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approuvé « Trans. Can. Soc. Mech. Eng.». CSME

Transactions est une abréviation à ne pas utiliser.

RÉVISÉ EN JUILLET 2009

ii



CONTENTS / CONTENU VOLUME 35, Issue No. 2

GENERAL INFORMATION
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Linéarisation et discrétisation exacte de systèmes non linéaires conformes aux
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Dany Dubé, Philippe Cardou ___________________________________________ 251

11-CSME-03 CLIMBING MODEL AND OBSTACLE-CLIMBING PERFORMANCE OF A
CABLE INSPECTION ROBOT FOR A CABLE-STAYED BRIDGE
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ABSTRACT

A multidisciplinary design optimization (MDO) approach is proposed to aid in the prediction
of non-contact anterior cruciate ligament (ACL) injury mechanisms and risk factors. In this
investigation the need for such an approach is argued based on an exhaustive evaluation of
diverse factors that cause non-contact ACL injury, and the similarly numerous and different
existing study approaches that have been carried out to investigate injury. The proposed MDO
approach fuses patient data and existing study approaches via an artificial intelligent (AI)
technique—absent in previous biomechanics investigations—so as to offer new insights into
ACL injury prevention.

Keywords: ACL injury; multidisciplinary design optimization; operations research; artificial
intelligence.

ÉTUDES DES APPROCHES SUR LES RUPTURES DU LIGAMENT CROISÉ
ANTÉRIEUR SANS CONTACT : UTILITÉ DES RECHERCHES

OPÉRATIONNELLES ET INTELLIGENCE ARTIFICIELLE

RÉSUMÉ

Une approche de conception optimale multidisciplinaire (MDO) est proposée comme outil de
prévision du mécanisme de rupture du ligament croisé antérieur LCA et les facteurs de risque.
Dans cette étude, le besoin d’une telle approche est discuté sur la base d’une évaluation
exhaustive des différents facteurs qui causent les ruptures du ligament croisé antérieur sans
contact LCA, et plusieurs études similaires avec des approches courantes qui ont été réalisées
pour investiguer les causes des ruptures. L’approche MDO proposée fusionne les données du
patient et les approches existantes via une technique d’intelligence artificielle pour ainsi avoir de
nouvelles données sur la prévention des ruptures du LCA.

Mots-clés : rupture de LCA; optimisation de la conception multidisciplinaire; recherche
opérationnelle; intelligence artificielle.
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1. INTRODUCTION

The anterior cruciate ligament (ACL) is an intra-articular ligament of the human knee joint
that connects the tibia and the femur. The ACL comprises of two bundles named after the
location of their respective tibial attachment sites: anteromedial (AM) and posterolateral (PL)
[1]. The average ACL length is approximately 32 mm and the average width is approximately
11 mm [2]. The primary function of the ACL is to restrain anterior tibial translation (ATT) [3].
The ACL also acts as a secondary restraint to internal tibialrotation in the non-weight-bearing
knee [3,4]. Some studies have estimated that the ACL has a load to failure of approximately
2160 N, stiffness of 242 N/mm2 and a failure strain of up to 20% for young adults [5, 6].

ACL injuries that occur without physical contact with another person or object are referred
to as non-contact ACL injuries [7]. Approximately 70% of ACL injuries occur as a result of
non-contact events which amounts to an annual cost of almost one billion dollars in the United
States alone [8,9]. This does not account for the 31% of patients who require revision surgery
approximately five years after ACL reconstruction [10,11]. Even though the precise mechanisms
of non-contact ACL injury are unknown, research has implicated a number of non-contact
ACL injury mechanisms (see Fig. 1) and risk factors [12,13]. The identification of the
mechanisms and risk factors for non-contact ACL injury is prevalent in the literature and this is
partly motivated by the need to develop prevention programs and training regimes that can
potentially reduce the risks of sustaining injuries. From Fig. 1, it can be gleaned that non-
contact ACL injury likely occurs from combined loading to the knee joint [14–17]. This suggests
that non-contact ACL injury possibly occurs when many risk factors and extreme conditions
happen simultaneously. Non-contact ACL injury is also a whole body phenomenon that is best
analyzed by simultaneously addressing multiple risk factors of which neuromuscular control,
joint kinematics and geometry, as well as, external forces that may be the most important. The
five existing study approaches employed to obtain a better understanding of the mechanisms
and risk factors of non-contact ACL injury are: clinical studies, interviews with athletes, video
analyses, computational modeling and experiment. Of these study methods, clinical studies,

Fig. 1. Possible mechanisms of non-contact ACL injury.
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interviews with athletes and video analyses are qualitative approaches providing mostly
descriptive data and as a result are not adequate for obtaining a comprehensive understanding
of injury mechanisms to the ACL. The current literature indicates the two main quantitative
approaches used to investigate ACL mechanics, namely, computational modeling and
experiments. Further details on these study approaches along with their strengths and
weakness are presented by Krossburg et al. [18] and Ali et al. [19]. These study approaches
cannot simultaneously capture the many contributing factors, unknowns, variabilities,
uncertainties, constraints, and loading situations responsible for ACL injury. As well, these
study approaches have provided valuable information but do not offer a comprehensive view of
ACL injury mechanism. Therefore a necessary first step to a possible approach aimed at
simultaneously capturing many of these parameters entailed in non-contact ACL injury
research is deciding on a solution strategy. The authors’ view is that many of the challenges
confronting studies aimed at reinforcing our understanding of non-contact ACL injuries may be
better addressed using optimization.

Operations Research (OR) is a domain of optimization that applies advanced analytical
methods to better facilitate decision making. Operations research takes an interdisciplinary
approach to manage and solve problems in business, industry, government, etc. Many OR
methods are thought of as traditional methods of optimization partly due to the need to have a
tailored problem definition, the high computational time incurred, and the inability to handle a
large search domain. Many OR techniques such as gradient based methods cannot be applied to
the problem of how and why non-contact ACL injuries occur because of the absence of a
polynomial-type function, the need to obtain derivatives, and the difficulties with handling
numerous design parameters and design constraints in a large search domain. Hence, from an
OR perspective, there are specific problems and specific procedures for solving these problems
(see Table 1). It is the wording or problem definition that helps us decide which OR method to
employ. Therefore, a given procedure requires certain types of attributes in the problem
statement to enable us to decide which OR strategy to use to solve the problem. This has
somewhat limited the range of application and robustness of OR procedures for solving
complex problems.

Artificial intelligence (AI) provides another domain of optimization. Artificial intelligence is
the science and engineering of making intelligent machines, especially intelligent computer
programs. Hence, computer systems can be imbued with behaviors that would be regarded as

Table 1. OR problems and corresponding solution method.

Examples of OR problems Corresponding Procedure [20]

Minimize some quantity subject to certain constraints
being satisfied

Mathematical programming algorithms

Determine the quantity of an item (having certain demand,
holding cost, and order cost)

Economic order quantity formulas

What is the earliest or latest starting time for some activity? Network analysis algorithms
What is the expected return for a particular investment? Expected value calculations
Determine a forecasting function based on historic data Regression algorithms
Forecast a quantity Forecasting functions
How many servers should be in place? Queuing theory methods
What are the impacts of altering a system in particular ways? Simulation algorithms
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intelligent if witnessed in a human [20]. In addition, AI focuses on discovering new ideas and
techniques which exhibit increased degrees of intelligence. The interest in optimization via AI
techniques is linked to [21–25]: 1) The need to solve complex problems; 2) The system-based
type of solution offered; 3) The need to handle a large multimodal search space; 4) The frequent
requirements to incorporate qualitative and quantitative design variables; 5) The improved
capability to locate the global optimum; and finally, 6) The improvement in the efficiency of
readily available traditional methods of optimization.

Rather than presenting a historical review of the application of optimization to the
biomechanics field, this paper takes a more direct approach discussing the work in four fields:
1) Commonly used OR and AI techniques; 2) Present challenges with existing study approaches
used for non-contact ACL injury research; 3) State of the art in utilizing OR and AI techniques
in non-contact ACL injury research; and finally, 4) How optimization and existing non-contact
ACL injury study approaches can be united to address some of the present challenges in ACL
injury research.

1.1 Operations Research (OR) Optimization Techniques
The minimization or maximization of a function f xð Þ without any constraints on x is called

unconstrained optimization. Introduction of constraints into an optimization problem is called
constrained optimization. This type of problem formulation is called mathematical program-
ming. Mathematical programming can be subdivided into linear and non-linear programming.
The major characteristics of linear programming (LP) are that the objective function and also
its associated constraints should be linear. In addition, constraints must be expressed in terms of
decision variables [26, 27]. An integer programming problem (IPP) is a LP problem in which the
design variables are restricted to be non-negative integers only; otherwise, it is called non-
integer programming problem. A problem that entails a quadratic objective function subjected
to linear constraints is called a quadratic programming problem (QPP) [28]. To date, the range
of application of mathematical programming methods is limited partly because real world
problems cannot be accurately modeled by linear relationships, the input data are seldom
known with accuracy, as well as the exhaustive nature of the search approach. Because of the
high number of OR techniques and considering the scope of this paper, it is not feasible to
discuss these techniques in depth here. Nonetheless, to garner an in depth knowledge of OR
techniques as well as their capabilities and applicability, readers are encouraged to consult [26,
29, 30]. Also, specific details aboutunconstrained optimization methods in OR can be obtained
by consulting the following references [31–36]. For further details and implementation of some
commonly used constrained optimization methods of OR, the following references may also be
consulted: the simplex method [29], goal programming [37], Newton-Raphson method [31],
integer programming [29, 38], and the Monte-Carlo method [39–42].

1.2 Artificial Intelligence (AI) Optimization Techniques
For many practical problems encountered, the only way to be sure of finding an optimal

solution is to search completely through the whole set of possible solutions. If there is a very
large, but finite number of possible solutions, the idea of an exhaustive search is tempting and
often quite easy to implement into a computer program. The drawback however is that this
requires lengthy computational time. The time required to carry out such an exhaustive search
is - although finite - far greater than is tolerable. The challenge then is to find short-cuts that will
allow one to organize the search process so that it is no longer a complete search over all
possible solutions, but rather it becomes an affordable search that is likely to find optimal or
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near optimal solutions [43]. These methods are called AI or heuristic methods. AI techniques
are often applied to computationally intractable non-deterministic polynomials (NP), simply
because the best (most efficient) methods we know of for solving these problems exactly (or
optimally) can take an exponential amount of computational time [44]. For small search spaces,
classical exhaustive OR methods such as mathematical programming usually suffice; however,
for larger search spaces special AI techniques must be employed. Some commonly used AI
methods that are constantly being improved and utilized are: tabu search, simulated annealing,
genetic algorithms, and artificial neural networks. Given the focus of this paper, coupled with
the fact that the concepts in AI are rather complex and the field is so vast, it is not possible to
explore all details of AI techniques here. Nonetheless, attempts are made to impart a flavour of
these techniques in this article, and the insight they can bring to non-contact ACL injury
studies. For in-depth readings on AI techniques and its applications, readers are encouraged to
consult [45,46]. Specific details on some commonly used AI techniques and their capabilities can
be obtained by consulting the following references: tabu search [44,47,48], simulated annealing
[26, 49–52], genetic algorithms [53–61], and artificial neural networks [46, 62–64].

2. PRESENT CHALLENGES WITH EXISTING APPROACHES USED FOR NON-
CONTACT ACL INJURY RESEARCH

There has been much interest in quantifying the ACL loading in-vivo during activity
(Beynnon 1995, Pope 1991). This is motivated by the high incidence of ACL injury, lack of clear
understanding of ACL mechanics, and frequent need for surgical treatment. Nonetheless, there
are many challenges with existing study approaches aimed at improving our understanding of
non-contact ACL injury and a brief description of some of these are highlighted below.

First and foremost, many studies have pointed out that several intrinsic and extrinsic risk
factors are responsible for non-contact ACL injuries [65–67]. However, some studies address
only one risk factor and investigate its effects on ACL rupture [68–70]. It seems quite unlikely
that only one risk factor will be responsible for ACL injuries. A reasonable surmise is that a
non-contact ACL injury could be multifaceted occurring from a complex interaction of multiple
risk factors and taking place when many extreme conditions happen simultaneously.
Recognizing that the type of study approach used is dependent on the question posed, perhaps
many research groups are compelled to focus on only one or a few risk factors or adapt a
reductionist approach to solving problems in ACL mechanics given the limitations with existing
study approaches. Secondly, many non-contact ACL injury studies are experimental and as
such have the inherent limitation of cost, noise, low sensitivity, and difficulty of measuring
stresses or strains [71,72]. To elaborate, experimental studies to understand non-contact ACL
injuries can be categorized as in-vivo and in-vitro. In-vivo testing is conducted with living
subjects and involves the connection of a strain transducer to the ACL. Given the location and
size of the ACL, in-vivo studies using strain transducers are limited to measuring strain in the
AM bundle of the ACL for movement in the sagittal plane only [73]. Moreover, these studies
are limited to knee flexion angles greater than 15 degrees due to potential impingement of the
strain transducer with the femoral notch [16] which limits this approach ability to predict injury.
Ethical standards controlling human and animal testing limits the use of in-vivo testing given it
is invasive. In addition, the vast majority of empirical studies investigating non-contact ACL
injuries are in-vitro. In-vitro testing is non invasive and typically entails the use of human
cadavers. Some major challenges with in-vitro studies using cadavers is the inability to include
muscle activation and muscle forces, as well as, inability to obtain repeatable results. Other
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existing study approaches such as clinical studies, interviews with athletes and video analysis are
all qualitative and as such cannot provide a comprehensive understanding of non-contact ACL
injury mechanisms. Finally, computational modeling approaches used to study non-contact ACL
injury, specifically, mathematical [74,75], musculoskeletal [76,77], and finite element modeling
[78–80] when employed on their own offers a limited understanding of non-contact ACL injury
mechanics. For example, musculoskeletal model provides great details on joint kinetics, muscle
activation and muscle forces but cannot determine the load to failure of a ligament [81,82].

An overarching challenge with all existing non-contact ACL injury study approaches is their
inability to handle high variability. There is much variability in hard and soft tissue geometries due
to subject’s age, race and gender, as well as, large variability in tissue material properties due to
subject’s age and gender when compared to engineering structures which have mostly unvarying
geometries and material properties. In addition, there are many inter- and intra-subject vari-
abilities such as muscle activation patterns during experiments over which the researcher has little
control. Inter-subject variabilities may be associated with type of shoes used, surface on which task
is performed, normalization method, and electrode placement [83,84]. Intra subject variabilities
may stem from technician performing experiments and can be high [85]. Moreover, non-contact
ACL injuries occur from a variable number of movement patterns. Given these variabilities, in
many cases it is difficult to compare the results from one study to another due to the tremendous
heterogeneity between studies. It can be argued that these variabilities partly exist because of the
lack of standards and perhaps specifications for testing in the field of biomechanics.

3. STATE OF THE ART IN UTILIZING OR AND AITECHNIQUES IN NON-
CONTACT ACL INJURY RESEARCH

There has been little research on utilizing OR or AI techniques to facilitate a better
understanding of non-contact ACL injuries. Studies utilizing OR techniques to deal with non-
contact ACL injury is highlighted below followed immediately by those utilizing AI techniques.

Using a 3D mathematical model, Blankevoort et al. [86] studied the articular contact surface
of the knee to compare a rigid and deformable contact scenario. The surface of the femur and
tibia as well as the ligaments and articular cartilage were modeled. The model was developed
using the work of Wisman et al. [75] but incorporated deformable articular contact description
similar to Essinger et al. [87] and An et al. [88]. A later study by Blankvoort et al. [89] used the
same mathematical model to estimate the initial strains of the ligaments of the knee joint for
usage in the model since no experimental data was available. Blankvoort research group
employed an optimization scheme to estimate the initial strains since no experimental data was
available. Their optimization method was based on minimization of the difference in terms of
kinematic parameters between the developed knee model and experiments via the variation of
the reference strains in the ligament. The minimization scheme was based on a modified
Levenberg-Marquardt algorithm (LMA) [90]. The LMA is an iterative technique used to locate
the minimum in a multivariate function hat is expressed as the sum of squares of non-linear real
valued functions [91]. Levenberg-Marquardt algorithm can be thought of as a combination of
steepest decent and the Gauss-Newton method. This method is especially useful for problems
where the initial guess is unknown and may be far from the final minimum. This method was
modified by Flectcher [92] to tailor the amount of dampening use at each iteration so as to
improve the robustness of the algorithm through rate convergence, entrapment in local
minimum, and system stability. This optimization scheme was also later utilized to estimate the
reference lengths of the ligaments and stiffness of the meniscus in a finite element model study of
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the human knee joint by Li et al. [80]. The same study approach and optimization routine was also
later used by this same research group to undertake parametric studies of knee kinematics,
ligament forces, and contact pressure in response to simulated muscle loads [93]. An analytical
modeling study by Pandy et al. [94] found that hamstring co-contraction decreases the anterior
shear force applied to the tibia, thereby reducing the ACL forces at small flexion angles. The
authors used a non-linear programming algorithm developed by Powell [95] to solve aan over
constrained system of equations via least squares optimization. Pandy’s research group
furtheredthe development of this model [81, 96] by applying thisidentical optimization approach
and subsequently concluded that the knee is one part of a kinetic chain and that the trunk, hip,
and ankle may contribute to ACL injury. Shelburne et al. [97], from the same research group as
Pandy et al., also employed the same optimization approach to calculate the forces developed in
the muscles and forces transmitted to the knee ligaments during squatting. Shelburne et al. [98]
also developed a dynamic feature to this optimization approach to calculate muscle forces during
gait. The optimization routine centered on finding the muscle excitation histories, muscle forces,
and body motions subjected to an objective function geared towards minimizing metabolic energy
consumed per unit distance moved. Greater details on this dynamic optimization approach used
by Shelburne et al. [98] are reported in [99]. Pflum et al. [100] also from the same research group as
Pandy et al., also employed this dynamic optimization method to investigate the forces
transmitted to the ACL during a soft style drop landing.

McLean et al. [76,101] used a forward dynamics musculoskeletal model of the lower
extremity to study side step cutting dynamics that may cause injury to the ACL. The authors
used an AI technique, specifically, simulated annealing to determine the muscle activation
patterns that best replicated a subject’s kinematics and kinetics [76,101]. A Monte Carlo
simulations were also performed by the authors to determine the effects of variability in
neuromuscular control on peak anterior drawer force, valgus moment, and internal rotation
moment [101]. Monte Carlo methods are algorithms that randomly generate and retain the best
solutions before going to the next search iteration. Monte Carlo method is used primarily in this
application to evaluate the probability of random outcomes of human movement. MonteCarlo
simulation is an attractive tool since it allows researchers to study and predict risk ofsustaining
an injury before injury occurs. To the best of our knowledge, this is the only research group that
has utilized an AI technique to better understand ACL injury mechanisms. However, simulated
annealing is simply mentioned by the authors but the way the method is employed to answer the
author’s research question is not clear. Mclean et al. [14] also applied the identical optimization
methods to examine whether sagittal plane knee loading during side step cutting could in
isolation injure the ACL. As well, a recent study by the same group of researchers utilized the
same approach to determine the potential for perturbations in key initial contact
neuromuscular parameters to injury of the ACL [101]. Lin et al. [102] modified the model
developed by McLean et al. [101] to estimate the ACL injury rate for a stop jump task. The
study was geared towards validating a stochastic biomechanical model so as to examine the role
of gender as a risk factor for non-contact ACL injury.

4. FUSING OPTIMIZATION WITH EXISTING NON-CONTACT ACL INJURY
STUDY APPROACHES

Many real-world problems today involve the interaction of many disciplines which is
particularly the case in many biomechanics research projects. As a result, tying together
concurrent activities involving many disciplines with an optimization technique has become
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popular [103–105]. More specifically, MDO has emerged as a field of research and practice that
brings together many previously disjointed disciplines and tools of engineering. Multidisciplinary
design optimization can be described as a technology and a methodology for the design of
complex, coupled engineering systems, such as an aircraft [106]. Typically MDO involves many
design variables, many constraints, and analysis from various contributing disciplines, where
coupling between disciplines and conflicting requirements exist.

From a review of the literature, it does appear that research in non-contact ACL injury
studies is fragmented, presented with many challenges, and limited in utilizing optimization.
Many study approaches provide valuable information but do not offer a comprehensive view of
ACL injury mechanism. To address some of these challenges, we believe that a MDO
methodology should be employed. The authors’ approach entails combining the five existing
study approaches of non-contact ACL injury studies using an AI technique in a MDO
paradigm (see Fig. 2). Such a study approach may be a much more robust and comprehensive
methodology to better predict non-contact ACL injuries [107, 108]. An AI technique is
preferred over OR techniques for non-contact ACL injury studies since they do not require a
mathematical function, are more robust in dealing with both qualitative and quantitative
variables, enables a system-based type of approach to solving complex problems [109], and
above all, they share an enhanced ability to handle many design variables and constraints over a
large multimodal search space [20, 110]. The AI technique is employed to orchestrate the fusion
of the two quantitative study approaches in the MDO paradigm, as well as, to facilitate search
and parameter identification. In this approach, the three qualitative study approaches are used
for results validation. An AI technique also enables one to capture the wide variability in
movement patterns to cause injury, and in tissue material properties, numerous design
variables, numerous design constraints, many risk factors, and multiple objective functions.

From Fig. 2, it can be noted that many disciplines, much hardware and software, many
experts, and a high level of effort are required to develop this proposed approach. As can be
observed, starting with the patient bio-data in the form of MRI and/or CT scans of the joint or
tissue of interest, a finite element model (FEM) was constructed. This FEM should include the
major bones, joints, muscles, tendons, and ligaments of the lower extremity. Testing in a gait lab
is conducted using human subjects instrumented to collect joint kinematics, muscle activation,
and ground reaction forces for close to injury type motion. Some of these metrics are then
supplied to a musculoskeletal rigid body modeling software such as AnyBody. The
musculoskeletal models can then be validated with electromyography (EMG) data collected
as well as published data. The outputs from the musculoskeletal model are the muscle
activation, muscle forces and joint kinetics. The body kinematics and external forces from
experiments, as well as muscle forces and muscle kinematics from musculoskeletal modeling will
form the boundary conditions for the FEM.

The AI technique can be used to vary the inputs to the FEM until the output kinetics are
within an order of magnitude of kinetics determine from inverse dynamics analysis of the
musculoskeletal model. The calculated error from this exercise once within a reasonable
threshold can be used as a metric to determine if the model can be considered validated. Major
bones of the FEM such as the femur can also be modified, constrained, and loaded in an
identical manner to replicate published results from three and four point bending experiments
to further aid FEM validation. The validated FEM can then be used to study a specific non-
contact ACL injury mechanism with the aid of the AI technique. To accomplish this a problem
is defined and formulated to determine the instance where many risk factors, many forces, and
other extreme conditions happen simultaneously to cause ACL failure. The objective function
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can be geared towards finding the precise lower extremity kinematics that result in ACL stresses
beyond its yield stress. The external forces, muscle activation, and muscle forces at this specific
lower extremity kinematic should be compared to published data for the specific injury
mechanism studied. As well, to ensure practicality, results in the literature from the three
qualitative study approaches can be consulted and compared to results obtained from this
simulation.

This MDO methodology should first be used to investigate very simple human movements
for developmental and validation purposes, and then later be employed to study more complex
motions such as side step cutting manoeuvres.

For each stage of this MDO paradigm verification and validation is mandatory. For
example, if a genetic algorithm is used as the optimization technique then this technique must be
verified and validated against benchmark mathematical functions, as well; if musculoskeletal
models are employed they too must be validated against measured EMG data as well as
published data. This MDO methodology should allow for automatic or semiautomatic data
exchange between experimental, musculoskeletal modeling, and FEM study approaches under a

Fig. 2. A possible multidisciplinary and coupled study approach to address present challenges in
non-contact ACL injury research.
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single software GUI. For example, data exchange algorithms and an AI technique programmed
in Matlab can be used to fuse a FEM software such as ANSYS and a musculoskeletal modeling
software such as AnyBody via batch processing. Essentially, ANSYS or AnyBody can be called
up in batch mode to retrieve or send data using Matlab. This fusion should allow for dynamic
data exchange between software packages. The outputs from the musculoskeletal model and
finite element model can be validated with published and experimental data. This type of
multidisciplinary and integrated biomechanics study paradigm is seem to be absent from the
current literature.

