaces evolving accordingto the surface evolution
equation
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is an arbitrary (local) scalar speed function and� is inward unit normal to

the surface. Then it can be shown that if� �� �  � ��
is represented by the zero level set

of a smooth and Lipschitz continuous function� � � 
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, the evolving

hypersurface� satisfies
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This last equation is solved using a combination of straightforward discretization and
numerical techniques derived from hyperbolic conservation laws [14]. For hyperbolic
terms, care must be taken to implement derivatives with upwinding in the proper direc-
tion. The evolving surface� is then obtained as the zero level set of� .

4 Examples

In earlier work we have presented simulations of the flux maximizing flow on both 2D
(retinal) and 3D (head) MRA data [18]. In this section we present new experiments on
a ��� � ��� � ���

computed rotational angiography (CRA) data set of the head,from
which we have selected four distinct regions containing vascular networks of varying
complexity. All examples were implemented in a level-set framework.

The evolution results are presented in Figures 2, 3, 4 and 5. For each region a maxi-
mal intensity projection of the data is shown on the top left,followed by the evolution of
a few 3D spheres. These spheres were placed somewhat sparsely in regions of high flux.
Notice how the spheres elongate in the direction of blood vessels. The main blood ves-
sels, which have the higher inward flux, are the first to be captured. This is the expected
evolution since it maximizes the rate of increase of inward flux through the evolving
surface. Put another way, the evolution has the intuitive behaviour that it follows the
direction of blood flow to reconstruct the blood vessel boundaries. Our own experience
with developing and implementing some of the related geometric flows in the litera-
ture is that many would fail in low contrast regions or would not be able to capture the
thinner vessels.

We should also point out that although CRA data is of higher resolution than MRA,
the vessel structures exhibit a wider range of intensities and there are also a number of
other structures whose intensities overlap with those of the thin vessels. Thus, simple
thresholding of the intensity data generally gives poor results, although this is a com-
monly used initialization step in many algorithms including the approach of [12]. This
point is illustrated in Figure 6. The first row shows the results of a high threshold on
the four regions, where as one would expect, many thin low contrast vessels are not
captured. As the threshold is decreased, more thin vessels are captured, but also many
voxels are incorrectly labeled as vessels (Figure 6, secondrow). The segmentation re-
sults obtained by the flux maximizing flow are repeated in the last row. The arrows point



Fig. 2. An illustration of the flux maximizing flow for a portion of a��� � ��� � ��� 3D CRA
image of blood vessels in the head. A maximum-intensity projection of the region being viewed
is shown on the top left. The other images depict the evolution of a few isolated spheres. Notice
how the evolution follows the direction of blood flow to reconstruct the blood vessel boundaries.

to some of the thin low contrast vessels that are successively captured, but are not seen
even in the low threshold case.



Fig. 3. An illustration of the flux maximizing flow for a portion of a��� � ��� � ��� 3D CRA
image of blood vessels in the head. A maximum-intensity projection of the region being viewed
is shown on the top left. The other images depict the evolution of a few isolated spheres. Notice
how the evolution follows the direction of blood flow to reconstruct the blood vessel boundaries.

5 Conclusion

In recent work we proposed the flux maximizing flow and derivedits form for the case
of closed curves evolving in the plane [18]. We also suggested that its form remains the



Fig. 4. An illustration of the flux maximizing flow for a portion of a��� � ��� � ��� 3D CRA
image of blood vessels in the head. A maximum-intensity projection of the region being viewed
is shown on the top left. The other images depict the evolution of a few isolated spheres. Notice
how the evolution follows the direction of blood flow to reconstruct the blood vessel boundaries.

same in higher dimensions. The main contribution of the current paper is the formal
derivation of the flux maximizing flow in 3D. We have also carried out a number of
new simulations on a large CRA data set. These have the intuitive behaviour that the
evolution follows the direction of blood flow to reconstructblood vessel boundaries.
The results suggest the potential of the approach to capturelow contrast thin vessels,



Fig. 5. An illustration of the flux maximizing flow for a portion of a��� � ��� � ��� 3D CRA
image of blood vessels in the head. A maximum-intensity projection of the region being viewed
is shown on the top left. The other images depict the evolution of a few isolated spheres. Notice
how the evolution follows the direction of blood flow to reconstruct the blood vessel boundaries.

and also illustrate the advantages of the method over thresholding the original intensity
image, which is a common initialization step in many vessel reconstruction algorithms.

More work remains to be done to validate this technique against ground truth or
expert segmentations, and we are beginning to do this in collaboration with our col-
leagues in medical imaging. It would also be interesting to see whether a regularization
term such as that used in [12] could be incorporated in the derivation of the flux maxi-
mizing flow from first principles.



Fig. 6. A comparison of the segmentation results obtained by the fluxmaximizing flow with
simple thresholding on the four different regions of the CRAimage. FIRST ROW: A conservative
high threshold fails to capture many thin low contrast vessels. SECOND ROW: A lower threshold
captures some of the thinner vessels but also incorrectly labels many voxels. THIRD ROW: The
segmentation results obtained by the flux maximizing flow. The arrows point to some of the thin
low contrast vessels that are successively captured, but are not seen even in the low threshold
case.
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