MECH 576
Geometry in Mechanics

Shortest Distance from Line to Coplanar Conic

November 25, 2009

1 A Conic and Two Tangent Lines

Examine Fig. 1. Shown there is a given conic a, represented by a general ellipse, and a given
coplanar line g{Gy : G : G3}. The problem is to find the point X{x : 21 : x5} on a that is closest
to g.
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Figure 1: Line and Conic

An equivalent problem, the one chosen to be solved, is to find tangent lines z{Xy : X; : X5}
parallel to ¢ and on X. Clearly there are two of these, the one shown and another, not shown,
that is farthest from g, on the opposite side of a.

2 Constraint Equations

Since one seeks a solution in the Euclidean plane xq = 1 and the scalar equation, expressing X € a,
is Eq. 1.

agp Qo1 Qo2 1
2 2
1y zo) | apr ann arz 21 | = ao + 2am1 + 2a02 + 41127 + A1221T2 + agex; =0 (1)
Qo2 A1z A22 X2

The second constraint equation, Eq. 2, defines the coefficients or homogeneous coordinates of the
polar line z tangent to a on X.

ago Qo1 Qo2 1 ago + ap1T1 + agaT2 Xo uGo
gl A11  A12 1 | = | an +anr Fapr: | = Xi | =A Gy (2)
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The last vector states that x and g are parallel and the last two rows of Eq. 2 provide, together
with Eq. 1, the three constraints necessary to handle the three variables zi, x5, A. Rewriting
these last two rows and eliminating A yields a second equation, Eq. 3, in only z; and xs.

(ap1 + ajnxy + ajaxe) — NGy =0
((102 “+ a0 + CLQQIEQ) — )\GQ =0
(Goagr — Grage) + (Gaarn — Ghraga)zy + (Gaars — Grag)zs =0 (3)

3 A Univariate Quadratic
Eliminating x5 from Eq. 1 with Eq. 3 produces the quadratic, Eq. 4.

Az + B, +C =0 (4)
where

A= (G%G/QQ — 2G1G26L12 + G%CLH)(CLHCLQQ — CL%Q)
B = Q(chm — 2G1Gaaq9 + Ggau)(amam — Qp2012)
C = (2G1G2a12 - Gfaé)a?)g + Gg(dmam - 2%2@12)&01 + [GfaSQ + GQ(G26L12 - 2G1a22)a12]a00

4 Normal Line on X

All that remains, after finding the two points X, is to find G{go : g1 : g2}, via Eq. 6, the points
of intersection of lines y{Yy : Y] : Y5}, found with Eq. 5, and g. Line y is on X and normal to g.
This is outlined below.

Yo+ Yim + Yory =0, Yo = —(Yi71 + Yaxs), Y1 =G, Yo =G (5)
go = G1Ys = Y1Ga, g1 = GoYy — GoYa, g2 = GoY1 — G1Y) (6)
The minimum and maximum distances s to be compared are given by Eq. 7.

s=/(r1—q1/90)2 + (z2 — 92/ 90)? (7)

5 An Alternate Method Using Conic/Line Intersection

First the intersection points between a and g are found by eliminating, say, x5 between the conic
and line equations.



o + 2a01T1 + 200972 + an s + 20123172 + azers =0
Go+ Grx1 + Gaze =0

(G%an — 2G1Gyaq9 + G?agg)x%

+2[Go(Gragy — Gaaiz) + Go(Gaan — Grag)|r
+(G?agy — 2GoGragy + G2ay1) = 0

Then the midpoint F' between the two intersection points are found along with the conic centre
point C'.

F{G1(G1022 - 2G2@12) + G%an : Go(Gla22 - Gzalz) + GQ(GZCLOl - G1a02)
: Go(Goayy — Ghaga) + G1(Grage — Gaagr) }

2 . .
C{a11a22 — Qq9 : Ap1Q22 — Ap2A12 - Ap1A12 — aozan} (8)

The line f{Fy: Fy : Fx} on F{fy: fi : fo} and C{co : ¢1 : co} intersects the conic on the two
points whereon the tangents to the conic are parallel to g.

f{01f2 —cafiicafo—cofricofi — leo}

6 Numerical Example

Consider Fig. 2.
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Figure 2: Shortest and Farthest Distances Example

The symmetric coefficient matrix of a standard form ellipse —4z2 + 2% + 422 = 0 has been rotated
counterclockwise by an angle tan! % and its centre translated to (4,3) by the transformation

12
1 -4 -3 1 0 0 -4 0 0 1 0 0 100
169¢ {0 1 0 0 & —3 010 0 5 = -4 10
0 0 1 0 % 1 00 4 0 -2 = -3 0 1



4317 —436 —1083
= —436 244 —180
—1083 —180 601

Notice premultiplications of the standard form coefficient matrix by cofactor (dual) matrices of
point vector rotation (inner to effect pre-rotation) and point vector translation (outer to effect post-
translation). Postmultiplications are in the same inner /outer sequence and these are the transposes
of their premultiplier counterparts. The scalar multiplier 13% = 169 renders the resulting matrix,
that produces the ellipse in a general disposition, free of fractional elements.

43175 — 8727011 — 21667079 + 24427 — 3602129 + 60125 = 0

Intersecting the given line x5 = 0 with the general ellipse gives the complex conjugate point pair

{1: %2+ 224/1277i : 0}. The midpoint between these two is real however; {1 : %2 : 0}. Joining

it to the conic centre point {1 : 4 : 3} produces the line

—3271‘0 + 183131 + 353%’2 =0

that intersects the conic on points that are, respectively, the closest to and farthest from the given
line. Alternately, putting the three line coordinates Gy = —327, G; = 183, G5 = 353 in Eq. 8
and solving for two values of x; yields the vertical lines x1 — 4.88641 = 0 and x; — 3.11359. These
establish the location of the same two points on the conic.

7 Distance via Discriminant

Recall the quadratic univariate, in terms of x, that results from the intersection of the given line
and quadric.

(G3a11 — 2G1Gaayy + Glag)r]
+2[Go(Grags — Gaaya) + Ga(Gaagr — Grag)]
+(G%CL00 — 2GOG26L02 + Gga22) =0

Taking the derivative of this univariate with respect to x; yields a second equation. Eliminating
x1, removing factor

22G3(G2an — 2G1Gaar + Glas)|

devoid of Gy produces an expression for Gj.

(a11a22 — aiy) Gy + 2[(Gaa12 — Grag)ao + 2[(Graiz — Gaan)ag]Go
+(Gaa11 — 2G1Gaars + Gax)ag + Go(2G1agy — Gaagy )ag — Glag, = 0

Assuming that one obtains two real roots G, and Gy one may configure three versions of the line
equation.
Go
Gll’l + GQ!EQ -+ GE) =0
G//
0



Normalizing on the line normal direction numbers, i.e., Dividing these three equations by 1/G? + G3
leaves the differences, say,

|Go — Gyl > |Go — G|

so that one obtains the distances to the closer and farther tangent lines to the conic, parallel to
the original line, the equation that contains Gy.
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