5. SUMMARY AND CONCLUSIONS

A brief overview of the two main domains of optimization, namely, OR and AI, along with
commonly used techniques within these two domains were presented. Some of the limitations of
existing non-contact ACL injury study approaches confounding our understanding of ACL
mechanics were then presented. A review of the literature aimed at identifying non-contact ACL
injury studies utilizing OR or AI techniques was conducted. Finally, a new approach aimed at
uniting optimization with the five existing non-contact ACL injury study approaches in a MDO
study paradigm was proposed.

It was shown that present challenges in non-contact ACL injury studies stem partly from the
inability of existing study approaches to simultaneously capture numerous factors and
parameters which are at play during ACL injury. These factors and parameters include, but not
limited to, biomechanical, environmental, anatomical and hormonal variables [111, 112]. Many
studies have concluded that these factors are responsible for non-contact ACL injuries but a
large number of them have focused only on one aspect of the ACL injury mechanism, thereby
failing to capture all factors at once as well as simultaneously considering the interactions of the
different parameters involved. It was also determined that there are few attempts to use either
OR or AI techniques in the non-contact ACL injury research, with OR techniques being more
prevalent. It was also established that an AI technique is better suited to address present
challenges in non-contact ACL injury research because of its robustness.

To address the limitations of existing non-contact ACL injury study approaches the possibility
of a coupled MDO study paradigm was proposed. This proposed approach intends to enable
seamless data exchange from many existing study approaches. Another possible advantage of this
approach is its possible ability to handle wide variabilities and simultaneously take into account
many factors, constraints, unknowns, and uncertainties. Hence, this approach could potentially
provide a tool that enables one to have a better global view of the effects of changing numerous
contributing factors on non-contact ACL injury. However, this methodology is quite complex
and costly and requires tools, expertise, and information from various fields of bioengineering.
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ABSTRACT

This paper investigates the stator and the rotor vibration characteristics of turbo-generator
under the air gap eccentricity fault. Firstly the air gap magnetic flux density of the fault is
deduced, and the formula of the magnetic pull per unit area acting on the stator and the
unbalanced magnetic pulls of x-axis and y-axis acting on the rotor are respectively gotten. Then
the static eccentricity, the dynamic eccentricity and the mixed eccentricity are respectively
studied to analyze the stator and the rotor vibration characteristics. Finally experiments are
done on a SDF-9 non-salient fault simulating generator to verify the theoretical results. The
investigation results of this paper will be beneficial to the air gap eccentricity fault diagnosis of
turbo-generator.

Keywords: turbo-generator; air-gap eccentricity; vibration characteristics; stator; rotor.

ÉTUDE SUR LES CARACTÉRISTIQUES DES VIBRATIONS DU STATOR ET DU
ROTOR D’UN TURBOGÉNÉRATEUR COMPORTANT UN DÉFAUT

D’EXCENTRICITÉ DE L’ENTREFER

Cette étude porte sur les caractéristiques des vibrations du stator et du rotor d’un
turbogénérateur comportant un défaut d’excentricité de l’entrefer. En premier lieu, la
détermination de la densité du flux magnétique de l’entrefer, et la formule d’attraction
magnétique par unité de surface agissant sur le stator et sur le déséquilibre de l’attraction
magnétique de l’axe x et l’axe y agissant sur le rotor, sont respectivement obtenues. Ensuite, les
excentricités statiques, dynamiques et mixtes sont étudiées pour analyser les caractéristiques des
vibrations du stator et du rotor. Finalement, des expériences sont menées sur un SDF-9, une
simulation de générateur à défaut non-saillant pour vérifier les résultats théoriques. Ces
résultats seront bénéfiques pour le diagnostic du défaut d’excentricité de l’entrefer du
turbogénérateur.

Mots-clés : turbogénérateur; excentricité de l’entrefer; caractéristiques des vibrations; stator;
rotor.
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1. INTRODUCTION

Air gap eccentricity is one of the main mechanical faults, which could exist in almost every
generator. This fault can cause the magnetic pull per unit area acting on the stator and the
unbalanced magnetic pull (UMP) acting on the rotor, which can deteriorate the bearing
working condition, increase the stator and rotor vibration, and deform the stator core and
damage the winding insulation. Thus, investigation of the UMP characteristics and the
vibration characteristics of the stator and the rotor will be beneficial to the air gap eccentricity
fault diagnosis of turbo-generator.

The UMP on the rotor caused by the air gap eccentricity was studied by many authors [1–15],
among these papers, most of them are about motors [1–4]. For turbo-generator, the diagnosis,
causes, and preventive maintenance for the air gap eccentricity fault were investigated firstly by
L. T. Rosenberg [5]. Then the simulation and modeling of this fault were presented [6,7]. The
finite element method and the modified winding function method have been used as powerful
tools to calculate the electrical parameters and the magnetic fields [8]. Meanwhile, the UMP on
the rotor caused by the air gap eccentricity fault and the radial vibration characteristics were
studied [9–14]. Besides the radial vibration, the axial vibration also exists [15].

The current researches have presented important findings and they are the basis of the on-line
and the off-line detecting the air gap eccentricity fault. However, these researchers have paid
attention to the rotor vibration characteristics caused by the UMP, and the stator vibration
characteristics are rarely studied. Actually, the stator vibration characteristics have large
quantity of fault information, and they can also be used to diagnose generator faults and

NOMENCLATURE

f magnetomotive force (A), and
frequency (Hz)

t time(s)
F value of magnetomotive forces

(A), and unbalanced magnetic
pull (N)

I vector of stator current
E0 vector of stator electromotive

force
F vector of magnetomotive forces
g radial length of the air

gap (mm)
q magnetic pull per unit area

(N/m2)
B magnetic flux density (Wb/m2)
L axial length of the air gap (m)
R radius of the rotor (m)
Greek symbols

a circumferential angle (rad)
v angular frequency (rad/s)

y internal power-angle of gen-
erator (rad)

b angle between magnetomotive
forces (rad)

d relative air gap eccentricity
L magnetic permeance (H)
m0 magnetic permeability of the

air (H/m)

Subscripts
s denotes static eccentricity or

stator
d denotes dynamic eccentricity
r denotes mechanical rotation or

rotor
m denotes mechanical parameter
a denotes average parameter
c denotes composite parameter
0 denotes constant parameter
X denotes components in X

direction
Y denotes components in Y

direction
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sometimes may even be more effective. Based on these researches, this paper intends to study
the magnetic pull per unit area acting on the stator and the UMP acting on the rotor, and then
investigate the vibration characteristics of the stator and the rotor caused by the air gap
eccentricity fault.

2. AIR GAP MAGNETIC FLUX DENSITY UNDER NORMAL CONDITION AND AIR
GAP ECCENTRICITY FAULT

Under normal condition without air gap eccentricity, and assuming that the air gap magnetic
flux distribution is symmetrical, the air gap magnetic permeance per unit area can be expressed
as

L~
m0

g
ð1Þ

The air gap magnetomotive forces under normal condition are shown in Fig. 1, where Fr is
the main magnetomotive force, Fs is the magnetomotive force produced by the armature
reaction, and Fc is the composite magnetomotive force. The phasors indicated by a dot in Fig. 1
are time vectors, while the phasors indicated by a bar are space vectors. Considering the effect
of the air gap location on the magnetomotive force, a mechanical angle written as am is used,
and the air gap magnetomotive forces can be expressed as

f am,tð Þ~Fs cos vt{am{y{
p

2

� �
zFr cos vt{amð Þ~Fc cos vt{am{bð Þ ð2Þ

where: v52pf, v is the electrical angular frequency, f is the electrical frequency, and am is an
angle used to indicate the circumferential location of the air gap. Then Fc and b can be
calculated as

Fc~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

s cos2yz Fr{Fs sinyð Þ2
q

b~arctg
Fs cosy

Fr{Fs siny

8><
>: ð3Þ

According to Eqs. (1) and (2), the magnetic flux density under normal condition can be
expressed as

Fig. 1. Air gap magnetomotive forces under normal condition.
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B am,tð Þ~f am,tð ÞL~Fc cos vt{am{bð Þ m0

g
ð4Þ

When the air gap eccentricity fault happens, the air gap length g is not constant because of
the air gap eccentricity, and the magnetic permeance will be changed while the magnetomotive
forces will keep stable. For convenience, the coordinate system shown in Fig. 2 is adopted. The
line through the minimum air gap of the static eccentricity is defined as the x-axis. Meanwhile, it
is also defined as the original point of the angle am. The air gap length can be expressed as

g am,tð Þ~ga{ds cosam{dd cos vrt{amð Þ~ga 1{drs cosam{drd cos vrt{amð Þ½ � ð5Þ

where ga is the average air gap length which generally equals to g, ds is the static eccentricity
length, dd is the dynamic eccentricity length, drs5ds/ga is the value of the relatively static
eccentricity, drd5dd/ga is the value of the relatively dynamic eccentricity, and vr52pfr, vr is the
mechanical angular frequency, fr is the mechanical frequency. For turbo-generator, vr equals to
the electrical angular frequency v. In the following text, all angular frequency is written as v,

and fr is written as f.

The magnetic permeance per unit area can be expanded by power series, and the higher
harmonic components can be ignored because of their tiny values. Then the magnetic
permeance per unit area is

L am,tð Þ~ m0

g am,tð Þ~
m0

ga 1{ drs cosamzdrd cos vrt{amð Þð Þ½ �

~L0 1zdrs cosamzdrd cos vt{amð Þz drs cosamzdrd cos vrt{amð Þð Þ2

2!
z � � �

" #

&L0 1zdrs cosamzdrd cos vt{amð Þ½ �
~L0zLs cosamzLd cos vt{amð Þ

ð6Þ

where L0 is the constant component of the air gap magnetic permeance, Ls5L0drs is the
component caused by the static eccentricity, and Ld5L0drd is the component caused by the
dynamic eccentricity.

According to Eqs. (2) and (6), the magnetic flux density under the air gap eccentricity fault
can be expressed as

Fig. 2. Coordinate system set for air gap eccentricity.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 164



B am,tð Þ~f am,tð ÞL am,tð Þ~Fc cos vt{am{bð Þ L0zLs cosamzLd cos vt{amð Þ½ � ð7Þ

3. MAGNETIC PULL OF PER UNIT AREA

According to Eq. (4), the magnetic pull per unit area under normal condition can be
expressed as

q am,tð Þ~ B am,tð Þ½ �2

2m0

~
Fc cos vt{am{bð Þm0=g½ �2

2m0

~
m0Fc

2

4g2
1zcos 2vt{2am{2bð Þ½ �

~
Fc

2L0
2

4m0

1zcos 2vt{2am{2bð Þ½ �
ð8Þ

detailed information about the amplitudes is shown in Table 1.

According to Eqs. (3) and (7), the magnetic pull per unit area under the air gap eccentricity
fault can be derived as

q am,tð Þ~ B am,tð Þ½ �2

2m0

~
F2

C

8m0

2L2
0zL2

szL2
d

� �
z 4L0Ls cosamð Þz L2

s cos2am

� ��

z
L2

d

2
cos 2b

 !
z 2LsLd cosvtð Þz 4L0Ld cos vt{amð Þ½ �z 2LsLd cos vt{2amð Þ½ �

z LsLd cos vt{2bð Þ½ �z 2L0Ld vt{am{2bð Þ½ �z LsLd cos vt{2am{2bð Þ½ �

z L2
d cos 2vt{2amð Þ�z½L

2
s

2
cos 2vt{2bð Þ

" #
z 2L0Ls cos 2vt{am{2bð Þ½ �

z 2L2
0zL2

szL2
d

� �
cos 2vt{2am{2bð Þ

� 	
z 2L0Ls cos 2vt{3am{2bð Þ½ �

z
L2

s

2
cos 2vt{4am{2bð Þ

" #
z LsLd cos 3vt{2am{2bð Þ½ �

z 2L0Ld cos 3vt{3am{2bð Þ½ �z LsLd cos 3vt{4am{2bð Þ½ �

z
L2

d

2
cos 4vt{4am{2bð Þ

" #
g

ð9Þ

Table 1. Amplitude of the magnetic pull per unit area on stator under normal condition.

Components Amplitude formula Essentially influential factors

Constant Fc
2L0

2/4m0 y, If , and g
Pulsating (2f) Fc

2L0
2/4m0 y, If , and g
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4. STATOR VIBRATION CHARACTERISTICS UNDER NORMAL CONDITION
AND AIR GAP ECCENTRICITY FAULT

The stator core is made up of lots of overlapped silicon sheets, and its mechanical model
is a hollow elastic shell cylinder. The essentially influential factor for the stator vibration
characteristics is the pulsating peculiarity of the magnetic pull acting on the stator. Therefore,
the stator vibration characteristics can be studied via the magnetic pull per unit area.

According to Eq. (8), the pulsating peculiarity of the magnetic pull acting on the stator under
normal condition can be gained. The amplitude of the magnetic pull of 2f is

q2f ~
m0F 2

c

4g2
~

F2
c L

2
0

4m0

ð10Þ

which will cause the stator vibration at 2f.

When the air gap eccentricity fault happens, the magnetic pull acting on the stator will have
different formulas due to different eccentricity types. There are three types of eccentricities, i.e.
static eccentricity, dynamic eccentricity, and mixed eccentricity composed by the previous two.
Based on Eq. (9), the further analysis of the stator vibration characteristics under the faults is
given as follows.

4.1 Static Eccentricity Fault
In this case, Ld50, Ls?0, then Eq. (9) can be simplified as

q am,tð Þ~ F 2
C

8m0

2L2
0zL2

sz4L0Ls cosamzL2
s cos2amz

L2
s

2
cos 2vt{2bð Þ

"

z2L0Ls cos 2vt{am{2bð Þz 2L2
0zL2

s

� �
cos 2vt{2am{2bð Þ

z2L0Ls cos 2vt{3am{2bð ÞzL2
s

2
cos 2vt{4am{2bð Þ

# ð11Þ

As seen in Eq. (11), there are constant components and pulsating components of 2f, and the
amplitudes of the magnetic pull per unit area on stator and the essentially influential factors are
shown in Table 2. The constant components do not cause the stator vibration, while the
pulsating components cause the stator vibration at 2f.

Table 2. Amplitude of the magnetic pull per unit area on stator under static eccentricity fault.

Components Amplitude formula Essentially influential factors

Constant Fc
2(2L0

2+Ls
2+4L0Lscosam+Ls

2cos2am)/8m0 y, If, ga, ds and am

pulsating (2f) Fc
2 (2Ls

2+2L0
2+4L0Ls)/8m0 y, If, ga and ds
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The amplitude of the magnetic pull of 2f is

q2f
0
~

F2
c 2L2

sz2L2
0z4L0Ls

� �
8m0

ð12Þ

Comparing Eq. (10) with Eq. (12), it is obvious that the amplitude of the magnetic pull of 2f

under the static eccentricity fault is larger than that under normal condition, and the stator
vibration at 2f under the static eccentricity fault will be obviously larger than that under normal
condition. As indicated in Eq. (3), the internal power-angle y affects FC and b. FC determines
the amplitude of the stator vibration while b and am only affect the vibration amplitude when
the excitation begins, more details are shown in Table 2, where the exciting current If affects FC,
ga determines L0, and ds determines Ls.

4.2 Dynamic Eccentricity Fault
In this case, Ld?0, Ls50, then Eq. (9) can be simplified as

q am,tð Þ~ FC
2

8m0

2L0
2zLd

2z
Ld

2

2
cos 2bz4L0Ld cos vt{amð Þz2L0Ld vt{am{2bð Þ

"

zLd
2 cos 2vt{2amð Þz 2L0

2zLd
2

� �
cos 2vt{2am{2bð Þ

z2L0Ld cos 3vt{3am{2bð ÞzLd
2

2
cos 4vt{4am{2bð Þ

# ð13Þ

As seen in Eq. (13), there are constant components and pulsating components of f, 2f, 3f and
4f, and the amplitudes of the magnetic pull per unit area on stator and the essentially influential
factors are shown in Table 3. The constant components do not cause the stator vibration, while
the pulsating components cause the stator vibration at f, 2f, 3f and 4f. Moreover, comparing the
magnetic pull amplitudes in Table 3 with those in Table 1, it is obvious that the amplitude of
each frequency under the dynamic eccentricity fault is larger than that under normal condition,
and the vibration amplitude of the stator will increase as the dynamic eccentricity increases. The
angle b influenced by y affects the amplitude of the constant components. Besides, b and am

determines the initial vibration amplitude when the excitation begins.

Table 3. Amplitude of the magnetic pull per unit area on stator under dynamic eccentricity fault.

Components Amplitude formula Essentially influential factors

Constant Fc
2(2L0

2+Ld
2+0.5Ld

2cosb)/8m0 y, If, ga and dd

pulsating f Fc
2(6L0Ld)/8m0 y, If, ga and dd

2f Fc
2(2L0

2+2Ld
2)/8m0 y, If, ga and dd

3f Fc
2(2L0Ld)/8m0 y, If, ga and dd

4f, Fc
2(0.5Ld

2)/8m0 y, If, ga and dd
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4.3 Mixed Eccentricity Fault
In this case, Ls?0, Ld?0. then Eq. (9) is the magnetic pull per unit area acting on the stator.

As seen in Eq. (9), the magnetic pull per unit area has constant components and pulsating
components of f, 2f, 3f and 4f , and the amplitudes of the magnetic pull per unit area on stator
and the essentially influential factors are shown in Table 4. The constant components do not
cause the stator vibration, while the pulsating components cause the stator vibration at f, 2f, 3f

and 4f. Moreover, comparing the magnetic pull amplitudes in Table 4 with those in Table 1, it is
obvious that the amplitude of each frequency under the mixed eccentricity fault is larger than
that under normal condition, and the vibration amplitude of the stator will increase as the
eccentricity no matter static or dynamic increases. b and am affect the vibration amplitude when
the excitation begins, while y, If, ds and dd determine the vibration amplitude on the whole
operating process.

Based on the previous analysis, a general conclusion can be gained: the static eccentricity
fault can cause the stator vibration at 2f, and the dynamic eccentricity and the mixed
eccentricity can cause the stator vibrations at f, 2f, 3f and 4f. The exciting current and the
internal power-angle which depends on the load nature of the generator directly determine the
vibration amplitude. Besides, the vibration amplitude will also increase as the eccentricity
increases.

These forced vibrations may deform the stator core and damage the winding’s insulation.
Moreover, the bars of the stator end winding may even have abruptions if the vibration
frequency is similar to the bars’ natural frequency.

5. ROTOR VIBRATION CHARACTERISTICS UNDER NORMAL CONDITION AND
AIR GAP ECCENTRICITY FAULT

The mechanical model of the rotor is a stuffed cylinder. The unit magnetic pull is not enough
to cause rotor vibrate because of its large rigidity. The essentially influential factor for the rotor
vibration characteristics is the unbalanced magnetic pull (UMP). And the UMP of x-axis and y-
axis can be calculated as follows

FX~LR
Ð 2p

0
q am,tð Þcos amdam

FY~LR
Ð 2p

0
q am,tð Þsin amdam

F~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FX

2zFY
2

p
8>><
>>: ð14Þ

where F is the composite UMP, FX and FY are respectively its components in x-axis and y-axis.

Table 4. Amplitude of the magnetic pull per unit area on stator under mixed eccentricity fault.

Components Amplitude formula Essentially influential factors

Constant
Fc

2(2L0
2+Ls

2+Ld
2+4L0Lscosam

+Ls
2cos2am +0.5Ld

2cosb)/8m0 y, If, ga, am, ds and dd

pulsating f Fc
2(6L0Ld +6LsLd)/8m0 y, If, ga, ds and dd

2f Fc
2(2L0

2+2Ld
2+2Ls

2+4L0Ls)/8m0 y, If, ga, ds and dd

3f Fc
2(2L0Ld+2LsLd)/8m0 y, If, ga, ds and dd

4f Fc
2(0.5Ld

2)/8m0 y, If, ga and dd
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According to Eqs. (8) and (14), the UMP under normal condition can be gained, which is
F5FX5FY50. Thus, the rotor does not vibrate in theory. However, the situation will be
different if the air gap eccentricity fault happens.

According to Eqs. (9) and (14), The UMP under the air gap eccentricity fault can be derived
as

FX~
LRF 2

Cp

4m0

2L0Lsz2L0Ld cosvtzL0Ld cos vt{2bð ÞzL0Ls cos 2vt{2bð Þ½ �

FY~
LRF 2

Cp

4m0

2L0Ld sinvtzL0Ld sin vt{2bð ÞzL0Lssin 2vt{2bð Þ½ �

F~
LRFC

2pL0

4m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5Ls

2z5Ld
2z4Ld

2 cos2bz10LdLs cosvt

z8LdLs cos vt{2bð Þz4Ls
2cos 2vt{2bð Þ

s

8>>>>>>>>><
>>>>>>>>>:

ð15Þ

Based on Eq. (15), the further analysis of the rotor vibration characteristics under the air gap
eccentricity fault is given as follows.

5.1 Static Eccentricity Fault
In this case, Ld50, Ls?0, then Eq. (15) can be simplified as

FX~LRF 2
Cp½2L0LszL0Ls cos 2vt{2bð Þ�



4m0

FY~LRF 2
CpL0Ls sin 2vt{2bð Þ



4m0

F~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5z4 cos 2vt{2bð Þ

p
LRFC

2pL0Ls



4m0

8><
>: ð16Þ

As seen in Eq. (16), the UMP consists of constant components and pulsating components of
2f, and the amplitudes of UMP and the essentially influential factors are shown in Table 5. The
constant components do not cause the rotor vibration, while the pulsating components cause
the rotor vibration at 2f. Obviously, the rotor vibration amplitude will also increase as the static
eccentricity increases. The internal power-angle y affects FC and b so that the UMP no matter
at the beginning of the excitation or on the running process will be influenced.

Since the air gap eccentricity direction under this fault is stationary, the UMP also keeps a
constant direction. Therefore, the eccentricity direction can be reflected by the UMP direction.
Moreover, the static eccentricity causes can be further deduced, as shown in Fig. 3. It is easy to find
that the UMP direction is along the line that through the minimum air gap of the static eccentricity.

Table 5. Amplitude of the UMP on rotor under static eccentricity fault.

Components Amplitude formula Essentially influential factors

FX constant LRFc
2p(2L0Ls)/4m0 y, If, ga, and ds

pulsating (2f) LRFc
2pL0Ls/4m0 y, If, ga, and ds

FY constant 0 -
pulsating (2f) LRFc

2pL0Ls/4m0 y, If, ga, and ds

F constant
ffiffiffi
5
p

LRFc
2pL0Ls/4m0

y, If, ga, and ds

pulsating (2f) 2 LRFc
2pL0Ls/4m0 y, If, ga, and ds
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Both bearing offset and stator core deformation are probable to cause this appearance. The UMP
direction is the same as the bearing offset direction and the stator core deforming direction. Besides,
a composite force composed of the UMP and the rotor’s gravity is produced, which also pulls the
rotor from a constant direction and worsens the bearing load condition. As the rotor rotates, the
composite force will act on the rotor’s different circumferential positions.

5.2 Dynamic Eccentricity Fault
In this case, Ld?0,Ls50, then Eq. (15) can be simplified as

FX~LRF 2
Cp 2L0Ld cosvtzL0Ld cos vt{2bð Þ½ �



4m0

FY~LRF 2
Cp 2L0Ld sin vtzL0Ld sin vt{2bð Þ½ �



4m0

F~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5z4 cos2b
p

LRFC
2L0Ld



4m0

8><
>: ð17Þ

As seen in Eq. (17), the values of FX and FY will change as the rotor rotates while the value of
the composite UMP will keep the same. However, since it is dynamic eccentricity, the
eccentricity location of the air-gap and the composite UMP’s direction will change as the rotor
rotates. Thus, the dynamic eccentricity will cause the rotor vibration at f. The internal power-
angle y affects FC and b, so that the UMP no matter at the beginning of the excitation or on the

Fig. 3. Static eccentricity causes reflected by the direction of the UMP, (a) Bearing offset, (b)
Deformation of stator core.

Table 6. Amplitude of the UMP on rotor under dynamic eccentricity fault.

Components Amplitude formula

Essentially influential

factors

FX constant 0 -

pulsating (f)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5{4 cos2b
p

LRFC
2L0Ld



4m0

y, If, ga, and dd

FY constant 0 -
pulsating (f)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5{4 cos2b
p

LRFC
2L0Ld



4m0

y, If, ga, and dd

F constant 0 -

pulsating (f)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5z4 cos2b
p

LRFC
2L0Ld



4m0

y, If, ga, and dd
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whole running process will be influenced. More details are shown in Table 6, where the
amplitude formulas of FX and FY are gained through the vectorial resultant method.

Although the direction of the UMP changes as the rotor rotates, it acts on a certain
circumferential position of the rotor. The changing direction of the UMP reflects the dynamic
eccentricity direction, and the dynamic eccentricity causes can be further deduced, as shown in
Fig. 4. Since the UMP has the same direction as the dynamic eccentricity, rotor flexure
deformation will be caused or worsened due to the continuous pull action. Moreover, rub-
impact accident may even be caused after a long period.

5.3 Mixed Eccentricity Fault
In this case, Ls?0, Ld?0, then Eq. (15) is the formula of the UMP. As shown in Eq. (15), the

UMP will cause the rotor vibration at f and 2f, and the vibration amplitudes of the rotor will
also increase as the static eccentricity or the dynamic eccentricity increases. The initial vibration
amplitude is affected by y when the excitation begins. Besides, y and If affect the vibration
amplitudes on the whole process via FC. More details can be found in Table 7, where the
amplitude formulas of FX, FY and F at f are deduced through the vectorial resultant method.

Table 7. Amplitude of the UMP on rotor under mixed eccentricity fault.

Components Amplitude formula

Essentially influen-

tial factors

FX constant LRFc
2p(2L0Ls)/4m0 y, If, ga, and ds

pulsating f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5{4 cos2b
p

|LRFC
2L0Ld



4m0

y, If, ga, and dd

2f LRFc
2pL0Ls/4m0 y, If, ga, and ds

FY constant 0 -
pulsating f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5{4 cos2b
p

|LRFC
2L0Ld



4m0

y, If, ga, and dd

2f LRFc
2pL0Ls/4m0 y, If, ga, and ds

F constant
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5L2

sz5L2
dz4L2

d cos2b
q

|LRF2
c pL0

�
4m0

y, If, ga, and dd

pulsating f 3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2LdLs

p
|LRFC

2pL0



4m0

y, If, ga, ds, and dd

2f 2 LRFc
2pL0Ls/4m0 y, If, ga, and ds

Fig. 4. Dynamic eccentricity causes reflected by the direction of the UMP, (a) Deflection of rotor
roundness, (b) Flexure deformation of rotor.
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Since the mixed eccentricity is composed of the static eccentricity and the dynamic
eccentricity, the UMP can be also treated as a composite force composed of two component
forces. One component force that has a constant direction is caused by the static eccentricity,
and the other one whose direction will change as the rotor rotates is caused by the dynamic
eccentricity. The directions of the two component forces can also reflect the static eccentricity
direction and the dynamic eccentricity direction. And the eccentricity causes shown in Fig. 3
and Fig. 4 can be also deduced. The effect of the UMP under mixed eccentricity fault equals to
the superposition of the static one and the dynamic one.

6. EXPERIMENT VERIFICATION

6.1 Experiment Equipment and Method
The experiment is based on a SDF-9 non-salient pole fault simulating generator, as shown in

Fig. 5(a). The stator winding is two-layer and pitch-shortening, and the corresponding
parameters are:

Fig. 5. SDF-9 non-salient fault simulating generator, (a) General outlook, (b) Method to set static
eccentricity.

Fig. 6. Method to set speed sensors.
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Fig. 7. Stator vibration spectrum under normal condition and static eccentricity fault, (a) Normal
condition, (b) 25% static eccentricity, (c) 50% static eccentricity.
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Fig. 8. Rotor vibration spectrum under normal condition and static eccentricity fault. (a) Normal
condition, (b) 25% static eccentricity, (c) 50% static eccentricity.
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Rated capacity: 7.5kVA

Rated exciting current: 1.5A

Rated speed: nr53000 r/min

Number of pole-pairs: p51

Radial length of air gap: 0.8 mm

The generator stator can be moved along the horizontally radial direction while the rotor
keeps stable. The movement can be performed by two bolts and controlled by two dial
indicators so that the static eccentricity can be simulated, as shown in Fig. 5(b). A CD-21S
speed sensor and a CD-21C speed sensor (both made by Beijing vibration measurer factory, the
sensitivity is 30 mv/mm/s) are respectively set on the bearing block in the horizontal direction
and the stator core in vertical direction, as shown in Fig. 6. U60116C collector made by Beijing
Bopu Co.,Ltd is used. The sampling frequency is 10 kHz. During the experiment, the generator
is operated under the rated condition.

6.2 Experimental Results and Discussions
The exciting current If51.5A, and 25% and 50% static eccentricity are set respectively, the

experiment results are shown in Fig. 7 and Fig. 8.

Under normal condition, the stator should only vibrate at 2f and the rotor shouldn’t vibrate
in theory. However, the stator and the rotor vibrations at f, 2f exist in the experiment system
due to the asymmetry inside the generator.

As shown in Fig. 7 and Fig. 8, the results show that the static air gap eccentricity fault
generally increases the stator and the rotor vibration at 2f, and the experiment results comply
with the theoretical analysis.

7. CONCLUSIONS

This paper investigates the stator and the rotor vibration characteristics under normal
condition and the air gap eccentricity fault, the experiment verifications are also provided. The
conclusions drawn from the theoretical and experimental investigation can be given as follows:

(1) The static eccentricity fault causes the stator and the rotor vibration at 2f, and the dynamic
eccentricity fault and the mixed eccentricity fault cause the stator vibration at f, 2f, 3f, 4f ,
and cause the rotor vibration at f and 2f.

(2) Under the air gap eccentricity fault, the vibration amplitude of the stator and the rotor will
increase as the eccentricity develops. And the eccentricity direction can be reflected by the
direction of the UMP.

(3) Under the air gap eccentricity fault, the stator and the rotor vibration amplitudes will be
affected by the value of the eccentricity, the internal power-angle of the generator and the
exciting current.

The proposed vibration characteristics have significant value for the air gap eccentricity fault
diagnosis. However, the experiments of dynamic air gap eccentricity fault and mixed air gap
eccentricity fault are still needed to be performed in future.
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ABSTRACT

This paper presents results of evaluating different concepts of haptic and visual force feedback
interfaces using a force-reflecting hand-controller designed to guide an ultrasound probe held by a
robotic device. Experiments were conducted that resemble the type of path alignment and force
regulating tasks that are needed to perform ultrasound examinations, remotely. In the first
experiment, the effectiveness of visual force feedback, augmented haptic feedback and augmented
haptic plus visual force feedback was tested. In the second experiment, the tasks were executed under
communication network delays. The results confirm the expected observation that long variable
communication delays degrade force regulating tasks using only the visual force feedback approach.
The introduction of passive haptic feedback that constructs forces locally, allows participants to
improve their performance, without causing instability due to variable or long network delays.

Keywords: haptic, visual force feedback, ultrasound, network delay.

CONCEPTS DE RÉTROACTION HAPTIQUE ET VISUELLE POUR LA
RÉGULARISATION DES FORCES

RÉSUMÉ

Cet article présente des résultats d’évaluation de différents concepts d’interfaces de forces de
rétroaction haptique et visuelle utilisant un contrôleur manuel de retour d’efforts conçu pour
guider une sonde ultrason tenue par un dispositif robotique. Les expériences simulaient un type
de d’alignement de piste et régularisation des forces qui sont nécessaires pour effectuer des
examens par ultrasons à distance. Le premier test visait à étudier l’efficacité de la rétroaction de
force visuelle, la rétroaction haptique augmentée, et la rétroaction haptique augmentée plus la
rétroaction de force visuelle. Dans le deuxième test, les tâches furent exécutées avec des délais
dans le réseau de communication. Les résultats ont confirmé nos observations que les longs
délais variables dégradent les tâches de régularisation des forces si l’approche utilisée est
uniquement la rétroaction visuelle. L’introduction de la rétroaction haptique passive qui
construit les forces localement, permet aux participants d’améliorer leur performance, sans
causer de l’instabilité due aux délais variables ou trop longs du réseau.

Mots-clés : haptique, force de rétroaction visuelle, ultrason, délai dans les réseaux.
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1. INTRODUCTION

With recent developments in communication systems, such as the Internet, it is now possible
for health care providers to extend their services to remote areas. Simple medical procedures,
such as follow-ups, can now be easily performed from a central location [1]. More complicated
procedures, such as ultrasound examination, can be carried out using tele-robotic systems [2]. In
this case, an expert must position a remote robotic device in order to guide an ultrasound probe
over the patient’s body, while maintaining the contact force between the probe and the patient.
Such force control is normally accomplished using a bilateral control system where haptic
feedback is often employed to provide a sense of touch, [3].

In situations where the incorporation of haptic feedback is not feasible, either due to the
destabilizing nature of communication delays [4,5], or the complexity of the tele-robotic system,
haptic information can be conveyed to the operator via visual force feedback [6]. Visual force
feedback is a graphical representation of haptic information that is achieved by changing the
color and/or size of the visual stimulus. The method has been proven to be promising in
replacing direct haptic feedback for various collaborative tasks and in the presence of constant
network delays [7–9].

Multi-modal interfaces have also been studied in situations where acquiring a sense of
touch is still preferable in addition to visual feedback. Sallnas and Grohn [10] observed that
perceived task performance as well as virtual presence can be improved by using a
combination of haptic and visual force feedback. Richard et al. [11] studied user
performance in dexterous manipulation of a soft and a hard object in virtual environment
using visual, haptic, and auditive feedbacks. Results showed that haptic feedback enhanced
performance for hard object manipulation. On the other hand, auditive force feedback
proved better when handling soft objects. Visual force feedback was shown to be inefficient
especially when interacting with soft object. The study did not consider efficiency of
different force feedback mechanisms in the presence of different communication network
delays. Basdogan et al. [12] studied the role of combined haptic and visual force feedbacks in
collaborative tasks in the absence of communication delays. Alhalabi et al. [13] studied the
effects of fixed constant delays in a cooperative virtual environment, where the users could
visually see, kinesthetically interact over a network. Zhang et al. [14] used concepts of haptic
and visual force feedback to illustrate kinematic behavior of mechanisms. For instance, the
user is alerted with respect to reaching to a singular configuration in a two-link manipulator,
using either visual force feedback or haptic feedback. Due to the nature of the application,
force regulating in the presence of communication network delays was not needed to study
in their work.

The primary motivation of this work is to further investigate the extent to which combined
haptic and visual force feedbacks can improve task performance in a simulated remote force
regulating task. The force regulating task of interest is to scan a simulated two-dimensional
surface using a tele-operated probe and at the same time maintain the contact force between the
tip of the probe and the surface within predefined limits. This canonical task represents a real-
life constrained task, i.e., a remote ultrasound examination [15]. The ability to conduct such
remote examinations is a promising approach for addressing some of the issues associated with
the problem of distance between patients and clinicians. In particular, it offers the advantage of
cost-saving, availability of expertise, remote accessibility and timeliness. This paper contributes
to the development and improvement of robotic systems that enable physicians to perform
ultrasound examinations on patients located in remote and isolated areas.
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The merits of haptic and visual force feedbacks are first examined in an ideal setting, where there
is no communication delay. Three different interfaces, namely, haptic feedback, visual force
feedback, and combined haptic + visual force feedbacks are tested to gain some insight into what
interface types are best suited for the force regulating application of interest in this paper. By testing
the interfaces under ideal settings, it is possible to separate the effect of interface from the effect of
communication system. Next, we extend the study to evaluate the effectiveness of combined visual
force feedback and haptic-type interfaces under fixed and variable delay conditions.

The significance of this paper is twofold. First, this paper investigates the introduction of
additional feedback information by superimposing ‘haptic clicks’ onto the haptic feedback.
Such haptic clicks are defined as force information overlaid on top of the reflected haptic
feedback from a remote site or a virtual environment [16,17]. This type of feedback can assist
operators in distinguishing the level of the interaction forces. To the best of our knowledge,
there has not been any previous work that has evaluated the relative performance between
haptic feedback combined with haptic clicks and visual force feedback. Second, in order to
prevent the potential destabilizing nature of communications latency, the concept of a bi-modal
interface using the combined visual force feedback and passive haptic interfaces is studied. The
passive haptic was designed to oppose the motion of the haptic grip creating a feel of spring-
type environment. Here, we investigate how this concept improves the ability of subjects to
maintain the force in a desired range and examine the effect that delay can have on this aspect
of the performance.

2. EXPERIMENT 1

2.1. Goal
The primary objective of the first experiment was to determine whether haptic feedback

enhances performance over visual force feedback in a force regulating task. With respect to
haptic feedback alone, force regulation is difficult in the absence of additional information from
the object being operated on. Additional information can be provided by overlaying haptic
clicks to the haptic feedback that enables operators to distinguish the level of the interaction
forces. Haptic feedback combined with haptic clicks is referred to in this paper as ‘augmented
haptic feedback’ and will be explained in detail in Section 2.2.4. Here we aim to evaluate the
relative performance between haptic feedback combined with haptic clicks and visual force
feedback, to the type of force regulating task under investigation.

Research on multi-modal interface design has shown that the presence of multi-modal
feedback can greatly improve overall task performance [2,10]. However, multi-modal feedback
may decrease task performance for some tasks, due to requirements for additional processing
and interpretation of feedback data, which may overload the operator with feedback
information [8]. Therefore, we further investigate the effect of combined augmented haptic +
visual force feedback in the context of the force regulating task under investigation and
determine whether the combined feedback mechanisms assist or hinder users when they are
presented simultaneously.

2.2. Methods

2.2.1. Participants
Ten subjects participated in this experiment. All of them were male volunteers with previous

experience using standard joysticks but no experience with haptic devices. All participants were
experienced with computer games, had excellent visual acuity and were not color blind.
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2.2.2. Apparatus
Figure 1 shows the hand-controller with which all the experiments were performed. The

device has been specifically designed to facilitate the task of remote ultrasound examination
[18]. The hand-controller is built upon parallel mechanisms and has a spherical workspace. The
first two degrees of freedom (DoFs) are generated by two pantographs to provide a spherical
motion of haptic grip about a remote center-of-motion (RCM). The third DoF represents a
sliding motion of the haptic grip along the radius of the hemisphere and is capable of providing
force feedback, along this axis, to the operator’s hand. The hand-controller was interfaced to a
2.6 GHz Pentium IV PC through a Quanser data acquisition board. A brushed DC actuator
with a quadrature encoder was used to power haptic grip.

2.2.3. Task
The force regulating task, developed to evaluate the effectiveness of our interfaces, uses the

hand-controller described above. This canonical task simulates the basic ultrasound scanning
operation in which a transducer is moved around the abdomen while maintaining pressure on
the skin [19]. A schematic of the force regulating task is shown in Fig. 2. It consists of tracing a
straight path or an elliptical path, both of which would typically represent an extruded 3-D
surface such as the abdomen, using a virtual probe. Both paths have equal lengths (160 mm).
The task incorporates two motions of the hand-controller: the motion of one of the
pantographs, and the sliding motion of the grip. A significant performance measure in this task
is the operator’s ability to maintain the contact force between the tip of the probe and the
extruded path within predefined limits, i.e. 2.5 N to 5 N in compression. The operator must
maintain the appropriate force range along the axis of the probe while moving the probe across
the simulated surface. In terms of application towards tele-ultrasound imaging, the operator
would either obtain inadequate ultrasound images or would apply excessive force (possibly
injuring the patient), if the force cannot be regulated in this range. The range of constrained
force (2.5–5 N) in this task is thus based on the minimum requirements for a successful
ultrasound examination [20]. This range of contact force is considered hereafter to be the

Fig. 1. Hand-controller with force reflecting ability along the radial axis.
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‘correct’ applicable force range. Force regulation during scanning of straight and elliptical paths
are referred to, in the remainder of the paper, as ‘‘task 1’’ and ‘‘task 2’’, respectively.

2.2.4. Interfaces
The first interface type is a haptic feedback augmented by haptic clicks. This interface

transmits a representation of the interaction force to the operator’s hand. The second interface
uses an animated graphical icon to convey to the user the range of forces applied at every given
point during the force regulating task. Size and color encoding are employed to provide a type
of visual force feedback indicative of the range of force applied by the user. Such a visual force
feedback interface provides a type of pseudo-haptic feedback to the operator [21,22]. The third
interface combines all of the elements of the first two interfaces. Each interface also includes a
display showing the path and the location of the probe on the path similar to the graphic of
Fig. 2. All participants sit facing the display with the hand-controller directly in front of them.
The three interfaces are now described in more detail.

2.2.1. Interface 1: Augmented haptic feedback (AH)
In this interface, the user is able to feel the characteristics of an artificial surface while visually

observing a graphic display that shows the probe moving along the path. In addition to
providing continuous force feedback, we implemented the concept of haptic clicks to inform
users via kinesthetic feedback as to when they entered or exited the desired force range. Haptic
clicks are defined as additional sensory information that is overlaid upon the reflected sensory
feedback originating from the remote side or the virtual environment. Such augmentative
feedback can be composed of haptic sensations generated by reflecting stimulated forces to the
operator through a force-reflecting hand-controller. The haptic clicks can be compliant
surfaces, damped surfaces and even attractive or repulsive fields.

The force profile employed for the proposed augmented haptic feedback is shown in Fig. 3.
When the virtual probe penetrates the surface (i.e. pressing into the surface), a virtual
deformation is created that generates a resistive force against the virtual probe. The rendered
force rate was 333 N/m. The DC motor of the hand controller creates the resistive force (by
applying a controlled torque transmitted through via cable mechanism), in order to resists the

Fig. 2. Force regulating tasks: straight path scanning (task 1) and elliptical path scanning (task 2).
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operator’s tendency to push the haptic grip downward and further deform the surface. When
the applied force passes through narrow bands located between 2.5–2.6 N and 5.0–5.1 N, an
additional 9 N pulse of resistive force is superimposed onto the rendered force profile to
indicate that the operator has either entered or left the desired force range (2.5–5 N). The
magnitude of the superimposed force was selected via experimentation and was always applied
such that it opposed the user’s direction of motion. The net effect can be best described as a
‘‘click’’ or detent that users must physically overcome in order to enter or leave the desired force
band.

2.2.2. Interface 2: Visual force feedback (VFF)
This interface type was designed to enable users to perform the force regulating task without

haptic support using the hand-controller in isotonic mode (position commander mode). The
basic idea for representing contact force between the probe tip and the surface is depicted in
Fig. 4. A triangular icon is attached to, and moves with the tip of the probe. In order to convey
to the user a sense of the magnitude of the contact force, the height of the triangle is changed
smoothly and proportionally with the amount of the force exerted by the probe along its axis.
Color coding is added to inform the user as to whether or not they are in the correct range of
force (2.5–5 N). The triangle combined with color coding is called a ‘‘visual cue’’ in this paper.
The triangle is green when the user is within the correct range of force and is red outside the
correct range. This form of feedback is believed to be the visual counterpart of the augmented
haptic feedback implemented in the haptic interface. Visual cues were shown to the users on a
digital monitor (10246768 pixels). The subjects were seated approximately 50 cm away from
the monitor.

2.2.3. Interface 3: Combined augmented haptic and visual force feedbacks (AH+VFF)
This interface combines both visual force feedback and augmented haptic interfaces

described above. In practice, the dynamics of the haptic device should be highly responsive so
that there is no discrepancy between the two feedback types. The haptic device in this work was
designed to have a low inertia along the radial axis to provide fast response in that direction.
Both the haptic and visual force feedbacks were updated simultaneously.

2.3. Procedure and Design
Each of the 10 subjects performed 12 trials of the force regulating task for each experimental

condition. Prior to the trials, participants performed practice trials until they felt comfortable
with operating the device and with the different interface types. During the practice trials, the

Fig. 3. Force profile of augmented haptic interface upon penetration of probe into the path along
the radial position. Haptic clicks inform users when they either leave or enter desired force range.
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participants learned to form an internal relationship between color/size of visual cues and haptic
click/size of reflected force and the actual range of forces, i.e., 0–2.5 N, 2.5–5 N and more
than 5 N. In order to initiate each experimental trial, the users located the probe at the starting
position of the path. Each experimental trial began when the user moved the probe to the start
position of the path and maintained a continuous pressure in approximately the middle of the
correct range of force. After 2 seconds the user was signaled to begin to move the probe and
scan the surface. The participants were instructed to scan the paths as quickly as possible while
maintaining a contact force within the desired range (2.5–5 N). The task completion time was
recorded for the movement of the probe from the start position to the end position. During the
task, time history of the computed contact force was also recorded so that the force, as well as
the range of the applied force, could be evaluated.

Experiment 1 used a 3 (interface) 6 2 (task) factorial design. The independent variables are
interface type and task type. For each experimental condition the users performed 12 trials. This
gave a total of 10 (subjects) 6 6 (conditions) 6 12 (trials) 5 720 trials. The design was fully
counterbalanced on interface type. For the second independent variable (task type) half the
subjects performed task 1, first. The other half started with task 2. The statistical analysis of the
results is discussed first followed by a discussion on the findings.

2.4. Results
2.4.1 Completion time

Figure 5 summarizes the average completion times for all three interfaces and for both tasks. The
results of the univariate analysis (see appendix for a brief description of the statistical methods we
employed to perform our analyses) show that there is significant difference between interfaces
(F(2,54)53.750, p50.03). There is no interaction effect between technique and task types
(p50.802). A post-hoc analysis shows that there is a significant difference between augmented

Fig. 4. Implementation of the visual force feedback interface: (a) probe is above the surface; (b)
probe is pushing against the surface but the applied force is less than 2.5 N (red); (b) probe is in the
surface and the applied force is in the acceptable range, 2.5–5 N (green); (d) probe is in the surface
and the applied force is larger than 5 N (red).
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haptic and augmented haptic + visual force feedback conditions (p50.023). There is no significant
difference between visual force feedback and augmented haptic + visual force feedback conditions
(p50.276). The results also show that there is no significant difference between the augmented
haptic and visual force feedback conditions (p50.47). The average mean completion time for task 1
(straight path) was 5.150 seconds and for task 2 (elliptical path) was 4.207 seconds. There was no
significant difference between the two task types (F (1,54)53.040, p50.087).

2.4.2 Root mean square of applied force
Root mean square ‘‘RMS’’ of the applied force was also calculated. The RMS of the applied

force was found to be in the correct range for all interfaces, as shown in Fig. 6. A univariate
analysis was used for comparing the RMS value of the applied force for each condition. The
results show that there is a significant difference between interfaces (F(2,54)59.948, p,0.001).
There is no interaction effect between technique and task types (p50.738). A post-hoc analysis
shows that there is a significant difference between augmented haptic and visual force feedback
(p50.004). There is also a significant difference between augmented haptic and augmented
haptic + visual force feedback (p,0.001). However, there is no significant difference between
visual force feedback and augmented haptic + visual force feedback (p50.693). The results also
show that there is no significant effect of task condition on the RMS of the applied force
(F(1,54)50.47, p50.496). An additional observation that can be made from Fig. 6 is that, for
both tasks, the RMS values are closest to the middle of the correct range of force in the
following ranking: augmented haptic followed by visual force feedback + augmented haptic
interface. This is in spite of the fact that subjects were only asked to keep contact in the correct
range and not necessarily in the middle of the range.

2.4.3 Force band
Due to the inherent aspect of patient safety with respect to the present application

(ultrasound diagnosis), it is important to observe how far beyond the correct range of force

Fig. 5. Average completion time using augmented haptic (AH), visual force feedback (VFF), and
augmented haptic + visual force feedback (AH + VFF) interfaces for straight and elliptical paths.
Error bars represent standard deviation.
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operators can potentially go using the interfaces introduced in this paper, even if this condition
occurs only once during any given trial. Figure 7 shows force trajectories for a randomly
selected subject performing tasks 1 and 2 using augmented haptic, visual force feedback and
augmented haptic + visual force feedback interfaces, respectively as the subject sweeps the grip
between 45u and 135u. For each interface the range of applied force is larger for task 1 as
compared to task 2. This is expected since the hand-controller used in this work has a spherical
workspace that makes force regulation during line scanning more difficult. Figure 7 also shows
that the subject has less force variation for task 2 in the range of 67.5u–112.5u compared to the
same range for task 1. In the intervals 45u–112.5u and 112.5u–135u larger force variation is
observable for both tasks. In these areas, both paths deviate more from the natural spherical
path of the hand-controller. This causes the subjects to be challenged more in these areas to
keep the force in the correct range. The kinematic similarity between the elliptical path (task 2)
and the spherical path of the haptic device is believed to lead to more accurate force regulation.

The force band is defined as the difference between the maximum and minimum (peak-to-
peak) of the applied forces averaged over all trials. The result for each interface is shown in
Fig. 8. The results of a univariate analysis show that there is significant difference between all
three techniques (F(2,54)536.548, p,0.001). There is no interaction effect between technique
and task types (p50.689). A post-hoc analysis shows that there is a significant difference
between augmented haptic and augmented haptic + visual force feedback conditions (p,0.001).
There is also a difference between visual force feedback and augmented haptic + visual force
feedback conditions (p50.060). There is also a significant difference between augmented haptic
and visual force feedback conditions (p,0.001).

The force band becomes narrower from augmented haptic to visual force feedback +
augmented haptic interfaces (Fig. 8). The Augmented Haptic interface shows broader range of
force as we observe from Fig. 8. The force band in visual force feedback interface is smaller than
the augmented haptic. The band becomes even smaller in augmented haptic + visual force
feedback interface. This result suggests that the resistive force of augmented haptic in the
combined interface assists the subjects to better regulate the applied force. The results indicate

Fig. 6. RMS of applied force using augmented haptic (AH), visual force feedback (VFF), and
augmented haptic + visual force feedback (AH+VFF) interfaces for straight and elliptical paths.
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that users are able to best regulate the applied force using the combined visual force feedback +
augmented haptic interface. The results of univariate analysis also indicate a significant
difference between the two tasks (F(1,54)566.171, p,0.001). The average force band for task 1
is 5.5 N and for task 2 is 3.6 N.

2.5. Discussion
The results of experiment 1 are summarized in Table 1. In the Table the interfaces are ranked

by using a larger the number of black dots to indicate better performance. Overall, the
Augmented Haptic + Visual Force Feedback interface performed the best.

There was no significant difference in terms of completion time between augmented haptic
feedback and visual force feedback interfaces. Therefore, visual force feedback can potentially
replace augmented haptic feedback without affecting completion time for the specific tasks and
for the particular hand-controller studied in this paper. The results show that the RMS of the

Fig. 7. Force trajectories of randomly selected subject: (a) force regulation on straight path using
augmented haptic interface; (b) force regulation on elliptical path using augmented haptic interface;
(c) force regulation on straight path using visual force feedback; (d) force regulation on elliptical
path using visual force feedback; (e) force regulation on straight path using augmented haptic +
visual force feedback; (f) force regulation on elliptical path using augmented haptic + visual force
feedback interface.
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applied force for both tasks and all interfaces is in the correct range. The participants operated
close to the middle of the range using augmented haptic + visual force feedback for both tasks.

Using the haptic interface alone, it would be very difficult for the users to accurately control
the amount of the force, because without special training we generally have no mechanism to
determine the amount of force we are applying. Using the concept of haptic clicks, the users
were able to regulate the applied force by maintaining the applied force in the correct range.
The augmented haptic feedback, however, did not perform as effectively as visual force
feedback with regard to regulation of the force band for the tasks studied in the present paper.
Haptic clicks were similar when the users entered or left the force range, which may have
decreased the performance of the haptic interface. If a visual force feedback cannot be
implemented, we suggest designing new haptic clicks model that enables the users to
distinguish if they are leaving or entering the correct range of force. Designing a new type of
augmented haptic feedback may bring the performance of the haptic feedback to the level of
visual force feedback.

Visual force feedback seems helpful for participants to easily regulate the force band. The
subjects were able to easily process and handle the visual cues. However, according to the
participants, it was easy to apply too much force to the surface due to the absence of any
resistive force. Visual force feedback can potentially be used as a replacement for haptic
feedback in the tasks studied in this paper where the implementation of instantaneous haptic is
difficult. This result forms the benchmark for designing the second experiment in which the
same task is studied in the presence of communication delays.

The combination of augmented haptic feedback and visual force feedback led to shorter task
completion times and finer force regulation by the users. This result is in line with prior work by
Sallnas and Grohn [10] and Basdogan et al. [12] who showed that conventional haptic + visual
force feedback significantly improve task performance. According to participants, visual cues
helped them to quickly enter the correct range of force while the resistive force of the augmented
haptic interface stabilized the user hand motion and allowed them to control the force more
accurately.

Fig. 8. Force band using augmented haptic (AH), visual force feedback (VFF), and augmented
haptic + visual force feedback (AH+VFF) interfaces for straight and elliptical paths.
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3. EXPERIMENT 2

3.1. Goals
In the presence of communication delays, it is reasonable to expect that the task completion

time should increase [23]. However for the task of interest, the more important measure of
performance is the ability of the operator to maintain the force in the correct range. It is unclear
what effect the delay will have on this aspect of the performance. Therefore, the purpose of the
second experiment is to evaluate the effectiveness of visual force feedback and haptic interfaces
on the force regulating task under communication delay conditions. In this experiment, we
investigated the effect of simulated constant delays, typical of radio or fibre optic links, as well
as variable delay channels (simulated Ethernet and ISDN networks). The potential destabilizing
nature of communications latency precluded the use of bilateral force feedback due to issues
related to the closed-loop stability. The two interfaces tested, were comprised of a visual force
feedback as in the first experiment and a bi-modal interface which combined the visual force
feedback with a passive haptic interface to be described in Section 3.2.2. The same measures of
task performance as in the first experiment were recorded.

3.2. Methods

3.2.1. Participants
Ten subjects participated in this experiment. Nine participants were male and all had

previous experience using joysticks but none had any experience with haptic devices. All of
them had some experience using computer games. They all reported to have excellent visual
acuity and were not color blind. We used the hand-controller as described in Section 2.2.2.

3.2.2. Interfaces
Two interfaces were designed for the second experiment. The first interface is the visual force

feedback, similar to Experiment 1, with the exception that the visual force feedback is delayed
to simulate the round-trip delay associated with a real communication system. The second
interface is the combination of the same visual force feedback and a passive haptic system.
Here, the haptic device is used in an assistive (passive) mode. The concept of passive haptic has
been used by others in various manners, to give a feel of forces exerted on the slave manipulator
and to enhance the performance of the operators [16,24,25,26].

The passive haptic was designed to oppose the motion of the haptic grip creating a feel of
linear spring. The gain was adjusted during the pilot test of the system to roughly represent the

Table 1. Comparison of augmented haptic, visual force feedback and augmented haptic + visual
force feedback interfaces based on completion time, root mean square of applied force and force
band for the tasks and the hand-controller studied in this paper.

Interface

Parameter

Augmented
Haptic

Visual Force
Feedback

Augmented Haptic +
Visual Force Feedback

Completion Time N N NN
Root Mean Square of Force N NN NN
Force Band N NN NNN
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expected range of force-displacement of the virtual environment. Once the contact with the
virtual surface is established, a force feedback proportional to the displacement of the grip at
the local site is presented to the subject to provide kinesthetic feedback representative of the
interaction forces that are likely occurring at the remote site. This technique is applied to assist
the operators and enhance their performance, while avoiding the problem of instability of using
direct haptic interface in the presence of communication delays.

3.2.3. Implementation of Network Latency
Latency refers to the delay introduced by real communication networks in transferring

information between the user and the teleoperated hardware located at the remote site. Latency
can be constant or variable depending on the particular type of communications channel
employed. Examples of constant delay networks, where the delay increases predictably with the
distance between the sending and receiving nodes, include microwave and satellite networks.
Variable latency communications networks include Ethernet and Integrated Services Digital
Networks (ISDNs).

In this work, the effects of communications delays on task performance metrics of interest
were studied using simulated communications channels. Two constant latency channels having
30-msec (representing a short delay) and 600-msec (representing a long delay) round-trip delays
were simulated using a buffer to store the hand-controller position data, which were sampled at
a rate of 1 kHz, for the duration of the delay period. Each data packet was given a timestamp to
indicate when the data would arrive at the user’s location. At each sampling instant, the system
time was compared against the timestamps of the stored data packets. If the value of the
timestamp indicates that the packet has been received at the user’s location, the data are
extracted and used to generate the delayed feedback on the user interface.

Two variable latency networks having average 28-msec and 594-msec round-trip delays were
also implemented. In the experiments involving variable latency networks, each sample of the
hand-controller data was associated with a delay time drawn randomly from one of the
probability distributions shown in Fig. 9. Referring to Fig. 9, the probability distributions used
to generate the variable delay times are similar to those observed for real Ethernet or ISDN
channels (see Fig. 6 in [23]). In a variable delay network, it is possible for the delayed samples to
arrive out of order since transmission of some packets will be delayed longer than others. As
suggested by Niemeyer and Slotine [27], out of order packets are ignored and only the most
current valid packets are used to update the user interface.

3.3. Procedure and Design
Each of the ten subjects performed 16 trials of the force regulating task for each experimental

condition. Subjects performed practice trials before starting the experiment. Each user was
given an opportunity to manipulate the haptic device with the haptic mode activated. At the
same time, the visual cues were displayed so that each user could form a mental relationship
between the visual and associated haptic feedback to overcome any limitations on the resolution
and accuracy of the haptic feedback channel. The same protocol and instructions as in
Experiment 1 were followed for this experiment as well.

This experiment was a 2 (interface) 6 5 (delay) factorial design. The independent variables
were interface type (visual force feedback and combined passive haptic + visual force feedback)
and simulated round-trip communication latency (0, 30, 600 msec constant as well as simulated
Ethernet and ISDN networks).
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3.4. Results

3.4.1 Completion time
The different delay conditions are coded as follows for the remaining of the paper: ‘‘N’’ (No

delay); ‘‘C1’’ (30 msec constant delay); ‘‘V1’’ (simulated Ethernet delay); ‘‘C2’’ (600 msec
constant delay) and ‘‘V2’’ (simulated ISDN delay). As is seen in Fig. 10, the task completion
time is almost the same for visual force feedback and passive haptic + visual force feedback
interfaces with short delays N, C1 and V1. When the round-trip delay increased well beyond
30 msec as in C2 and V2, the completion time also increased. Due to our implementation, which
discarded data packets that arrived out of order, the mean value of delay V2 is slightly smaller
than the C2 condition. This may account for the shorter completion time for condition V2 as
compared to C2. The results show an improvement with the passive haptic condition in the
presence of a large delay such as C2. According to the subjects, haptic feedback helped to keep
the probe on the surface during the time period between hand-controller motion and the
observation of the result on the display.

A univariate analysis shows that there were significant effects of delay on completion times
(F(4,90)57.185, p , 0.001) but no main significant effect of technique type of completion times
(F(1,90)50.794, p50.375). There is no interaction effect between techniques and delay types
(p50.631). Pair wise comparisons show that there is a significant difference between delay type N
over delays C2 and V2 (p,0.001 and p50.001 respectively). However, there is no difference
between delay type N over delays C1 and V1 (p50.702, p50.481). There is a significant difference
between delay type C1 and delays C2 and V2 (p,0.001 and p50.003, respectively) but no difference
between C1 and V1 (0.747). There is also a significant difference between V1 and delays C2 and V2
(p50.001 and p50.007, respectively). There is no difference between C2 and V2 (p50.536).

3.4.2 Root mean square of force
For both interfaces and all delay types, the RMS of the applied force is in the correct range

(2.5 N to 5 N) as is shown in Fig. 11. The RMS of the applied force for visual force feedback

Fig. 9. Probability distributions for simulation of variable network latencies: (a) Simulated Ethernet
network; (b) Simulated ISDN network.
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and passive haptic + visual force feedback are 4.0 and 3.5 N, respectively. A univariate analysis
was used for comparing the RMS of the applied force. There is no significant difference between
the RMS of the applied force for any delay conditions (F(4,90)50.332, p50.856) but the results
do show significant differences between interface types (F(1,90)537.273, p,0.001). There is no
interaction effect between techniques and delay types (p50.257).

3.4.3 Force band
The results of the applied force band under various delay conditions for visual force feedback

and, passive haptic + visual force feedback interfaces are shown in Fig. 12. A univariate analysis
shows that there are significant effects of delay type (F(4,90)56.666, p,0.001) and technique
type (F(1,90)59.934, p50.002) on force band. There is no interaction effect between techniques
and delay types (p50.300). There is a significant difference between delay type N and delays C2
(p,0.001) and V2 (p50.024) but no difference between N, C1 and V1. There is also a significant
difference between C2 and C1 (p,0.001) and V1 (p,0.001). Similarly, a significant difference is
observed between V2 and C1 (p50.029) and V1 (p50.004). Interestingly, there is also a
significant difference between C2 and V2 (p50.05).

These results show that there is a significant difference in force band between constant and
variable delays, and between small and large delays (either constant or variable). The results
also show that there is a significant difference in the force band for visual force feedback and
passive haptic + visual force feedback interfaces (p50.002) with the average force band being
3.9 N with the visual force feedback condition and 3.1 N with the passive haptic + visual force
feedback interface. This suggests that the passive haptic + visual force feedbacks assist operators
in better controlling the range of forces applied in this task.

The passive haptic was helpful in assisting subjects to find the middle point of the correct
force range. The force band (peak-to-peak) is increased in case of C2 and V2 yet, the passive
haptic condition enabled the operators to better control the force band in all delay cases. The

Fig. 10. Average task completion time (elliptical path) under various delay conditions for visual
force feedback and passive haptic + visual force feedback interfaces. Legend: N – no delay; C1 –
30 msec constant delay; V1 – variable delay, simulated Ethernet network; C2 – 600 msec constant
delay; V2 – variable delay simulated ISDN network.
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results generally show that passive haptic can enhance accuracy in task performance by
improving force regulation, even in the presence of long delays.

We can deduce similar results by observing the force trajectories in Figs. 13 through 15 for
two randomly selected subjects. Comparing visual force feedback and passive haptic + visual
force feedback interfaces for long round-trip delays C2 and V2 for both subjects, Figs. 13–15
show that operators have smoother force trajectories when they use the combined interface.
This is in-line with the work done by Sharon Oviatt [28] who showed that a well designed

Fig. 11. RMS of the applied force under various delay conditions for visual force feedback and
passive haptic + visual force feedback interfaces. Legend: N – no delay; C1 – 30 msec constant delay;
V1 – variable delay, simulated Ethernet network; C2 – 600 msec constant delay; V2 – variable delay
simulated ISDN network.

Fig. 12. Force band under various delay conditions for visual force feedback and visual force
feedback + passive haptic interfaces. Legend: N – no delay; C1 – 30 msec constant delay; V1 –
variable delay Ethernet network; C2 – 600 msec constant delay; V2 – variable delay ISDN network.
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multi-modal interface fusing two or more information sources can effectively reduce recognition
uncertainty and enhance system performance. The smoothness of all force trajectories is more
consistent between 67.5u and 112.5u. Out of this range, more variations are observable which
will be increased as time-delay goes higher. Higher force variation outside 67.5u–112.5u is a
result of higher time-delay and more deviation from the spherical operating envelope of the
hand-controller. Between 67.5u and 112.5u, the traced ellipse is closer to the circular path of the
hand-controller therefore the movement range of their hands is small which leads to smaller
errors in this area. By going out of this range, the subjects must manipulate the axis grip more,
which leads to larger errors. These variations are magnified in the presence of the delay as we
compare Figs. 13 and 15 in the 67.5u to 112.5u range.

3.5. Discussion
The results of this experiment are summarized in Table 2. The more black dots, the better the

performance of the interface.

The task completion time was equal for no-delay, small variable and constant delays. These
results also show that completion time is affected more acutely by the length of the delay and
not so much by the type of delay (constant or variable). Completion times are higher for larger
delays than smaller delays, which is also in line with previous work [23].

There is no significant difference between constant and variable delays, i.e. completion times
do not change for small constant and small variable delays or, large constant and large variable
delays for the task and interfaces studied in this paper. Due to our implementation, which
discarded data packets that arrived out of order, the mean value of a large variable delay was

Fig. 13. Force trajectories of two randomly selected subjects using visual force feedback and passive
haptic + visual force feedback interfaces with 30 msec constant delay: (a) subject 1, visual force
feedback; (b) subject 1, passive haptic + visual force feedback interface; (c) subject 2, visual force
feedback; (d) subject 2, passive haptic interface + visual force feedback.
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smaller than the large constant delay. This might result in equal task completion time for large
constant and variable delays.

With respect to the RMS of the applied force and force band in both interfaces, the RMS of
the applied force was in the correct range with all types of delays. The performance of the
subjects decreased as the amount of delay became larger. There was no significant difference
between no-delay, small variable and constant delays likely due to human sensory-motor
adaptation to small delays.

The results show that the subjects’ performances under large variable delay were better than
constant large delay. That might be due to our implementation which discarded data packets
that arrived out of order. The mean value of large variable delay, V2, was smaller than large
constant delay, C2, which resulted in longer task completion time.

Note that the focus of the present paper is on quantitative results and outcomes. However,
qualitatively, according to subjects, when using only visual force feedback, they had a tendency
to apply too much force on the surface because there was no resistive restricting their motion. It
was also observed that the addition of the passive haptic in the combined passive haptic + visual
force feedback interface enabled users to significantly reduce the force bands by resisting the
motion of the haptic grip. The passive haptic in all delay conditions was helping them to become
closer to the middle point of the correct force range. Therefore, the combination of passive
haptic and visual force feedback in the presence of communication delays appears to be
promising and should be further investigated in future works and with respect to other potential
applications.

Fig. 14. Force trajectories of two randomly selected subjects using visual force feedback + passive
haptic interfaces with 600 msec constant delay: (a) subject 1, visual force feedback interface; (b)
subject 1, visual force feedback + passive haptic interface; (c) subject 2, visual force feedback
interface; (d) subject 2, visual force feedback + passive haptic interface.
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4. CONCLUSIONS

This paper presented new results pertaining to the evaluation of a force-reflecting hand-
controller designed to guide an ultrasound probe held by a robotic device in a remote location.
In this task, the operator needs to trace a 2-D curve, and at the same time maintain the
interaction force between the probe and the object in the correct range. Performance metrics
included the task completion time, root mean square of the applied force and peak-to-peak
force band. Two experiments were conducted. In the first experiment, we examined the
potential of visual force feedback and augmented haptic interfaces under ideal conditions in the
absence of communication delay. The results of this experiment showed that augmented haptic
feedback can be replaced by visual force feedback for the particular force regulating task
studied in this paper. The subjects were able to easily process and handle visual cues. However,
the disadvantage of using only visual cues was that the subjects could potentially apply a large
amount of force due to absence of the resistive force that would normally be applied during the
interaction with the real surface. The subjects performed best with augmented haptic interface +
visual force feedback. The visual cues helped them to maintain close to the average force while
the instantaneous resistive force of the haptic led them to finer force regulation. This suggests
that current methods of primarily relying on visual information only, such as video feeds, are
not sufficient to deliver accurate remote information under remote ultrasound scanning tasks.

The results of the first set of experiments formed a baseline for the second experiment wherein
we introduced and studied the impact of communication delays. The results indicated that

Fig. 15. Force trajectories of two randomly selected subjects using visual force feedback and passive
haptic + visual force feedback interfaces with variable delay (simulated ISDN network): (a) subject
1, visual force feedback interface; (b) subject 1, passive haptic interface + visual force feedback; (c)
subject 2, visual force feedback interface; (d) subject 2, passive haptic interface + visual force
feedback.
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completion time is affected more acutely by the length of the delay and not so much by the type
of delay (constant or variable) in the context of remote force regulation task studied in this
work. With only visual force feedback, the subjects reported that they could apply too much
force on the surface because of the lack of resistive force arising from the surface. The addition
of the passive haptic to the visual force feedback enabled subjects to significantly reduce the
peak-to-peak forces due to the haptic grip resisting the motion. According to the subjects,
passive haptic interfaces could help to stabilize their hands during the time period between
hand-controller motion and the observation of the result on the display. The passive haptic in
all delay conditions assisted them to stay closer to the middle of the correct range. In visual and
passive haptic + visual force feedback interfaces with all types of delays, the subjects generally
were able to maintain the average force in the correct range. Therefore, the combination of
passive haptic and visual force feedback in the presence of communication delays should be
further investigated more in the future. Future work should also investigate other form of visual
force feedback visualization such as slider-like display that would also show where the force is
relative to the extremes. The work should also be expanded to surfaces with variable stiffness.
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Table 2. Comparison of visual force feedback and passive haptic + visual force feedback interfaces
based on completion time, root mean square of applied force and force band in the presence of
communication delays for the task and hand-controller studied in this paper.

Interface

Parameter Delay Condition

Visual Force
Feedback

Passive Haptic +
Visual Force

Feedback

Completion Time No Delay NNNN NNNN
Small Constant (30 msec) NNNN NNNN
Small Variable (simulated Ethernet) NNNN NNNN
Large Constant (600 msec) N NN
Large Variable (simulated ISDN) N NN

Root Mean
Square of Force

No Delay N NN
Small Constant (30 msec) N NN
Small Variable (simulated Ethernet) N NN
Large Constant (600 msec) N NN
Large Variable (simulated ISDN) N NN

Force Band No Delay NNNN NNNN
Small Constant (30 msec) NNNN NNNN
Small Variable (simulated Ethernet) NNNN NNNN
Large Constant (600 msec) N NN
Large Variable (simulated ISDN) NN NNN
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APPENDIX –
STATISTICAL ANALYSES AND THE UNIVARIATE ANALYSIS

Statistical analyses are normally carried out to determine if the data obtained from an experiment
are statistically different. Since the experiments conducted in this paper deal with human
performance data, it is important to take into account statistical differences rather than purely
qualitative or quantitative differences between means. While two means can be different (visually or
numerically), i.e., 4.5 seconds is less than 8 seconds, they may not be statistically different.

To determine whether two values or the means of two sampled populations are statistically
different various tests can be run. A common test is the ANOVA or analysis of variance, among
which various types exist. For the analyses in this paper, we chose the univariate analysis as it is
commonly used for the types of data of interest in this paper. With a univariate analysis, we run
an F-Test that takes into account the variability as well as the means from the data set. The F-
test gives us a value which we are then able to use to determine whether our tests are significant
or not. With an F-test, we have main effects and interaction effects. A main effect is when the
main factors are statistically different. An interaction effect is when the changes of one variable
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also introduce differences in the outcome of the other variable. The p-value or probability
value, indicates the probability level at which we may have made an error. Ideally, differences
between means are said to be significant when p , 0.05 or when there was less than 5 % chance
in making an error. For example, we could make an error stating that the means are different,
when they truly are not. Therefore, with a small margin of error, i.e. less than 5 % assures that
the error is somewhat negligible. We ran our analyses using a popular statistical package
referred to as SPSS [29].
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ABSTRACT

Pose measurement is an important tool for robot calibration. This paper describes the
development and implementation of a technique of camera-aided pose measurement, tested on
the Planar Double Triangular Parallel Manipulator (PDTPM). A stationary camera is used to
take photos of the End Effector (EE) where a certain array of Light Emitting Diodes (LED) is
mounted on. Using various image processing techniques, the coordinates of the LEDs are
registered in the image in order to derive the projection matrix that maps any point of the image
plane to world coordinates in the EE moving plane. This homography is computed with a
method where the vanishing line is treated as the principal component. This estimate is more
robust and faster than the Direct Linear Transformation (DLT) method. It was shown that
poses could be quickly registered at submillimetre precision notwithstanding inexpensive,
relatively low resolution optics. The measurement system is easy to setup, portable, accurate,
low cost and it is believed to be a valuable tool.

Keywords: robot calibration; visual pose measurement; image processing.

MESURER LA POSE DES MANIPULATEURS PARALLÈLES PLANS AVEC UNE
CAMÉRA NUMERIQUE POUR LA CALIBRATION CINÉMATIQUE

RÉSUMÉ

Cet article présente un système de mesure où la pose des manipulateurs parallèles plans est
déterminée par une caméra numérique. La méthode a été testée sur un manipulateur double
triangulaire parallèle. Une caméra stationnaire prend des photos de l’effecteur au dessus duquel
l’objet de calibrage avec des diodes électroluminescentes (DEL) est monté. Diverses techniques
de traitement d’image numérique sont utilisés pour enregistrer les DEL dans l’image de calculer
la projection matricielle. La méthode employée pour obtenir cette homographie s’appuye la
ligne infinité comme l’élément principal. Il est démontré que c’est possible de mesurer à la
précision submilimétrique en utilisant une caméra de basse résolution. Le système de mesure est
facile à installer, peu coûteux, portable, précis et il est considéré d’être un instrument de grand
potentiel.

Mots-clés : calibration du robot; système de mesure visuel; traitement d’image numérique.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 201



1. INTRODUCTION

This paper presents a vision-based measurement method with a single camera to perform
precise and direct full pose measurements on planar parallel manipulators. Manipulator
accuracy is compromised by discrepancy between actual end effector (EE) pose and that
obtained via direct kinematics (DK) computation using measured actuated joint coordinates.
Due to random errors (e.g. finite resolution of joint encoders) and systematic errors (e.g.
manufacturing tolerances, measurement errors of link lengths, joint offsets, gear transmission
error) there is always a mismatch and therefore lack of accuracy. Calibration helps by
benchmarking any desired number of EE poses and unequivocally relating these to the
corresponding measured joint coordinates with, e.g. a kinematic error model described in
Zhuang et al. [1]. The measurement method described in this paper is considered to be a
valuable tool to simplify the kinematic calibration structure of planar parallel mechanisms.
Robot calibration has been studied and applied for decades [2]. Determining the EE’s exact and
full pose by a redundant measurement device is one major issue in kinematic calibration [1]. In
[3] and [4] vision-based pose measurement systems have been studied and evaluated to perform
kinematic calibration on serial mechanisms. These applications are based on hand-eye camera
calibration a method that needs tedious camera re-calibration at each pose. Another approach
is to employ multiple camera setups to achieve full pose measuring capability which in turn rises
the costs. Commercial serial robot manufacturers like FANUC [5], KUKA [6] or ABB [7]
already have considered these techniques as a potential tool for calibration and employed it in
some industrial applications. As far as vision based calibration of parallel manipulators is
concerned research work on this particular topic has been done by Bai et al. [8] where a high
cost three-camera system is used and by Renaud et al. [9,10] where in [10] a H4-robot was
calibrated by means of a single camera procedure that also needs to employ a hand-eye
calibration method to achieve full pose measurement capability.

However claimed novelty and superiority of the method and set up to be described are based on
selection and adaptation of equipment and methodology to a particular but nevertheless broad
class of robots [11], viz., three legged planar parallel manipulators. Though experiments reported
herein were carried out on a peculiar, possibly bizarre, representative of this class, Chen [12] gives
ample evidence that all members are essentially similar from a computational kinematics
standpoint. Furthermore the design and development first described by [13] of the Planar Double
Triangular Parallel Manipulator (PDPTM) used in our calibration exercises has been a subject of
our research over a number of years as documented by Tilton [14] , Neumayr [15] and Yu [16]. In
contrast, research on calibration techniques is often carried out on commercial equipment and
design parameters used in DK calculations are taken as supplied by the manufacturer.

The main contributions of this paper are:

1. Demonstrated full pose measurement of planar parallel robots by camera requires no
elaborate equipment nor environmental control;

2. Images of an EE mounted planar array of LED markers can be efficiently and accurately
converted homographically to yield EE coordinates in a fixed reference frame FF without
employing a hand-eye calibration method;

3. It is shown that tests of this pose measurement technique on the PDTPM give reproducable
results with pose measurement tolerances lower than one millimeter.

The objective of this research was to investigate aspects involved in robot calibration methods
to develop a feasible low cost vision-based measurement system with a single camera. The
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stationary-camera setup has distinct advantages [3]. It is non-invasive. The cameras are placed
outside the robot workspace, and need not be removed after robot calibration. Particularly in this
case there is no need to identify the transformation relating the camera frame to the EE-frame
(hand-eye calibration, hand-mounted camera calibration). Hence, direct full pose measurement
can be easily performed. Especially in the case of planar manipulators which have smaller
workspace, the EE is most likely in the field of view of the camera.

2. DESIGN OF THE PDPTM

Fixed Triangle – Each leg of the fixed triangle is a recirculating ball screw assembly driven by
a stepper motor, all mounted on an aluminum channel as shown in Fig. 1. Each leg assembly
may be moved independently of the other two legs of the fixed triangle.

Moving Triangle – The three edges of the movable triangle are made of steel rails designed to
mount a ball trolley, like a linear bearing that runs on a rail as shown in Fig. 1. In operation the
three rails are fixed relative to each other.

PRP-Joints – The linear bearing on a rail of the movable triangle is joined to the
corresponding ball screw nut of the fixed triangle through a revolute joint formed using a pair
of angular contact bearings.

Calibration Object – The calibration object is a matte, black metal plate onto which seven
flat-headed LEDs V1{7 are fixed in a specific array, shown in Fig. 2. The positions of these
LEDs are pre-measured precisely, i.e., the holes were machined on a jig borer. Figure 2 shows
the calibration object mounted on the EE which is the moving triangle.

3. THEORETICAL FRAMEWORK

3.1. Determination of Homography
The accuracy of camera calibration is a major issue in vision. Hence, computing an exact

homography is one of the key factors to minimize resulting pose measurement errors. In this
paper a method [17] that differs considerably from the classical DLT [19] for computing the
homography is presented.

Fig. 1. Design of the PDTPM.
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A projective transformation between two planes is given by

p0~Hp ð1Þ

where a point p is mapped from plane P (image) to plane
P

(workspace of the PDTPM) and is
defined there as Pr. Consider that in Eq. (2) points are expressed in terms of the homogeneous
coordinates of the projective plane p0.

x’

y’

w’

2
64

3
75~

h1 h2 h3

h4 h5 h6

h7 h8 h9

2
64

3
75

x

y

w

2
64

3
75 ð2Þ

Expanding Eq. (2) for a given point datum, and normalizing with respect to the homogeneous
component yields

x’i~
h1xizh2yizh3

h7xizh8yizh9
ð3Þ

y’i~
h4xizh5yizh6

h7xizh8yizh9
ð4Þ

Setting w5w’51 and rearranging the two equations above leads to

Fig. 2. Calibration Object and Measurement Setup, Dimensions in [mm].

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 204



xi yi 1 0 0 0 {x’ixi {x’iyi {x’i½ �h~0 ð5Þ

0 0 0 xi yi 1 {y’ixi {y’iyi {y’i½ �h~0 ð6Þ
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where r is the vector of algebraic residuals and
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as well as

X0~diag {x’1, � � � ,{x’mð Þ and Y0~diag {y’1, � � � ,{y’mð Þ ð10Þ

Rearrangement of the equations leads to a block partitioned sparse matrix, Eq. (7). Through an
orthogonalization procedure that is described in detail in [17] we rewrite this system:

r~
P 0

0 P

� �
g1

g2

� �
z

X0P

Y0P

� �
g3 ð11Þ

Equation (11) is now equivalent to a general system to minimize of the form EAx-bE2
2 ?

x5Azb, where Az denotes the Moore-Penrose pseudo-inverse. Consequently we may express

g1

g2

� �
~{

P 0

0 P

� �z
X0P

Y0P

� �
g3 ð12Þ

eliminate g1 and g2 by substituting in Eq. (11) and derive

r~
I{PPz X0P

I{PPz Y0P

� �
g3~Dg3 ð13Þ

and minimize E Dg3E2
2 subject to gT

3 g351.
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We have reduced the linear system to a function of only h7, h8 and h9 with backsubstitution
relations for h1 through h6. The term (I-PPz) in Eq. (13) is the projection onto the orthogonal
complement of P. We take the minimizing solution subject to g3 corresponding to the smallest
singular value. This implicitly imposes the constraint

h2
7zh2

8zh2
9~1 ð14Þ

Looking at Eq. (2) where we have

w’~h7xzh8yzh9w ð15Þ

points x½ y 1�T are mapped to a point with w’50

h7xzh8yzh9w~0 ð16Þ

which is the equation of the vanishing line of the original image. The vanishing line is therefore
treated as the principal component in the analysis. This estimate is more robust, since the
position of the vanishing line depends only on the relative position and orientation of the
camera to the observed plane. A flop count indicates that the new method converges faster [17]
than the common DLT .

3.1.1. Nonlinear approximation of homography
This approximation [18] optimizes the entries of the collineation matrix H so that geometric

distances among corresponding points in both planes are minimized in a least squares sense. A
function f that defines the relationship between these corresponding points, using the
parameters of the homography, is formulated. This function is derived from the shape of the
calibration spots. Given x0, y0 and r, which are the center coordinates and the radius of a
circular light spot, the geometric distance of a datum or contour point to the circle is defined as

f xpc,h
� �

~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0{xa,ið Þ2z y0{ya,ið Þ2

q
{r ð17Þ

where xa,i and ya,i are the inhomogeneous metric-coordinates of a data point. Having the pixel-
coordinates of the contour points xpc5 xpc

�
ypc 1�T , the corresponding metric-representation of a

point is given by

xa,i~
xi

wi

~
h1xpczh2ypczh3

h7xpczh8ypczh9
ð18Þ

ya,i~
yi

wi

~
h4xpczh5ypczh6

h7xpczh8ypczh9
ð19Þ

Substituting these two equations into Eq. (17), yields the cost function. This function is in
general not zero since the data points do not usually define any perfect circle.

f xpc,h
� �

~epc=0 ð20Þ
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The Gauss-Newton method is applied to minimize the sum of the squares of the residualsP
e2

pc. The normalization of the matrix H by setting h951 implies that there are only eight non-
zero partial derivatives. The coefficient vector increment is

Dh~{Jz

f xpc,h
0ð Þf xpc,h0

� �
ð21Þ

where {Jz

f xpc,h0ð Þ is the Jacobian pseudo-inverse. The increment Dh is determined using the

initial guess h0 that is derived by the method in Section 3.1.

4. VISION-BASED POSE MEASUREMENT AND KINEMATIC CALIBRATION

This section describes the interaction between vision-based metrology and kinematic
calibration and enumerates the steps to perform full pose measurement.

4.1. Calibration Pose
The calibration pose has two key attributes: It is the reference pose for camera calibration and it

provides the basis for full-pose measurement (position and orientation) with respect to the fixed
frame. Therefore this pose has to be pre-measured precisely by a redundant measurement system
as this data is used to compute the projection matrix and furthermore the pose of the EE.

4.2. Camera Calibration
The problem of determining the exact pose of the EE with the help of a digital camera is

solved by finding the projection matrix H that maps any point of the EE-plane to the camera
image. Once this projection matrix is available we are able to assign physical coordinates to any
image pixel. Various camera calibration techniques are explained in [3,4,19], however, using
LED markers for calibration of planar parallel mechanisms has, to the best of the authors’
knowledge, never been done. By taking a snapshot (1024x768 pixel) of the EE at a precisely pre-
measured calibration pose, the LEDs can be identified as small illuminated ellipses, Fig. 3. In
order to derive the ellipses mid-points we apply the Matlab contour algorithm to extract the
desired contours and use the fitting algorithm discussed before to compute H. Depending on the

Fig. 3. Calibration Image.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 207



lighting conditions it is possible that some LEDs cannot be found, however only four points are
needed for a successful calibration. The extracted midpoints are then sorted.

4.3. Pose Measurement
A planar point, given by its homogeneous coordinates x : y : wð Þ in EE, can be mapped into

FF (fixed frame) with the following homogeneous linear transformation

X

Y

W

2
64

3
75~

cosw {sinw a

sinw cosw b

0 0 1

2
64

3
75

x

y

w

2
64

3
75 ð22Þ

where X : Y : Wð Þ represent the homogeneous coordinates of the same point in FF. The
parameters a,b,wð Þ describe the general displacement of the origin of EE measured in the fixed
frame FF, where a,bð Þ is the translation part and w[ 0,2pð Þ is the rotation angle describing the
orientation of EE relative to FF. The coordinate frames and displacement parameters are
shown in Fig. 4, where the EE is performing a polar rotation.

As the displacement parameters of the calibration pose as well as the relative position of the
calibration target on the EE are known we are able to perform full-pose measurement with
respect to the FF after successful camera calibration.

For a new position an,bn,wnð Þ at least two points must be registered. The other LEDs can be
used statistically to further improve calibration accuracy.

Fig. 4. Right: Coordinate frames of the PDTPM and displacement parameters, Left: Definition of
calibration pose.
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4.4. Kinematic Calibration and Vision
One method that deals with kinematic calibration of parallel mechanism is described in [1]. It

is based on the inverse kinematic model that computes the joint variables q as a function of the
end effector pose T5(R,t), represented by a rotation-matrix and a translation-vector, and the
kinematic parameter vector k. Hence, a pose error can be formulated as follows

e~~qq{q T,kð Þ ð23Þ

where ~qq is the measured joint value vector, e.g. transducer readings of the electric motors, and q
are the joint variables derived from the pose measurement by a redundant, e.g. vision-based,
measurement system. The parameter vector k can finally be estimated by minimizing the
following cost function

min
k

Xm

i~1

E~qqi{qi Ti,kð ÞE2 ð24Þ

where i denotes the number of measurements. As the measurement system described in this
paper enables full pose measuring capability Zhuang’s et al. [1] calibration method is a suitable
approach to overcome the kinematic problem.

Another method to perform kinematic calibration is described in [20] where the implicit
kinematic model is used. This model relates the joint values, the end effector pose and the
kinematic parameters in one equation.

f q,T,kð Þ~0 ð25Þ

Hence, the implicit kinematic model can be formally stated as the the following nonlinear
minimization problem

min
k

Xm

i~1

Ef ~qqi,Ti,kð ÞE2 ð26Þ

To solve Eq. (26) the exact measured pose of the EE is required. It can be provided by, e.g. this
vision based measurement system.

5. TEST RESULTS

The PDTPM is run by stepper motors with a resolution of 200 steps per revolution. As the
ball screws that they drive have a pitch of 5 [mm], one step, that corresponds to 25 [mm], is very
small.

5.1. Camera Calibration Accuracy
In order to test the reproducibility of camera calibration, the EE is moved several times to the

calibration pose ac,bc,wcð Þ that is pre-measured precisely before with a tolerance of +0:1 [mm].
The accuracy of the calibration is tested by multiplying the inverse of the computed projection
matrix H with the detected pixel coordinates of the LEDs. This should give the positions of the
LEDs in fixed frame coordinates again.
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Table 1 shows the results where the mean, maximum and standard deviation of Epm{pcE are
listed against the number of measurements, where pm~ am,bm,wmð Þ are the measured poses and
pc~ ac,bc,wcð Þ is the pre-measured calibration pose.

5.2. Pose Measurement Accuracy
In order to evaluate the accuracy of this vision-based system the calibration object was

demounted from the EE and then moved to precisely pre-measured positions within a tolerance
of +0:1 [mm] by using gauge blocks. Table 2 shows the the results of these measurements where
the calibration object was, e.g. moved 10 [mm] in negative x-direction to ae,be,weð Þ~ 0,690,0ð Þ.
The accuracy is comparable with the camera calibration measurements. The measurement error
is on average around 0.2 [mm].

5.3. Pose Measurement on the PDTPM
After successful calibration the joints P2 and P3 are moved 45 [mm], as shown in Fig. 5. Then

another photo (10246768 pixel) of the calibration object is taken at the new pose. In this case it is
expected that the EE-pose might significantly differ from the DK calculation due to kinematic error
resulting from e.g. measurement errors of leg lengths or joint offsets. Direct forward kinematics
calculation gives us the following results for the new pose where a’,b’ð Þ is given in [mm] and w’ in [rad].

a’,b’,w’ð Þ~ 18:75,659:09,0ð Þ ð27Þ

This measurement is repeated several times to investigate the reproducibility. Table 3
illustrates the following result, where the mean, maximum and standard deviation of Epm{ppE
against the number of measurements are listed where pm~ am,bm,wmð Þ are the measured poses
and pp is the predicted EE pose. One can see a slight offset in parameter a’.

5.4. Kinematic Calibration
As this measurement setup gives direct full pose data of the end effector one can easily apply

the methods discussed in Section 4.4 to perform kinematic calibration. In the case of the
PDTPM the inverse kinematic problem is rather simple and involves the intersection of three

Table 1. Accuracy of camera calibration a,bð Þ in [mm], w in [rad].

# Meas. Mean Error Max Error STD

a 5 0.22 0.35 0.20
b 5 0.24 0.35 0.21
w 5 0.04 0.06 0.04

Table 2. Accuracy of pose measurement at pre-measured position
ae,be,weð Þ~ 0,690,0ð Þ, a,bð Þ in [mm], w in [rad].

# Meas. Mean Error Max Error STD

a 5 0.20 0.33 0.19
b 5 0.22 0.34 0.20
w 5 0.04 0.05 0.03
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line pairs between corresponding legs of the fixed and moving triangles. The kinematic
parameters for the inverse kinematic model are described and identified in detail in [14].

5.5. Sources of Measurement Inaccuracy
The most probable sources of measurement error are listed below.

1. Input Parameters: The calibration positions of the LEDs given in real-world coordinates have
to be measured very accurately. Measurement errors of , e.g. 0.5 [mm], have a significant effect
on the computed projection matrix H and consequently the resulting pose measurement.

2. Kinematic errors: Due to, e.g. manufacturing tolerances, measurement errors of leg lengths,
joint offsets, direct kinematics gives inaccurate predicted results. Kinematic calibration
methods using this measurement setup to overcome this problem are discussed in
Section 4.4.

3. Resolution: Pixel resolution usually dominates the effects of deterministic errors due to
imperfect calibration of the camera perspective transformation matrix H.

4. Stepper motors: The motors, due to inertia, might lose steps if too much acceleration is
induced.

5. Vibration: Camera shake leads to images with more noise and therefore inaccurate camera
calibration.

Fig. 5. Direct Forward Kinematics, Dimensions in [mm].

Table 3. Accuracy of of pose #1 a’,b’ð Þ in [mm], w’ in [rad].

# Meas. Mean Error Max Error STD

a’ 5 0.42 0.51 0.37
b’ 5 0.23 0.38 0.18
w’ 5 0.07 0.11 0.05
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6. CONCLUSION

This technique of camera-aided pose measurement has been successfully tested on the
PDTPM. The pose-measurement results are within the expected tolerance of +1 [mm]. The
advantages of this technique are:

N Compared with laser interferometers, the vision system does not require a critically
controlled environment and expensive equipment. Full pose measurement of the EE is
performed;

N Vision allows monitoring the pose of the end effector in motion provided that the image
processing is fast enough;

N If two stationary cameras are used no calibration object is needed.

6.1. Outlook
Reduced motion robots, as witnessed implicitly by their very existence, carry out

manipulation tasks, requiring fewer than 6 dof, more economically, efficiently and accurately
than can general 6 dof robots. Similarly, it is claimed, a calibration set up and procedure
specifically suited to, say, planar manipulators will yield the same advantages. This is
particularly important because calibration, though often necessary, is inherently expensive and
time consuming. Moreover simplification of procedure and set up will, in the same way,
inevitably improve accuracy of the calibration itself. Although restricted to a specific robot
architecture, this article documents a case in point.
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ABSTRACT

A sufficient condition for exact linearization of a nonlinear system via an exponential
transformation is obtained as a Lagrange partial differential equation. When its solution can be
found, the transformation is determined such that the nonlinear systemis exactly converted into
a linear system with arbitrary dynamics. When the transformation is invertible, this technique
can be applied to exact discretization. Several examples are given to demonstrate the
linearization and discretization processes and associated conditions. Asimulation result is
presented to show that, under proper conditions, the obtained discrete-time model gives values
that are identical to the continuous-time original at discrete-time instants for any sampling
intervals.

Keywords: exact linearization; nonlinear systems; exponential variable transformation; exact
discretization.

LINÉARISATION ET DISCRÉTISATION EXACTE DE SYSTÈMES NON
LINÉAIRES CONFORMES AUX CONDITIONS EDP DE LAGRANGE

RÉSUMÉ

Une condition suffisante pour une linéarisation exacte d’un système non linéaire via une
transformation exponentielle est obtenue comme une équation partielle différentielle de
Lagrange. Quand sa solution peut être obtenue, la transformation est déterminée de telle façon
que le système non linéaire est exactement converti en un système linéaire avec une dynamique
arbitraire. Quand la transformation est réversible, cette technique peut-être appliquée à une
discrétisation exacte. Plusieurs exemples sont donnés pour démontrer le processus de
linéarisation et de discrétisation et les conditions associées. Une simulation est présentée pour
démontrer que, sous des conditions appropriées, le modèle en temps discret obtenu donne des
valeurs qui sont identiques au modèle en temps continu, à des moments en temps discret pour
tous intervalles d’échantillonnage.

Mots-clés : linéarisation exacte; systèmes non linéaires; transformation exponentielle variable;
discrétisation exacte.
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1 INTRODUCTION

Linearization of nonlinear systems has been one of the most important techniques used in the
analysis and design of dynamic systems [1], since a large number of linear tools are readily
available. This has also been the case in digital simulation and control of dynamic systems [2],
where some form of discretization errors are often considered inevitable. However, linearization
is usually carried out around a certain equilibrium state, at which no error is produced, while
introducing approximation errors elsewhere. In contrast, exact linearization involves no such
approximation errors anywhere. For instance, linearization via nonlinear feedback makes a
nonlinear system act as a linear system under control [3]. Exact linearization via a variable
transformation is another useful approach for some nonlinear systems [3]. For Riccati systems,
Cole-Hopf transformation [4] and Nowakowski transformation [5] are used, although the first-
order nonlinear system turns into a second-order linear system. These are special cases of bi-
linear transformation, which is applicable to a larger class of nonlinear systems and can be
viewed from the gauge invariance point of view [4]. A matrix version of the bi-linear
transformation is used for exactly linearizing matrix differential Riccati equations, which
appears when computing the optimal gain for state feedback control of linear plants [6]. In
contrast to these transformations, fractional transformation used in [7] does not increase the
order during linearization. Although this transformation is applicable to a more general
Bernoulli equation [8], dynamics of the linearized system is not adjustable. Exponential
transformation proposed in [9] for first-order nonlinear systems, is more versatile than
fractional transformation and considered in the present study as a way to linearize higher-order
nonlinear systems. Although not expected to be applicable to all nonlinear systems, it is
nevertheless important to continue to expand the class of systems that can be linearized exactly
and to investigate conditions on the system for achieving exact linearization via the exponential
variable transformation.

An important application of exact linearization is an exact discretization. While general
approximate discretization techniques abound for linear systems [6], there are fewer models for
nonlinear systems [10]. Arecent addition to the discretization of nonlinear systems is one that
preserves gauge invariance [4]. Unfortunately, gauge invariance alone does not preserve
exactness in the discretization process. An exact methodis preferred, when possible, especially
for nonlinear systems where inaccuracy of the discrete-time model often calls for complex
analysis and design of controllers [11]. In the area of digital control, where the use of a zero-
order-hold and an ideal sampler is assumed, a linear continuous-time system is known to be
represented exactly by the so-called step-invariant model [12]. Exactness under discretization
can be preserved, therefore, for nonlinear systems that can be linearized exactly.

The paper is organized as follows: In section 2, a sufficient condition is presented for ann-th
order nonlinear state equation that can be transformed into a linear state equation. This
condition is explained in some detail for first, second, and third order cases using examples to
demonstrate the linearization process and some conditions involved.An exact discrete-time
model is presented then in Section 3, where numerical simulations are carried out to show that,
under proper conditions, the exact model gives states that match exactly those of the analog
state equation at discrete-time instants for any discrete-time interval.

2 EXACT LINEARIZATION

The nonlinear system considered in the present study is assumed to be expressed by the
following n-th order state equation:
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dx tð Þ
dt

~f x,tð Þ, ð1Þ

where the state vector x and the vector of generally nonlinear functions f(x,t) are denoted,
respectively, by

x~

x1

..

.

xn

2
664

3
775, f x,tð Þ~

f1 x,tð Þ
..
.

fn x,tð Þ

2
664

3
775, ð2Þ

with fi being continuously differentiable. This system is to be transformed into a linear system
given by

dz(t)

dt
~Mz tð Þ, ð3Þ

where M is an arbitrary, constant, n6n matrix. This conversion is to be achieved using a
variable transformation of the following form:

z~ exp MV xð Þf g1, ð4Þ

where V is a diagonal n6n matrix function to be determined and

1~ 1 � � � 1½ �T : ð5Þ

The initial condition z(0) should satisfy Eq. (4), given x(0). The linearization is possible if, for
the system given by Eq. (1), a function V that satisfies the following condition can be found:

f1 x,tð Þ LV x,tð Þ
Lx1

z � � �zfn x,tð Þ LV x,tð Þ
Lxn

~In: ð6Þ

This can be easily shown as follows: When V and
dV

dt
commute, such as when V is diagonalas

assumed above, it can be shown that

d expfMVg
dt

~M
dV

dt
expfMVg (~M expfMVg dV

dt
): ð7Þ

Therefore, differentiation of the new variable z defined by Eq. (4) with respect to time gives

dz

dt
~M

dV

dt
exp (MV)1

~M f1(x)
LV(x)

Lx1
z � � �zfn(x)

LV(x)

Lxn

� �
z,

ð8Þ

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 217



which must be identical to Eq. (3), yielding condition (6). This condition is a linear first-order
partial differential equation (PDE), often called Lagrange PDE. This equation is known to be
relatively easy to solve and may be solved using any one of known techniques, such as the
method of characteristic curves [13]. However, there seem to be no general systematic ways to
find a solution. Therefore, when a solution is found to this PDE, the linearizing transformation
can be found. Otherwise, no conclusion can be drawn on the linearizability. In the following,
the process of exact linearization presented above is explained in some detail for first, second,
and third ordercases. While the first-order case is rather general, higher-order cases require
individual treatment and it becomes more difficult to explain the procedure as the order
increases.

2.1 First-Order Case [9]
For the first-order system given by

dx

dt
~f xð Þ, ð9Þ

thelinearizability condition (6) is

f xð Þ dv xð Þ
dx

~1, ð10Þ

from which one obtains, with Q being constant,

v~w(x)~

ð
dx

f (x)
zQ: ð11Þ

Therefore, any first-order system can be linearized exactly when the reciprocal of function f is
integrable. The corresponding variable transformation is given then by

z~exp(mv(x))~ exp m

ð
dx

f (x)
zQ

� �� �
, ð12Þ

where m is arbitrary. With this transformation, the nonlinear system is exactly linearized as

dz

dt
~mz: ð13Þ

Example 1:
Let us consider the scalar Riccati equation given by

_xx~f xð Þ~ax2zbxzc, ð14Þ

where b2{4acv0 with a, b, and c being constant. The case where b2{4ac§0 was considered in
[9]. In the present case, the system has no real equilibrium and the state diverges from any initial
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state. The linearizing transformation given by Eq. (4) is found to be

z~exp m

ð
dx

ax2zbxzc
zQ

� �� �
~exp m

2

s
tan{1 2axzb

s
zQ

� �� �
, ð15Þ

where Q is constant and s is defined as

s~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
{b2z4ac

p
: ð16Þ

2.2 Second-Order Case
The linearizability condition (6) for a time-invariant second-order system is the following

first-order, two-variable, linear, partial differential equation (PDE):

f1 x1,x2ð Þ LV x1,x2ð Þ
Lx1

zf2 x1,x2ð Þ LV x1,x2ð Þ
Lx2

~I2: ð17Þ

This is a special class of Lagrange PDE and a number of powerful methods exist to find a
solution. To demonstrate the process of finding a linearizing transformation, let us consider
aclass of systems, for ease of explanation, given by

_xx1~f11 x1ð Þf12 x2ð Þ
_xx2~f21 x1ð Þf22 x2ð Þ

�
, ð18Þ

for which the exact-differential-form solution is possible. The characteristic Eq. (13) for Eq. (17)
can be written in a compact form as

f21 x1ð Þ
f11 x1ð Þ

dx1~
f12 x2ð Þ
f22 x2ð Þ

dx2~f21 x1ð Þf12 x2ð Þ
dVi i

1
, ð19Þ

from which one can obtain Vi i. The off-diagonal elements, Vi j (i=j), are zero since V is
diagonal. The first equality in Eq. (19) gives

f21 x1ð Þ
f11 x1ð Þ

dx1{
f12 x2ð Þ
f22 x2ð Þ

dx2~0, ð20Þ

which leads to the general solution given by

j x1,x2ð Þ~
ð

f21 x1ð Þ
f11 x1ð Þ

dx1{

ð
f12 x2ð Þ
f22 x2ð Þ

dx2~c1 ð21Þ

with c1 being constant. When this equation can be solved, for instance, for x1 as

x1~z1 x2ð Þ, ð22Þ
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Vii can be found, using Eq. (19), as

Vii~

ð
dx2

f21 z1 x2ð Þð Þf22(x2)
zQii j x1,x2ð Þð Þ, ð23Þ

where Qii j x1,x2ð Þð Þ is an arbitrary function of its argument. Alternatively, if Eq. (21) can be
solved for x2 as x2~z2 x1ð Þ, then

Vii~

ð
dx1

f11(x1)f12 z2 x1ð Þð ÞzQii j x1,x2ð Þð Þ, ð24Þ

Since V is diagonal, itsoff-diagonal elements are zero.

Example 2:
Consider the nonlinear system given by

_xx1~ax2

_xx2~
bx3

2

x1zcð Þ2

8><
>: , ð25Þ

where x1={c. The equilibrium state is x2~0 for all x1 but x1={c. The exact-form
characteristic equations give

j x1,x2ð Þ~ 1

a

ð
dx1

x1zcð Þ2
{

1

b

ð
1

x2
2

dx2~{
1

a x1zcð Þz
1

bx2
~c1, ð26Þ

where c1 must be chosen to satisfy the initial condition; i.e., c1~j x1(0),x2(0)ð Þ. Solving the
above equation for, say, x2 and substituting it into Eq. (24), Vii can be foundas

Vii~
1

a

ð
dx1

x2
zQii j x1,x2ð Þð Þ

~
b

a2

ð
1

x1zc
dx1zac1x1

� �
zQii j x1,x2ð Þð Þ

~
b

a2
ln k x1zcð Þð Þz bc1

a
x1zQii j x1,x2ð Þð Þ,:

ð27Þ

where

k~
1

{1

�
x1(0)w{cð Þ
x1(0)v{cð Þ

: ð28Þ

Since the state trajectory cannot cross the line x1~{c, the sign of k depends only on the initial
condition x1(0). When one chooses, for example, as
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M~{I2, Q11~0, Q22~j x1,x2ð Þ, ð29Þ

a linearizing variable transformation is obtained as

z~ expfMVg1~

exp {
bc1

a
x1

� �
k x1zcð Þð Þ{

b
a2

exp {
1

bx2
z

1

a x1zcð Þ

� �
:exp {

bc1

a
x1

� �
k x1zcð Þð Þ{

b
a2

2
6664

3
7775: ð30Þ

2.3 Third-Order Case
The linearizability condition (6) for a third-order nonlinear system isgiven by

f1 x1,x2,x3ð Þ LV x1,x2,x3ð Þ
Lx1

zf2 x1,x2,x3ð Þ LV x1,x2,x3ð Þ
Lx2

zf3 x1,x2,x3ð Þ LV x1,x2,x3ð Þ
Lx3

~I3: ð31Þ

As in the second-order case, let us consider a class of systems given inthe following form:

_xx1~f1~f11 x1ð Þf12 x2ð Þf13 x3ð Þ
_xx2~f2~f21 x1ð Þf22 x2ð Þf23 x3ð Þ
_xx3~f3~f31 x1ð Þf32 x2ð Þf33 x3ð Þ

8><
>: : ð32Þ

State variables are often chosen such that _xx1~x2 and _xx2~x3, so that the above system is special
only in the form of f3. The corresponding characteristic equation can be written as

dx1

f11 x1ð Þf12 x2ð Þf13 x3ð Þ
~

dx2

f21 x1ð Þf22 x2ð Þf23 x3ð Þ
~

dx3

f31 x1ð Þf32 x2ð Þf33 x3ð Þ
~

dVi i

1
: ð33Þ

While this may be solved in different ways, it is convenient to use the fact that the above is also
equal to

~
g1 x1,x2,x3ð Þdx1zg2 x1,x2,x3ð Þdx2zg3 x1,x2,x3ð Þdx3

g1 x1,x2,x3ð Þf1zg2 x1,x2,x3ð Þf2zg3 x1,x2,x3ð Þf3
, ð34Þ

for some functions g1, g2, and g3 of states x1, x2 and x3. The denominator of Eq. (34) can always
be set to zero by proper choices of gi, for which the numerator should be equated to zero so that
itis a total derivative of some function. In this case, the solution to

g1 x1,x2,x3ð Þdx1zg2 x1,x2,x3ð Þdx2zg3 x1,x2,x3ð Þdx3~0 ð35Þ

can be found easily as j1 x1,x2,x3ð Þ~c1. When thiscan be rewritten for one of the states, the
third-order linearization problem reduces to that of the second-order. For instance, if x2 can be
expressed in terms of x1and x3, as
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x2~t1 x1,x3ð Þ, ð36Þ

a solution to Eq. (33) can be rewritten as

j2 x1,x3ð Þ~
ð

dx1

f11 x1ð Þf12 t1(x1,x3)ð Þf13 x3ð Þ
{

ð
dx3

f31 x1ð Þf32 t1(x1,x3)ð Þf33 x3ð Þ
~c2: ð37Þ

When this can be solved for either x1 or x3, Vii can be determined. For example, if

x1~t2 x3ð Þ, ð38Þ

it follows that

Vii~

ð
dx3

f31 t2 x3ð Þð Þf32 t1 t2 x3ð Þ,x3ð Þð Þf33 x3ð Þ
zQii j1,j2ð Þ, ð39Þ

where Qii is an arbitrary function of its arguments. The off-diagonal elements of V are zero.

Example 3:
Consider the nonlinear system given by

_xx1~f1(x2) ~x{1
2

_xx2~f2(x3) ~x3

_xx3~f3(x1,x3) ~a exp (x1) x3z1ð Þ

8><
>: : ð40Þ

The characteristic equation to the linearizability condition (31) is

dx1

x{1
2

~
dx2

x3
~

dx3

a exp (x1) x3z1ð Þ~
dVii

1
, ð41Þ

with the additional relationship of

~
{a exp (x1)x2ð Þdx1z {a exp (x1)ð Þdx2zdx3

{a exp (x1)x2ð Þx{1
2 z {a exp (x1)ð Þx3za exp (x1) x3z1ð Þ

, ð42Þ

where the functions gi has been chosen to set the denominator to zero. By setting the numerator
to zero in Eq. (42), one obtains

j1 x1,x2,x3ð Þ~{ax2 exp (x1)zx3~c1, ð43Þ

where the initial state condition must be satisfied; i.e., c1~j1(x1(0),x2(0),x3(0)). It should be
noted that in the above process, {ax2

Ð
exp (x1)dx1 and {a exp (x1)

Ð
dx2 give the common

term {ax2 exp (x1), while z Eq. (43) can be solved for x2 as
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x2~t1~
x3{c1

a
exp ({x1): ð44Þ

Thus, Eq. (37) as applied to Eq. (41) gives

j2 x1,x3ð Þ~x1{
1

c1z1
ln

x3{c1j j
x3z1j j ~x1{

1

c1z1
ln k1

x3{c1

x3z1

� �
~c2, ð45Þ

where c2(0)~j2(x1(0),x3(0)), and it must be assumed that c1={1. In the above

k1~
1 x3§c1 and x3§{1, or x3vc1 and x3v{1ð Þ

{1 x3vc1 and x3§{1, or x3§c1 and x3v{1ð Þ

�
: ð46Þ

Equation (45) can be arranged as

exp (x1)~ exp (c2) k1
x3{c1

x3z1

� � 1
c1z1

, ð47Þ

so that Vii can be found, finally, as

Vii~
1

a
exp ({c2)k

{1
c1z1

1

ð
x3{c1ð Þ

{1
c1z1 x3z1ð Þ

{c1
c1z1

n o
dx3zQii j1,j2ð Þ, ð48Þ

where Qii is an arbitrary function and Vi j~0 (i=j). Choosing M and Qii, for example, as

M~{I2, Q11~0, Q22~j2 x1,x3ð Þ, Q33~j1 x1,x2,x3ð Þ, ð49Þ

a linearizing variable transformation is obtained as

z1~ exp { 1
a

exp ({c2)k
{1

c1z1

1

ð
x3{c1ð Þ

{1
c1z1 x3z1ð Þ

{c1
c1z1

n o
dx3

� �

z2~ exp ({x1) k1
x3{c1

x3z1

� � 1
c1z1:z1

z3~ exp (ax2 exp (x1){x3):z1

8>>>><
>>>>:

ð50Þ

To actually compute the transformation, an initial condition x(0) must be specified. For
example, if the initial states are such that c1~c2~0, the transformation is given by

z1~ k2x3ð Þ
{1
ak1

z2~k1x3(x3z1){1exp({x1):z1

z3~ exp (a exp (x1)x2{x3):z1

8><
>: : ð51Þ

where Eq. (46) becomes
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k1~
1 x3v{1 or x3§0ð Þ

{1 {1ƒx3v0ð Þ

�
: ð52Þ

and where

k2~
1

{1

x3§0ð Þ
x3v0ð Þ

�
: ð53Þ

Thus, in this example, state x3 must be monitored and the transformation changed based on this
information.

3 EXACT DISCRETIZATION

Once a nonlinear system is linearized exactly, it can be discretized exactly using the so called
step-invariant model. This exact discrete-time model plays a very important role, and is used
commonly, in the design of a digital control system to replace an analog system, in both open-
loop [12] and closed-loop settings [14].

3.1 Linear Case
When a linear continuous-time system is controlled using digital controllers, its input is held

by a zero-order-hold (zoh) and output sampled by an ideal sampler. The combination of a zoh,
a plant, and a sampler represents the so-called step-invariant discrete-time model, whose
response matches exactly those of the continuous-time plant at discrete-time instants for any
sampling interval [12]. For the linearized system given by Eq. (3), this exact discrete-time model
is given by

dzk~
exp (MT){I

T
zk, ð54Þ

where zk is a discrete-time state vector with k being an integer variable representing time steps, d
is the delta operator defined by

d~
q{1

T
, ð55Þ

q the ordinary shift operator such that qzk~zkz1, and T the sampling interval. The delta
operator is used here, since it proves to be very convenient when relating discrete-time results to
continuous-time results [6], [12]. The discrete-time integral gain, ( exp (MT){I)=T , in Eq. (54) is
the average value of the state transition matrix during one sampling period and approaches an
identity matrix as the sampling interval approaches zero.

3.2 First-Order Case [9]
The exact discrete-time model of a first order system given by Eq. (9) can be obtained by

substituting the inverse relationship, xk~w{1(vk), of Eq. (11) to the exact linear modelof Eq.
(13), as
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dxk~
w{1 w xkð ÞzTð Þ{xk

T
: ð56Þ

It must be emphasized that, in the discretization problem, the existence of the inverse
transformation of exact linearization must be assumed.

3.3 Second and Higher-Order Cases
The exact discrete-time model for the second and higher-order cases can be obtained in a

manner similar to that for the first-order case, except that a solution to simultaneous equations
is required in addition to the inverse transformation. The resulting model can be written as

dxk~
1

T
y(w(xk)zT){xkf g, ð57Þ

WhereY represents the vector of solutions to the simultaneous equations. It is often simpler to use the
step-invariant model, dVk~I, of the linear model dV=dt~I, than use Eq. (57), as illustrated below:

Example 4:
To show the basic concept, consider the third-order system used in Example 3, where a~{0:2,

x1(0)~{ ln 2, x2(0)~{10, and x3(0)~1. The initial states of the nonlinear system are so chosen
for convenience that c1~c2~0 and k1~k2~1. In this case Eq. (51) can be inverted as

x1~V22{ ln
exp (aV11)z1

exp ( a{1ð ÞV11)

x2~
exp (aV11)z1ð Þ exp (aV11)zV11{V33ð Þ

a exp (V22) exp ( a{1ð ÞV11)

x3~ exp (aV11)

8>>>>><
>>>>>:

: ð58Þ

The exact discrete-time model can be foundusing Eqs. (57) and (58). Asimpler way for the present
case is to use the step-invariant discrete-time model dVk~I, which gives

dx1,k~1z
1

T
ln

exp ((a{1)T) x3,kz1ð Þ
exp (aT)x3,kz1

dx2,k~
exp (aT){1

aT

exp (aT)x2
3,kzx3,k{ax2,k exp (x1,k)

� �
exp (aT) exp (x1,k) x3,kz1ð Þ

dx3,k~
exp (aT){1

T
x3,k

8>>>>>>>><
>>>>>>>>:

: ð59Þ

It can be shown, using relationships among the state variables, that the above exact discrete-time
model can be rewritten as

dx1,k~C1(x2,k,T)f1(x2,k)

dx2,k~C2(T)f2(x3,k)

dx3,k~C3(T)f3(x1,k,x3,k)

8><
>: , ð60Þ
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where

C1(x2,k,T)~{
x2,k

T
ln 1{T

exp ({aT)C2

x2,k

� �
?1 (T?0)

C2(T)~C3(T)~
exp (aT){1

aT
?1 (T?0)

8>><
>>: : ð61Þ

Similarity of expression between the discrete-time form, Eq. (60), and the continuous-time form,
Eq. (40) is apparent in view of Eq. (61).

Simulation results are given in Figs. 1 2 3, where the solid lines (denoted as ‘‘continuous’’)
show the state responses of the continuous-time system, while the dotted and dashed lines are
those of the discrete-time models sampled and held at T~1:5 s The dotted lines (‘‘discrete’’) are
for the forward-difference model, where the derivative is simply replaced with its Euler
approximate; that is, Cis are fixed at unities in Eq. (60). Although applicable to most nonlinear
systems, the forward-difference model has errors that tend to grow as the sampling interval
increases. The dashed lines are for the proposed exact model, whose responses match exactly

Fig. 1. The response of state x1; continuous-time, exact discrete-time, and forward-difference,
models.

Fig. 2. The response of state x2; continuous-time, exact discrete-time, and forward-difference,
models.
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those of the continuous-time original at discrete instants. By the way, the simulation results
using the model given by Eq. (59) are exactly the same as those using Eq. (60).

4 CONCLUSIONS

A sufficient condition has been presented for exactly converting a nonlinear systeminto a
linear system with arbitrary dynamicsthroughan exponential variable transformation.
Thistransformation can be determinedwhen a solution is found to aLagrange partial differential
equation, for which a number of methods exist. This techniqueand associated conditions has
been demonstrated using first, second, and third-order examples in some detail. As an
important application of this linearization, exact discretization of nonlinear systems has
beenpresented, where the inverse transformation must exist. In general, the discrete-time model
needs to be switched by monitoring its states. A numerical example, where this switching is not
required, has been shown, where the state responses of the exact discrete-time systemgave exact
values at the discrete-time instants for any discrete-time interval.

Not all nonlinear systems are expected to be linearizableor discretizable exactly, but the work
presented here illustrates a way to enlarge a class of systems for which these can be achieved.
Furthermore, the concept of variable transformation is not limited to nonlinear systems. Since a
linear system can be transformed into another linear system with arbitrary dynamics, this may
be considered as a problem of system modeling in combination with some sort of control.
Moreover, from an exact discretization point of view, there is no need to convert a nonlinear
system into a linear system, but it suffices to transformed into another nonlinear system whose
exact discrete-time model is known. These aspects need further investigation.
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ABSTRACT

A two-dimensional Computational Fluid Dynamics (CFD) analysis of the Ahmed body is
performed using the k-omega-SST turbulence model implemented in the OpenFOAM (OF)
software. The analysis is then modified to include a rotating paddle wheel which captures energy
from the swirl that forms behind the vehicle. The rotating wheel is implemented using a General
Grid Interface (GGI) in the mesh. Flow energy is captured by the wheel and the power generated
by the wheel reaches 16.1 W at optimal conditions. Overall drag reductions of up to 7.6% are also
found as side-effects of the rotating paddle wheel. Computations are run in parallel on a dual core
computer. A mesh of 30,000 cells is used. Y+ values on the walls of the vehicle range from 60 to
500. Tests are run at both fixed and variable paddle wheel angular velocities.

Keywords: Ahmed body; CFD; active drag reduction; paddle wheel.

SIMULATION D’UNE PIÈCE ROTATIVE QUI RÉDUIT LA TRAÎNÉE
AÉRODYNAMIQUE D’UNE AUTOMOBILE

RÉSUMÉ

Une analyse de la dynamique des fluides numérique bidimensionnelle du corps Ahmed est
effectuée en utilisant le modèle de turbulence k-omega-SST implémenté dans le logiciel
OpenFOAM (OF). L’analyse est ensuite modifiée pour inclure une roue à aubes en rotation qui
capte l’énergie du tourbillon qui se forme derrière le véhicule. La roue rotative est implémentée
en insérant une interface «General Grid Interface» (GGI) dans le maillage. L’énergie de
l’écoulement est captée par la roue et la puissance générée par celle-ci atteint 16.1 W aux
conditions optimales. Une réduction totale de la traı̂née de 7.6% est aussi obtenue en tant
qu’effet secondaire de la roue à aubes en rotation. Les analyses sont effectuées en parallèle sur
un ordinateur à deux processeurs. Un maillage de 30 000 cellules est utilisé. Les valeurs de Y+
sur les parois du véhicule varient entre 60 et 500. Des tests sont faits à des vitesses constantes et
à des vitesses variables de la roue à aubes.

Mots-clés : Corps Ahmed; CFD; réduction active de la traı̂née; roue à aubes.
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1. INTRODUCTION

The aerodynamics of turbulent flows remains a subject of both great interest and great
challenge to engineers. Many questions are yet to be answered, and consequently, many
opportunities for development can be explored. Flow behavior is an important aspect of most
design projects and the reason often is to build safe structures that will withstand the strongest
winds. Other times it is important to evaluate the flow behavior to ensure that flow-cooled parts
of a system will be cooled properly. However, an aspect that has also fascinated many engineers
since the dawn of engine-powered travel is the external aerodynamics of vehicles: the resistance
of wind to the forward movement of a car, a bus, a train, etc. A large portion of the energy
consumed by ground vehicles is used to overcome pressure drag. Nonetheless, as pointed out by
Choi et al. [1], the scientific community still questions whether the optimal drag reduction on a
body would equate to a null pressure drag. Countless papers have been published on the subject
of reducing the drag coefficient of a vehicle [2–8]. In an attempt to bring new ideas to the table,
this paper shows how moving parts can be added to an automobile to reduce the energy it
consumes to overcome wind resistance. That is achieved by capturing energy from the swirls of
the flow located behind a hatchback car. The energy is captured by a rotating device located
within the separation bubble of the flow behind the vehicle. That rotating device is inspired by
paddle wheels and its purpose is to recapture energy from the vortices located behind a moving
vehicle. Although the simulations were performed on a car model, tractor-trailer rigs and any
vehicle involved in a lot of high speed driving are ideal candidates for the type of device
presented in this paper.

Nomenclature

A frontal area of the Ahmed
body (m2)

CD,body drag coefficient of the car-
paddle assembly due to the
body only

CD,part drag coefficient of the car-paddle
assembly due to the paddle only

CD,power power saved by the avoided drag
when vehicle travels at 60 m/s
(W)

CD,saved reduction of the drag coeffi-
cient of the car-paddle assem-
bly incurred by the device

ecapture power captured by the wheel (W)
edrag power required to overcome a

drag coefficient at a given
traveling velocity (W)

Mz flow-incurred moment about the
lateral axis of the wheel (Nm)

R angular velocity of the paddle
wheel (RPM)

Rvar angular velocity of the variable-
angular-velocity paddle wheel
(RPM)

r radius of the paddle wheel (cm)
T thickness of the two-dimensional

Ahmed body simulation (m)
t time (s)
U air velocity far from the

Ahmed body of the simulation
(m/s)

V traveling velocity of the Ahmed
body (m/s)

w width of the three-dimensional
Ahmed body (m)

xcenter distance between the rear ver-
tical wall and the center of the
paddle wheel (cm)

Greek symbols

r density of air (kg/m3)
n kinematic viscosity of air

(m2/s)

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 230



2. THE CAR MODEL

The Ahmed car model is chosen as the shape to analyze in the simulations because it has
received widespread attention from the scientific community since its first appearance when
Ahmed et al. [9] used it in a wind tunnel to mimic the flow found around a typical car. The
model is also used by the European Research Community On Flow, Turbulence, And
Combustion (ERCOFTAC) to benchmark different CFD methods. The geometry of the
Ahmed body is shown in Fig. 1. The first step of this study is thus to create a CFD case that
will reproduce the generally accepted flow characteristics and the drag coefficient of the
Ahmed body with minimal error. Numerically reproducing the experimental drag coefficient
of the Ahmed body has been a challenge for many researchers that studied the Ahmed body
because of the difficulty to precisely locate the start and end of the separation bubble on the
rear slant wall of the body. However, a general idea of the appropriate drag coefficient is
grasped from the research of Guilmineau [10] to be in the range of 0.25 to 0.35 when the rear
slant angle is 250. It must also be pointed out that between the two widely used angles of 250

and 350 there is a drag crisis. The crisis occurs at roughly 300 and is characterized by the
experimental drag coefficient reaching 0.378, as measured by Ahmed et al. [9]. Several
attempts were done by different authors to reproduce the transition phenomenon that occurs
between those two angles where the flow actually goes from having its longitudinal
(streamwise) vortices form on the sides of the rear slant wall of the vehicle to having them
start only on the lower, vertical, rear end. Those three-dimensional vortices significantly
influence the drag forces on the Ahmed body because they interact with the separation
bubble located on the slant wall. However, Beaudoin and Aider [3] have experimentally
demonstrated that those vortices can be avoided by use of side wings on the slant wall of the
model and that removing them can also reduce drag. Lehugeur et al. [11] also reduced drag
when lowering the vorticity of the streamwise vortices to 25% of their original value. They
reduced the vorticity by blowing at the location where Beaudoin and Aider [3] had installed

Fig. 1. The Ahmed body, adapted from Hinterberger et al. [12] with kind permission of Springer
Science+Business Media. Throughout this paper, the x, y, and z axes represent streamwise, vertical,
and spanwise directions, respectively.
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side wings. The goal of this project is to deal with the middle, two-dimensional, separation
bubble which exists behind the body and hosts two spanwise vortices that meet
approximately in the middle of the rear vertical wall of the car. They are shown in Fig. 14
and the kinetic energy of these vortices is what is recaptured by the paddle wheels used in
this paper.

3. CFD ANALYSIS

3.1. Governing Equations
The OF solver turbDyMFoam, which is used for all the calculations presented, uses the

Unsteady Reynolds-Averaged Navier Stokes (URANS) equations. One can notice that the
density r does not appear in the incompressible fluid equations and thus the graphical results of
pressure given in this paper are actually pressure divided by density. The URANS equations are
solved within a PISO loop. Turbulence is incorporated into the URANS equations using the
following formulation,

LU

Lt
z+:wU~{+pz+:neff +Uz+: neff (+U)T{

1

3
+:Uð ÞI

� �� �
ð1Þ

where the effective turbulent viscosity is,

neff ~ntzn ð2Þ

The turbulence model is described below.

3.2. Turbulence model
Large Eddy Simulations (LES) turbulence models were considered but not deemed

appropriate for two-dimensional modeling even if some authors, such as Bouris and Bergeles
[13], have reported successful use of LES in two dimensions. Examples of URANS equations
yielding accurate drag coefficients of the Ahmed body are available in the literature [10, 14, 15].
For instance, Guilmineau [10] reports an accurately reproduced flow topology of the Ahmed
body but a difficulty of the URANS equations to properly reproduce the experimental
separation bubble on the 250 slant wall. The experimental flow exhibits a detached zone at the
onset of the slant wall and reattachment at its middle whereas URANS results all show
separation along the whole slant wall. The k-v-SST model features an automatic wall treatment
and uses k-v equations within the boundary layer and k-e equations in the freestream flow; a
blending function ensures a smooth transition between the near wall and freestream equations.
Considering that Bayraktar et al. [16] found good results using the RNG k-e model on the
Ahmed body, use of k-e equations in the freestream flow should give reliable results. Near the
wall, classical log law wall functions are used because the yz values are well above 20.

According to the k-v-SST turbulence model, the turbulent viscosity is,

nt~
a1k

max a1v,F2
ffiffiffiffiffiffi
S2
p� � ð3Þ

where a1, F2, and S2 are specified in the OF source code [17]. The turbulent kinetic energy, k,
and turbulent frequency, v, are solved by,
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Lk

Lt
z+: Ukð Þ~min G,c1b�kvð Þ{b�vkz+: akntznð Þ+k ð4Þ

and,

Lv

Lt
z+: Uvð Þ~2cS2{bv2z+: avntznð Þ+v{ F1{1ð Þ 2av2 +k:+vð Þ

v
ð5Þ

where the values of the undefined constants are found in the source code [17]. A thorough
description of the k-v-SST turbulence model is given in the paper by Menter and Esch [18].

3.3 Drag forces calculation
In OF, the drag coefficient is calculated by dividing the total force acting on the part of

interest, in the drag direction, by the reference area and the dynamic pressure. It is given by the
following equation,

CD~
dragForce

Aref |pDyn
ð6Þ

where the dynamic pressure is,

pDyn~0:5|rhoRef |magUinf |magUinf ð7Þ
In Eqs. (6) and (7), Aref is the frontal area of the part and rhoRef and magUinf are the

density and freestream velocity of the fluid, respectively. The total force, dragForce, is the sum
of both friction and pressure forces in the drag direction, as shown below,

dragForce~ rho pð Þ|
X

pfð Þz
X

vfð Þ
n o

: dragDirf g ð8Þ

where rho pð Þ represents the fluid density and dragDir is the direction vector in which the drag is
calculated. Here, the OF pressure is multiplied by density because, as stated earlier, OF uses
Pascals divided by density in kg

�
m3 as its pressure.

P
pfð Þ and

P
vfð Þ are the pressure and

friction vectors, respectively. They are summed on the surface of a body and are defined as,

X
pfð Þ~

X
i~patchi

Sfbi|pbið Þ ð9Þ

and,

X
vfð Þ~

X
i~patchi

Sfbið Þ: devRhoReffbið Þ ð10Þ

where patchi is an index that represents the cell face on which the drag forces are calculated and
covers all the cell faces of the body of interest. Sfbi is a vector having a direction normal to the
face of cell i. It also has a magnitude equal to the area of the face of cell i. pbi and devRhoReffbi
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are values of the pressure field, p, and of the stress tensor, devRhoReff , at the face of cell i.
When using a k-v-SST turbulence model, OF defines the stress tensor as,

devRhoReff ~rhoRef |{neff |dev +Uð Þz +Uð ÞT
� 	

ð11Þ

where neff is defined by Eq. (2) and dev is the deviatoric operator. OF defines it as,

dev Tð Þ~T{
1

3
T11zT22zT33ð ÞI ð12Þ

where T is a 3|3 matrix and I is the identity matrix.

3.4. Parameters and boundary conditions
The air velocity used in the analysis is U~60 m=s and the kinematic viscosity is

n~14:75|10{6 m2
�

s. The Reynolds number of this analysis, based on model length, is
Re~4:25|106. k and v inlet boundary conditions are calculated from a 0.5% turbulence
intensity, as measured by Ahmed et al. [9], and an approximated turbulent length scale of 5 cm.
As stated earlier, the rear slant angle of the vehicle is 250 and, on its walls, 60ƒyz

ƒ500.

3.5. Mesh
A Reynolds number of 4:25|106 requires a very fine mesh. Due to the changing behavior of

the flow close to the Ahmed body, a structured boundary layer mesh is only used at locations
of very small tangential gradient of the near-wall flow properties. Thus, only two small zones
of the mesh are structured and use about 500 less cells than an equivalent unstructured mesh.
Using a boundary layer mesh on the front of the body is not appropriate because the pressure
gradient is as strong along the tangent of the surface as along the normal. Using a structured
mesh on the rear slant and vertical surfaces is also inappropriate due to sudden changes in
pressure at specific locations and a velocity distribution typical of detached flows. It is also
necessary to have a well resolved mesh behind the car to properly simulate the wake. The mesh
on the wall of the vehicle requires a fine resolution because of its influence on the drag
coefficient. The zone just upstream of the vehicle is meshed slightly coarser than the wake
because there are no vortices in front of the car. At this location, the flow outside the
boundary layer is only influenced by a saddle point. Considering that it is generally
recommended to have at least 15 nodes in the boundary layer and that the flat plate boundary
layer thickness is estimated, from the formulae given by Cousteix [19], to reach 2 cm, it is not
possible to precisely resolve the said layer and the simulations rely on wall models. The mesh
of the paddle wheel cases is shown in Fig. 2. It is refined at the tips of the paddles to properly
represent their features and smaller cells are also found around the wheel for reasons to be
explained in Section 3.6.

In their three-dimensional numerical analysis of the Ahmed body, Bayraktar et al. [16] found
from mesh refinement tests that a 4.4 million cell unstructured mesh yields a fine correlation
between experimental and numerical drag coefficients. It was thus desired to get a two-
dimensional mesh that had roughly the same domain resolution as the analysis of Bayraktar
et al. [16]. From their number of cells and the assumption that the relative numbers of cells in
the longitudinal, lateral, and vertical directions are a, 0:25a, and 0:2a, respectively, it was found
using the following equation that an equivalent 2D mesh would have 40 thousand cells,
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a|0:2a|0:25a~4:4|106[ a~444:80
_ _

Ncells,2D~a|0:2a&40,000 ð13Þ

where a is the unknown and Ncells,2D is the number of cells of the equivalent two-dimensional
mesh. The meshes used for the present analysis are slightly rougher and have 27.5 thousand to
34 thousand cells. All meshes are generated by the Gmsh software. Details of the mesh
generation software are found in the article by Geuzaine and Remacle [20].

3.6. Rotating interface
A rotating interface, the GGI of the OF software, is used to allow the paddle wheel to rotate

with respect to the car. This is accomplished by having the solver interpolate the cell face values
of the flow properties at a virtual interface which is indicated to the solver by the definition of
two coincident circles that delimit the inner (rotating part) and outer (fixed car) parts of the
mesh. Details of the interface solution procedure are given by Gagnon [21] and by the source
code [17]. As seen in Fig. 2, the mesh resolution at the interface, to the right of the car, is
increased in order to make the interface as close as possible to a perfect circle. This reduces to a
minimum the empty zones that occur between the inner and outer parts of the mesh when the
two interface polygons rotate with respect to each other. These zones can cause divergence of
the solution when they become large.

3.7. Validation
The drag coefficient of the unaltered two-dimensional Ahmed body simulation is used to

calculate the drag coefficient differences between the energy-capturing and the reference
(unaltered) models. It is thus necessary to have a certain level of confidence towards the solution
of the flow around the reference body. This level of confidence is gained by running a mesh
refinement test with a mesh that contains twice as many nodes in x and in y directions. The
refined mesh has 111.5 thousand cells. A 6% difference between the drag coefficient of the
reference mesh and of the refined mesh is found and it is deemed to be a fairly accurate
correlation. The simulation with the finer mesh yields a slightly higher drag coefficient and that
makes the calculation of total drag reduction by use of the paddle wheel more conservative. As
can be seen in Figs. 3 and 4, the flow fields of the refined mesh give a more detailed view of the

Fig. 2. Mesh of the vehicle with a paddle wheel.

.
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flow properties but both analyses share the same general flow characteristics. A time-step of
1|10{5 second is used for the simulations that use the reference mesh.

The simulations with the added paddle wheel have a roughly equal time step. The Courant
number serves as a check to maintain time steps below a value where divergence could occur. It
is defined in the following equation,

Co~
dt Ucj j

dx
ð14Þ

where dt is the time step, dx is the length of the cell in the direction of the flow, and Ucj j is the
magnitude of the flow velocity through the cell in question. Thus, in presence of the paddle wheel
the time steps are continuously adjusted so that Coƒ0:5. This ensures that the calculation remains
stable by preventing the fluid from traveling more than half a cell between each time step, as pointed
out in the OF user guide [22]. The Courant number is computed for each cell at each time step and
the next time step is adjusted according to the maximum Courant number computed.

4. ENERGY CAPTURE

As mentioned in the introduction, the goal is to have an added part that captures energy
from the flow. For results to be interesting the total drag with the added part cannot be higher

Fig. 3. Instantaneous pressure fields of the Ahmed body: (a) reference mesh, (b) refined mesh.

Fig. 4. Instantaneous velocity fields of the Ahmed body: (a) reference mesh, (b) refined mesh.
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than that of the unaltered Ahmed body. Alternatively, if the total drag is increased then the
energy captured from the flow has to surpass the energy lost to drag. To capture the energy, a
device inspired by old fashion paddle wheels is inserted behind the vehicle. It is immersed near
the center of the upper spanwise vortex. Its location is shown in Fig. 5. Every wheel presented in
this paper has 4 paddles. A clockwise angular velocity is imposed to the wheel and the
instantaneous amount of power generated is calculated from the moment acting on the paddle.
The average power generated over a cycle is obtained when the stability of the power generation
cycle has been reached. Some tests are run with a constant angular velocity and others with a
sinusoidal angular velocity. The justification for such a system is that, in a practical application,
an electric motor controller would adjust velocity fluctuations by giving power to or taking
power from the wheel.

To compare energy captured and drag coefficients, the following equation measures how
much power is required to overcome a specific drag coefficient at the traveling velocity V of the
Ahmed car,

edrag~
1

2
|r|U2|A|CD

� �
|V ð15Þ

where CD is the drag coefficient considered for conversion into equivalent energy. The frontal
area A of the three-dimensional Ahmed body is 0:11203 m2. The density r of the ambient air is
1:2 kg

�
m3. On the other hand, the following equation gives how much power is extracted from

the flow by the paddle wheel,

ecapture~Mz|
R|2p

60
|

w

T
ð16Þ

where Mz is the moment about the z-axis. R is the rotational velocity of the paddle wheel in
revolutions per minute (RPM). The width w of the three-dimensional Ahmed body is 0:389 m
and the thickness T of the two-dimensional model used in the analysis is 0:01 m.

5. RESULTS

5.1. Reference body
The reference case gives an average body drag coefficient of 0.2977. This is 3:8% higher than

the experimental results of Ahmed et al. [9] who reported 0.2868. The drag value of 0.2977 is
used to calculate the coefficient of avoided drag, CD,saved , defined by the following equation,

Fig. 5. The two-dimensional representation of the Ahmed body with the paddle wheel located
behind its rear vertical wall.
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CD,saved~0:2977{CD,body{CD,part ð17Þ

where CD,body and CD,part represent the drag coefficients on the Ahmed body and on the added
part, respectively. Then, the power saved by the avoided drag when vehicle travels at 60 m/s,
CD,power, is calculated by Eq. (15) using CD,saved as input. It is also found from Eq. (15) that the
reference three-dimensional Ahmed car requires 4.36 kW when moving at 60 m/s. The drag
force cycle on the reference Ahmed body is 11:85 ms long and exhibits a steady behavior when
averaged over a cycle. The time dependent flow behavior of the reference body is shown by the
streamlines in Fig. 14.

5.2. Selected cases
5.2.1. Fixed rotational velocity

Results from cases of rotating paddle wheels are compiled in Table 1. The wheel’s center of
rotation y-position is 19 cm below the top wall of the body. xcenter is the distance between the
rear vertical wall and the center of the paddle wheel and R is its angular velocity. r is the radius
of the paddle wheel.

Figures 6 and 7 illustrate the energy captured and the avoided drag coefficient, respectively,
for a full revolution of the paddle wheel of case 3. The wheel is at 00 and 300 at t~1:4700 s and
t~1:4725 s, respectively. The data is taken from t~1:45s to t~1:48s, which is long after
steadiness of the time-averaged flow has been reached. To illustrate how the flow stabilizes in
the first tenths of a second of the simulation, the average power extracted from the wheel of case
6 is plotted against time in Fig. 8 where each calculation is done for one full revolution of the
paddle wheel. One full revolution is equivalent to 4 geometric cycles. After time t~0:26 s the
average power extracted stabilizes at ecapture~10:38+0:01 W .

The evolution of the flow around the paddle wheel for one geometric cycle is shown for case 3
in Figs. 15, 16, and 17. In Fig. 16 there is one arrow per cell and that explains the appearance of
a circle at the GGI interface and the large quantity of arrows at the tips of the paddles. The
evolution of the vortices for one geometric cycle can be grasped by looking at the streamlines in
Fig. 15. Also for case 3, Fig. 10 shows the power generated by each side, front and back, of a
paddle wheel blade for one full revolution. The total power generated by the blade is also shown
on the same figure. One can notice that most power is generated by the front part of the paddle.
The power cycle is depicted for one paddle but is identical for each of the four paddles with the
exception that their cycles are each out of phase by 900 due to their geometrical arrangement.

Table 1. Results from selected cases with fixed rotational velocity.

Case 1 2 3 4 5 6

xcenter (cm) 13.3 16.6 13.3 16.6 13.3 13.3

r (cm) 5 4 5 4 4 5

R (RPM) 2500 2000 2000 4000 2000 2300

CD,body 0.3084 0.2939 0.3122 0.2954 0.3130 0.3122

CD,part 20.0323 20.0148 20.0335 20.0207 20.0353 20.0334

CD,saved 0.0216 0.0186 0.0190 0.0229 0.0204 0.0190

CD,power (W) 313 271 276 333 291 276

ecapture (W) 0.9 8.2 12.8 -4.6 6.0 10.4
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5.2.2. Variable rotational velocity
The OF GGI code was modified to allow the wheel to rotate according to a sinusoidal

function. Results from two such cases are compiled in Table 2. They are both identical to case 3
with the exception that they have a variable angular velocity. Their angular velocities, Rvar, are
defined by the following equations,

Rvar,7~R| 1:0z0:2|sin {2:9249z
R|p

7:5
|t

� �
 �
ð18Þ

Rvar,8~R| 1:0z0:2|sin {2:3z
R|p

7:5
|t

� �
 �
ð19Þ

where R is the average angular velocity, which is 2000 RPM for both cases, and t is time in
seconds. Since the power generation cycle has a period exactly equal to a fourth of the period of
rotation of the paddle wheel, the frequency of the sinusoidal function is also chosen as such.
The only difference between the two cases is the phase angle of the sinusoidal function. Rvar,7

was designed so that the paddle wheel moves at maximum rotational velocity when the

Fig. 6. Plot of ecapture vs Time for one full revolution of the paddle wheel from case 3.

Fig. 7. Plot of CD,saved vs Time for one full revolution of the paddle wheel from case 3.
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maximum power, or maximum Mz, is seen from the results of the constant angular velocity case
3. Thus, the phase angle of the sinusoidal function comes from a graphical approximation of the
phase angle of the power output of the wheel from case 3. This phase matching is done in an
attempt to reduce fluctuations in the power generated. The attempt is not significantly
successful but more power is generated. Power generation and angular velocity are plotted
together for one full revolution of the paddle wheel of case 7 in Fig. 9. The sinusoidal angular
velocity does not increase the time required to reach a steady average power generation. The
results of these two cases are given in Table 2.

Fig. 8. Plot of power output vs time calculated per paddle wheel revolution starting at t~0. Each
cycle is 0.0261 seconds long based on the rotational velocity of 2300 RPM. Data taken from
case 6.

Fig. 9. Plot of ecapture and R vs Time for one full revolution of the variable angular velocity
paddle wheel from case 7.
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5.3. Comparison cases
It is questioned whether the reduced drag is only due to the modification of the shape of the

Ahmed model by the presence of the paddle wheels. Therefore, some cases of non-rotating and
modified paddle wheels are tested. Results of these cases are summarized in Table 3. The added
parts have their center 13.3 cm behind the rear wall and 19 cm below the top wall and have a
radius of 5 cm. Cases 00 and 300 model a fixed paddle wheel rotated by 00 and 300 from the

Fig. 10. Plot of ecapture vs Time for one paddle, depicted below the graph. The left y-axis serves
for the front and the back of the paddle and the right y-axis serves for the total power generated
by that paddle. Data taken from case 3.

Table 2. Results from selected cases with variable angular velocity.

Case 7 8

CD,body 0.3104 0.3095

CD,part 20.0335 20.0342

CD,saved 0.0208 0.0225

CD,power (W) 302 327

ecapture (W) 16.1 12.0
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horizontal position, respectively. Case A models a paddle wheel whose inner radius was
enlarged to 0.045 m which makes it almost a cylinder. Case B is a copy of case A with the
exception that the object revolves at 2500 RPM. Power consumed by the paddle wheel of
case B is 1.28 W. Case C is a 5 cm radius cylinder that does not rotate. Case D is an attempt at
making the rear of the Ahmed body more streamlined in order to compare the drag avoided by
this streamlined rear with the drag reduced by various wheel configurations. Graphical
representations of the comparison cases are given in Table 3 and a detailed view of each case is
given in Figs. 11 to 13.

6. DISCUSSION

Several configurations of the paddle wheel are tested. The most average power captured from
the flow is 16.1 W and the maximum instantaneous power generation reaches three times that.
These results are seen in case 7 which models a 5 cm radius paddle wheel rotating at an average
R of 2000 RPM. The rotating paddle wheel configuration of case 4 reduces the drag coefficient
the most and is a paddle wheel rotating at 4000 RPM, located slightly upwind of the maximum
turbulent kinetic energy location, and having a radius of 4 cm. This drag reduction is closely
followed by the variable angular velocity wheel of case 7.

The results show that paddle wheels that let the flow cross their center do not yield as much
energy and are therefore not documented in this paper. A filled center is deemed necessary
because it serves to prevent incoming flow from being diverted between the paddles and wasting
its kinetic energy. It is also noticed that the paddles should not interfere with the flow traveling
outside of the separation bubble since results show that doing so increases drag without
increasing the amount of power generated.

Non-rotating paddle wheels do not reduce the drag coefficient. The fixed 00 and 300 paddle
wheels add to the total drag of the Ahmed body whereas when the rotating wheel of case 3 is at
00 and 300, the instantaneous avoided drags, CD,saved , are 0.0083 and 0.0152, respectively. In

Fig. 11. Ahmed body with added part. Case 0̊ .

Table 3. Results from comparison cases where a negative CD,power indicates that the power demand
is increased.

Case 00 300 A B C D

CD,body 0.3111 0.3063 0.3099 0.3288 0.3107 0.2151

CD,part 20.0046 20.0069 20.0392 20.0351 20.0551 -

CD,saved 20.0088 20.0017 0.0269 0.0038 0.0422 0.0826

CD,power (W) 2128 225 391 55 612 1199
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fact, the instantaneous avoided drag never goes above 0.0008 and 0.0065 for the 00 and 300 fixed
paddle wheel cases, respectively. This supports the idea that the effect of the rotation of the
paddle wheel is paramount to the drag reduction. Comparison cases C and D reduce the total
drag coefficient of the assembly and it is an expected result because those cases present more
streamlined bodies. However, since the intent here is not to modify the shape of the car but
rather to have an added part which generates energy and possibly reduces drag, those two cases
were not further investigated.

From Figs. 14 and 15 it is seen that the spanwise vortices are influenced by presence of the
rotating paddle wheel and this partly explains why the overall drag coefficient is reduced. For
instance, the upper spanwise vortex creates a suction on the upstream side of the paddle wheel
and thus decreases the total drag force. This effect is not beneficial to the overall drag
coefficient when the paddle wheel does not revolve. There is less turbulent kinetic energy in the
cases with the paddle wheel and this indicates that less energy is lost by viscous dissipation.

From the analysis, it seems clear that the angular velocity is highly influential on the energy
output of the system. The best results are obtained at an average R of 2000 RPM. As expected,
when the angular velocity of the paddle wheel reaches a certain value, the power generated turns
into power that has to be fed to the wheel. On the other hand, for very small angular velocities,
the forces on the paddle wheel do not increase enough to compensate for its lower velocity and
thus the power generated decreases. When taking into account that a full revolution of the
paddle wheel corresponds to four quarter cycles that are each geometrically identical, the
fluctuations in energy captured and drag coefficient have the same period as the geometrical
rotation of the paddle wheel; this is seen on Figs. 6 and 7. Four force cycles occur for each
complete revolution of the paddle wheel. In contrast, the reference Ahmed body showed a force

Fig. 13. Modified Ahmed body. Case D.

Fig. 12. Rear of the Ahmed body with added part: cases 30̊ , A, B, and C.
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cycle that would be expected from a paddle wheel rotating at 1266 RPM. The fact that the best
result comes from a variable rotational speed wheel shows the potential for the energy capture to
be adapted to the flow. In order to have the angular velocity of the paddle wheel adapt to the flow,
an algorithm where the angular velocity of the paddle wheel is a function of the forces that act on
it is currently being developed. It will be able to extract a specific amount of power from the flow
and this will help simulate a paddle wheel that recaptures energy in the form of electricity by use of
an electronically-controlled motor tuned to capture a specific amount of power. The energy spent
to overcome the inertia of the paddle wheel in the variable angular velocity cases is not considered
into the calculation of the power captured since it cancels itself out after each velocity cycle and
since power-generation and geometrical cycles have the same period. In a more advanced
analysis, where a paddle wheel would be built, the inertia should be taken into account in the
calculation of the angular velocity. Gas-electric hybrid vehicles would suit as good candidates for
such a system because they already have high capacity batteries on-board.

Fig. 14. Streamlines of the flow behind the reference Ahmed body for one drag force cycle
(11850 ms). The cyclic flow behavior is apparent when comparing the last two snapshots with the
first ones. The color and density of the streamlines have no meaning here.
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As seen in Figs. 16 and 17, the flow modified by the rotating paddle wheel creates a low pressure
zone at the tip of the paddle every time it passes through the topmost point of the cycle. That low
pressure zone leaves the blade at a velocity greater than that of the paddle itself and is one of the
two main forces driving the wheel. The other driving force is the large difference of pressure
between the front and the back of the paddle when it goes through its bottommost point. The fact
that most power is generated by the front part of the paddle indicates that a more streamline
shape for the rear of the paddle would likely increase the amount of power generated.

The total energy reduction is calculated from the extrapolation of the two-dimensional
simulations to a three-dimensional body. This extrapolation should hold as long as a device
similar to what is reported by Beaudoin and Aider [3] or by Lehugeur et al. [11] is used to
eliminate the influence of the streamwise vortices on the spanwise vortices.

In the published literature, most of all Ahmed body analyses are run with a fixed floor, and
that is different from real-world situations where the floor has a relative velocity with respect to
the car equal to the velocity of the car itself. This does not drastically modify the results but it

Fig. 15. Streamlines of the flow behind the Ahmed body of paddle wheel case 3 for one geometrical
cycle (7500 ms). The cyclic flow behavior is apparent when comparing the last two snapshots
with the first ones. The color and density of the streamlines have no meaning here.
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was reported by Krajnovic and Davidson [23] to have a 8% influence on the drag coefficient and
a noticeable influence on the flow near the rear wall of the car. That zone is where this paper is
focused but the purpose here is to show how flow structures found on a typical car can be used
to generate energy. Specific car models are not analyzed yet and the Ahmed body is only used to
recreate typical car flows and validate the calculations.

The results obtained with the k-v-SST model in two dimensions are fairly reasonable and the
flow on the rear slant wall stays attached for the whole wall. A small low pressure zone appears
at the onset of the slant wall. These results compare well with the 250 experimental slant wall
center-line flow which detaches and reattaches quickly, as reported by Guilmineau [10].
Moreover, Guilmineau noted that three-dimensional analyses with URANS model were not
able to predict the reattachment on the rear slant wall and thus the use of such a model cannot
be tuned to perfection.

Finally, it should be noted that more tests have to be run in order to yield results of greater
energy capture and drag reduction. The authors believe that it is possible to get a positive

Fig. 16. Direction vectors of the flow around the paddle wheel of case 3 for one geometrical cycle
(7500 ms). The cyclic flow behavior is apparent when comparing the last two snapshots with the
first ones. The Ahmed body lies to the left of these figures.
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energy capture to accompany results of large drag reduction given by the non-moving cylinder
but that the good combination of angular velocity and blade geometry has yet to be found.

7. CONCLUSION

It is found that the rotating paddle wheel can generate a sustained 16.1 W while reducing drag
by 6.9%. The instantaneous power generation nearly reaches 50 W. The device can also reduce
drag by 7.6% if power is supplied to the paddle wheel. There is less turbulent kinetic energy in
the flow and the vortices behind the car are weakened when the wheel is present. The position
and angular velocity of the paddle wheel have an important impact on the results. A variable
angular velocity paddle wheel seems to be a more efficient energy capturing device than a
constant angular velocity wheel. Using modified blade shapes and different variable angular
velocities is expected to greatly improve the efficiency of the device. Once a two-dimensional
optimum is obtained and confirmed by refined meshes the next step is to conduct three-
dimensional and experimental tests. Who knows, with increasingly electric vehicles, maybe this

Fig. 17. Pressure distribution of the flow around the paddle wheel of case 3 for one geometrical cycle
(7500 ms). The cyclic flow behavior is apparent when comparing the last two snapshots with the
first ones. The Ahmed body lies to the left of these figures.
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type of flow-interacting device can evolve into something more than just an energy capturing
device?
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mouvement’’ Master’s thesis, Université Laval, Québec, 2010.
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Dany Dubé, Philippe Cardou
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ABSTRACT

An accelerometer-array calibration method is proposed in this paper by which we estimate
not only the accelerometer offsets and scale factors, but also their sensitive directions and
positions on a rigid body. These latter parameters are computed from the classical equations
that describe the kinematics of rigid bodies, and by measuring the accelerometer-array
displacements using a magnetic sensor. Unlike calibration schemes that were reported before,
the one proposed here guarantees that the estimated accelerometer-array parameters are
globally optimum in the least-squares sense. The calibration procedure is tested on OCTA, a
rigid body equipped with six biaxial accelerometers. It is demonstrated that the new method
significantly reduces the errors when computing the angular velocity of a rigid body from the
accelerometer measurements.

Keywords: accelerometer array; calibration; rigid body; angular velocity; kinematics.

RÉSUMÉ

Une méthode pour l’étalonnage des assemblages d’accéléromètres est proposée dans cet
article. Celle-ci permet non seulement d’estimer les biais et les gains des accéléromètres qui
composent l’assemblage, mais aussi leurs directions sensibles et leurs positions. Ces paramètres
sont calculés à partir des équations classiques de la cinématique des corps rigides et de mesures
de déplacements provenant d’un capteur magnétique. Contrairement aux méthodes d’étalon-
nage déjà existantes, celle qui est proposée ici garantit que les paramètres estimés de
l’assemblage d’accéléromètres sont globalement optimaux au sens des moindres carrés des
erreurs. La procédure d’étalonnage est testée à l’aide d’OCTA, un corps rigide équipé de six
accéléromètres biaxiaux. Il est montré qu’on réduit ainsi les erreurs de façon importante
lorsqu’on estime la vitesse angulaire d’OCTA à partir de mesures des accéléromètres.

Mots-clés : assemblage d’accéléromètres; étalonnage; corps rigide; vitesse angulaire;
cinématique.
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1. INTRODUCTION

In 1962, Corey [1] introduced a new way to measure rigid body angular acceleration by using
an array of linear accelerometers. In the same decade, Mertz [2] used an accelerometer array to
study whiplash caused by rear-end car collisions. A few years later, an accelerometer array was
used for the first time when Padgaonkar et al. [3] showed that it is possible to estimate the
kinematics of the head of a dummy during an impact test. This may be regarded as a landmark
in biomechanics.

Thereafter, accelerometer arrays have been use to replace gyroscopes in certain biomechanics
applications. For example, they are used in crashworthiness to analyze head motion (see refs.
[4–6]). More recently, Cappa et al. [7] proposed a general scheme for estimating the angular
acceleration, angular velocity and translational component of 3D head movements, whereas
Yoganandan et al. [8] used an accelerometer array to reveal the significance of human head
properties on head-neck injury metrics. Promising results were also reported by Edwan et al. [9],
who showed that an accelerometer array can be coupled with a GPS through Kalman filtering.
This method may open new applications in navigation and motion tracking.

Despite the considerable body of literature reporting successful experiments involving
accelerometer arrays, only two articles [10, 11] seem to address their calibration. These two
papers present methods for the identification of the accelerometer orientation errors, but not
for the identification of their relative positions on the rigid body, as is the case in this paper. The
approaches proposed in both refs. [10, 11] may be divided into two categories: static calibration
and dynamic calibration. In a static calibration method, one relies on stationary poses of the
rigid body and on a precise knowledge of gravity to estimate the accelerometer-array
parameters. In a dynamic calibration method, one relies on an arbitrary trajectory of the rigid
body, on a precise knowledge of this trajectory and on a precise knowledge of gravity to
estimate the accelerometer-array parameters. In this paper, we also present static and dynamic
calibration methods. Nevertheless, the methods we propose offer some advantages over those
found in refs. [10, 11], as we discuss below.

The static calibration methods reported in refs. [10, 11] and in this paper all seek to identify
the true sensitive directions of the accelerometers in the array. One important distinction
between these methods is that the sensitive direction of an accelerometer is represented in refs.
[10, 11] using a rotation matrix, whereas in this paper, we use a unit vector, without any loss of
generality. Indeed, as acknowledged in [11], rotating the accelerometer about its sensitive axis
does not affect its measurements. According to this model, each accelerometer only possesses a
direction instead of an orientation, and a unit vector is sufficient to represent this sensitive
direction. This distinction, which was overlooked by Parsa et al. in their choice of a
parameterization of the accelerometer sensitive directions, has implications in the remainder of
their algorithm. Hence, unlike the calibration method proposed here, the method proposed in
[11] ið Þ requires an initial guess, iið Þ is iterative and iiið Þ does not guarantee global optimality of
the computed accelerometer sensitive directions. To these observations, one might add that
using unit vectors instead of rotation matrices streamlines the symbolical calculations, thereby
making the calibration method more comprehensible and easy to follow.

Furthermore, as in this paper, Parsa et al. propose a dynamic calibration method in [10].
However, their method is also used to compute the accelerometer sensitive directions, whereas
here, we rather use the dynamic calibration step to identify the accelerometer positions.
Although it appears to be quite natural, to our knowledge, no such methods have been
proposed in the past for identifying the sensor positions in an accelerometer array.
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Finally, we should add that only the static calibration method proposed in [11] for the
identification of the accelerometer sensitive directions was experimentally validated. Here, we
report experimental results for both the static and dynamic calibration methods.

Hence, we note that not many results have been published regarding the calibration of
accelerometer arrays. Nevertheless, the calibration method often plays a crucial part in many
biomechanics experiments, where the lack of repeatability in the data should be due mainly to
differences among subjects, but not sensors. For instance, when estimating the angular velocity
of the head of a dummy, the standard method consists of computing first the angular
acceleration from the accelerometer signals, and then integrating it over time. Since the
integration process is unstable by nature, the drift-rate of the angular-velocity estimates is
severely affected by the errors in the accelerometer measurements. Consequently, in this case,
proper calibration of the accelerometers permits the performance of longer duration
experiments.

The calibration method proposed in this paper comprises two tests, viz., static and dynamic
calibration. Unlike the procedure adopted in ref [10], the method we propose does not need
redundant accelerometers, but does require a displacement sensor. Besides improving the
accuracy of accelerometer measurements in existing methods, this fast relatively low-cost, and
robust calibration method could open up new applications for accelerometer arrays. So far,
these devices have mainly been confined to biomechanics applications (e.g, refs. [3, 7, 8]).

In Section 2, we first present the model of an accelerometer array. Then, Section 3 explains
how to obtain the scale factors, offsets, and sensitive directions of a generic accelerometer array
through a quasi-static calibration. In Section 4, a dynamic calibration procedure is proposed to
estimate the relative position of the accelerometers in the array. Some experimental results are
presented in Section 5 to validate our calibration method. Finally, in Section 6, we compare
angular-velocity estimates computed from non-calibrated and calibrated accelerometers.

2. ACCELEROMETER ARRAY MODEL

We wish to calibrate an accelerometer array, which is characterized by the positions and
orientations of its m accelerometers in B, the moving frame attached to the rigid body. Let ei be
a unit vector representing the sensitive direction of the ith accelerometer, while ri is its position
with respect to an arbitrary reference point B, as shown in Fig. 1. In turn, the position of B with
respect to the origin O of the fixed frame F is given by b similarly, pi represents the position of
the accelerometer Pi with respect to O at any given time.

Fig. 1. A rigid body equipped with m accelerometers moving in space.
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We also want to find the relation between the signal output of each accelerometer and the
acceleration to which it is subjected. Let us assume that the acceleration ai,j of an accelerometer
i at time step j is given by the linear relation

ai,j~aivi,jzbi: ð1Þ

where ai and bi are constants to be determined and vi,j is the signal, assumed to be a voltage,
produced by the ith accelerometer at time step j. Unless otherwise stated, all vectors are
expressed in the rigid-body frame B.

According to the rigid-body kinematics equations, the acceleration of the point Pi on the
rigid body can be found by double differentiating its position equation with respect to time. The
position of an accelerometer is given by

pi,j~bjzri ð2Þ

Hence,

_ppi,j~
_bbjzvj|ri ð3Þ

and

€ppi,j~
€bbjz _vvj|rizvj| vj|ri

� �
: ð4Þ

The ith accelerometer measures an acceleration ai,j at time j. It is written as projection of the sum
of the acceleration and gravity vectors on the accelerometer sensitive direction.

ai,j~eT
i €ppi,jzgj

� �
ð5Þ

where vj is the angular velocity, _vvj is the angular acceleration and gj is the gravitational vector
expressed in the moving frame B at time j. Since the gravity is constant in the fixed frame, gj

may now be expressed as

gj~Qj g½ �F ð6Þ

where Qj is the proper orthogonal matrix that rotates the fixed frame onto the mobile one at
time step j and g½ �F is the gravitational acceleration expressed in the fixed frame.

3. STATIC CALIBRATION

3.1. Formulation
Assume first that the trajectory chosen for the static calibration is traversed slowly, i.e., so

that any point acceleration €ppi,j of the array along it is below output signal detection threshold
sensitivity; certainly much smaller than gj in Eq. (5). Equating Eq. (5) to Eq. (1) yields

aivi,jzbi~eT
i €ppi,jzgj

� �
,
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or essentially

~eT
i gj: ð7Þ

Equation (7) may be written for the ith accelerometer as

aivi,jzbi~eT
i Qj g½ �F j~1, . . . ,n, ð8Þ

where n is the number of samples acquired during the calibration run. Equation (8) may be cast
in matrix form as

Vixi~0n, ð9Þ

where

Vi: vi,1 . . . vi,n½ �T , ð10Þ

vi,j: vi,j 1 { g½ �TFQT
j

h iT

, ð11Þ

and

xi~ ai bi ei½ �T ð12Þ

is the array of unknowns. The trivial solution xi~05 of (9) is not acceptable, since ei should be a
unit vector, i.e., eT

i ei~1. Moreover, in practice, measurement errors are always present, so that
the null-space of Vi only contains the zero vector. Hence, a more realistic formulation of the
problem is

minimize Vixik k2
2,

subjectto eT
i ei~1: ð13Þ

We see that problem (13) is not a standard linear least-squares problem, but rather a
quadratically-constrained least-squares problem. The quadratic constraint is nonconvex, making
the the solution of (13) more challenging than that of the usual least-squares problem.

3.2. Solution
We solve this problem through its first-order stationarity conditions. We define its

Lagrangian as

L xi,lið Þ~EVixiE2
2zli eT

i ei{1
� �

ð14Þ

where li is a Lagrange multiplier. We differentiate with respect to xi and li, which yields the
stationarity conditions
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LL

Lxi

~ VT
i VizliH

� �
xi~05, ð15aÞ

LL

Lli

~eT
i ei{1~0, ð15bÞ

where

H:
02|2 02|3

03|2 13|3

� �

This system is composed of six polynomial equations in six unknowns, xi and li. Two of these
equations are linear in the unknowns, while the remaining four are quadratic. Hence, the
Bézout number of this system is 16, so that solving it in its general form is not a trivial task.

We tackle the problem by first finding the directions of xi that solve Eq. (15a), and then
adjusting the norms of xi so that Eq. (15b) is also satisfied. Since xi=05, VT

i VizliH must be
singular, and the solution to Eq. (16) is found by computing the roots of the polynomial

det VT
i VizliH

� �
~0 ð16Þ

Notice that Eq. (16) is close to the form of an eigenvalue problem, but differs in that H is not
the 5|5 identity matrix. In order to bring this problem to a standard form, we partition VT

i Vi

as

Ui:VT
i Vi~

Ui,1,1 Ui,1,2

UT
i,1,2 Ui,2,2

" #

where Ui,1,1[R2|2,Ui,1,2[R2|3 and Ui,2,2[R3|3: We now compute the determinant by means of
the Schur complement [12] as

det
Ui,1,1 Ui,1,2

UT
i,1,2 Ui,2,2zli13|3

" # !
~0,

det(Ui,1,1)det({Ui,2,2zUT
i,1,2U{1

i,1,1Ui,1,2{li13|3)~0:

ð17Þ

Hence, the Lagrange multiplier li sought is one of the three eigenvalues li,1,li,2 and li,3 of the
matrix

UT
i,1,2U{1

i,1,1Ui,2,2{Ui,2,2

which is easily computed using appropriate commercial software.

Thence, the corresponding nullspaces of VT
i Vizli,kH, k~1,2,3, are computed from their

respective QR factorizations. Because VT
i Vizli,kH is a symmetric matrix, these QR
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factorizations may be written as VT
i Vizli,kH~Si,kRi,k~RT

i,kST
i,k, k~1,2,3, where Si,k is an

orthogonal matrix and Ri,k is an upper-triangular matrix. Equation (16) may now be written as

VT
i Vizli,k13|3

� �
x̂xi,k~RT

i,kST
i,kx̂xi,k~05 ð18Þ

where we use the variable name x̂xi,k instead of x̂xi,k because this vector has yet to be normalized
to comply with Eq. (15b). The problem of solving Eq. (18) may be regarded as that of finding
the vector ST

i,kx̂xi,k lying in the nullspace of RT
i,k. Now, because Si,kRi,k is rank-deficient, so is Ri,k,

and the last diagonal entry of the lower-triangular matrix RT
i,k is bound to be null. Hence, the

vector ST
i,kx̂xi,k lying in its nullspace is necessarily 04 1½ �T , and we have ST

i,kx̂xi,k~ 04 1½ �T . This is
easily solved as x̂xi,k~Si,k 04 1½ �T , and x̂xi,k is simply the fifth column of Si,k.

Once x̂xi,1,x̂xi,2 and x̂xi,3 are found, they must be normalized in order to satisfy Eq. (15b). The
final result xi is the one that minimizes Vixik k2

2 among

xi,k~
sgn âai,kð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x̂xT

i,kHx̂xi,k

q x̂xi,k k~1,2,3 ð19Þ

where âai,k is the first entry of x̂xi,k, and sgn(:) represents the signum function. Notice that the
computation of xi is almost instantaneous even for large numbers of measurements n, since it
merely involves forming matrix Ui, inverting a two by two matrix and computing the
eigenvalues of a three by three matrix.

3.3. Distinction between the Methods Proposed by Parsa et al. [10, 11] and Ours
The estimates of the accelerometer sensitive directions obtained through the proposed static

calibration method are different from those that would be obtained using any of the methods
reported in refs. [10, 11]. An important difference between these latter methods and the one
reported in this paper is the mathematical representation of the accelerometer sensitive
directions. In all the calibration methods they propose, Parsa et al. resort to rotation matrices
for this purpose. However, as its name indicates, a sensitive direction does not pertain to the
three-dimensional set of rigid body orientations, but rather to the two-dimensionl set of vector
directions in three-dimensional space. This set is described more concisely by unit vectors (ei,
i~1, . . . ,m), which is why we chose this representation in this paper, leaving only the
representation of the accelerometer array orientation to rotation matrices (Qj, j~1, . . . ,n). This
distinction, which may merely appear as a question of style, has implications on the formulation
and solution of the optimization problem associated with the calibration method.

Indeed, because of the relative complexity of the group of rotations, Parsa et al. resort to a
linearization [10, 11]. This leads to a least squares problem that locally approximates the true
optimization problem. As a result, only an approximation of the optimum sensitive directions is
obtained upon solving this problem. Therefore, Parsa et al. solve the least-squares problem
iteratively [11], always taking the last optimum found as the reference point for the linearization
of the new least-squares problem. This approach entails three drawbacks: ið Þ An initial sensitive
direction must be supplied by the user as a reference point for the first linearization; iið Þ The
algorithm is iterative, in that an unknown number of least-squares problems must be
successively solved in order to reach a local minimum; iiið Þ As this iterative scheme amounts to
a descent method, from an optimization standpoint, there is no guarantee that this stationary
point is the globally optimum sensitive direction.
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In contrast, by representing sensitive directions with unit vectors, we obtain the
quadratically-constrained least-squares problem of Eq. (13). We compute the global optimum
of this problem after transforming it into a standard eigenvalue problem. As a result, the
ensuing calibration method ið Þ does not require any user-supplied initial guess, iið Þ is direct, iiið Þ
is guaranteed to yield the globally optimum sensitive directions, in the least-squares sense.

4. DYNAMIC CALIBRATION

Once the scale factor ai, offset bias bi, and sensitive direction ei have been modified for each
of the m accelerometers, we proceed with the dynamic calibration. This step allows one to
compute the position of each accelerometer in the array.

4.1. Formulation
The input-output equation of a single accelerometer can be rewritten as

ai,j~aivi,jzbi~eT
i

€bbjzeT
i Wjri ð20Þ

where

Wj:V2
j z

_VVj: w1,j w2,j w3,j

	 
T ð21Þ

V is the cross-product matrix1 of the angular velocity.

Assume that ei, ai and bi, i~1, . . . m, were estimated in the preceding static calibration step
and that €bbj and Wj, j~1, . . . ,n, are computed from a sufficiently accurate displacement sensor.
We are left with the problem of finding ri, i~1, . . . ,m, which minimize the measurement errors.
This problem can be written as

minimize f rið Þ~
Xm

i~1

Xn

j~1

ai,j{eT
i

€bbj{eT
i Wjri

� �2

over ri, i~1, . . . ,m: ð22Þ

4.2. Solution
If we move the accelerometers in order to produce a trajectory for which n&m samples are

acquired from each accelerometer, we can find ri, i~1, . . . ,m, by solving the optimization
problem (22). The minimum is reached wheneve

Lf

Lri

~03, i~1, . . . ,m: ð23Þ

Expanding Eq. (23) for the ith accelerometer yields

Lf

Lri

~{2
Xn

j~1

ai,j{eT
i

€bbj{eT
i Wjri

� �
WT

j ei~03: ð24Þ

1The cross-product matrix of v is defined as V:L v|rð Þ=Lr for any v, r[R3.
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Solving Eq. (22) reduces to solving Eq. (24) for i 5 1,…,m, where ri may be isolated as

ri~
Xn

j~1

WT
j eie

T
i Wj

 !{1Xn

j~1

ai,jW
T
j {eT

i
€bbjW

T
j

� �
ei: ð25Þ

4.3. Distinction between the Method Proposed by Parsa et al. [10] and Ours
In [10], another dynamic calibration method is proposed for arrays of accelerometers.

However, the difference between the method proposed by Parsa et al. and the one proposed
here is quite fundamental. The dynamic calibration method proposed in [10] is for attitude

calibration, i.e., it is meant for the identification of the accelerometer sensitive directions. On the
other hand, the method proposed here identifies the sensor positions. Hence, the two methods
are not to be compared, as their scopes are completely different.

5. RESULTS

The static and dynamic calibrations were tested on an accelerometer array called the
Octahedral Constellation of Twelve Accelerometers (OCTA), which is shown in Fig. 2, and
whose exact characteristics are reported in ref. [13].

A 3D guidance trakSTAR displacement sensor from Ascension Technology Corporation is
also fixed to the rigid body. This piece of equipment is relatively inexpensive, as it retails at a
few thousands of US dollars. This displacement sensor measures both the point displacement
and the orientation of the rigid body, which it returns directly in the form of bj and Qj, here at a
rate of 100 Hz.

5.1. Static Calibration Results
The static calibration was performed to estimate ai, bi and ei, i~1, . . . ,12. All accelerometer

and displacement-sensor signals were acquired during five tests of 100 s each. Since the angular
velocity v, the angular acceleration _vv and the point-acceleration €bb are neglected, OCTA was
slowly moved by hand to obtain small inertial acceleration relative to the gravitational ones.
Because of the low cost of the accelerometers, the voltage acquired from the accelerometers is

Fig. 2. Photograph of OCTA.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 259

Paul
Highlight

Paul
Typewritten Text
... Proposed in [10] and Ours

Paul
Highlight



seen to be relatively noisy (see Fig. 3). A low pass filter with a low frequency cutoff of 2:5 Hz
that does not change the amplitudes of peaks of the acquired voltage was used to obtain more
precise data.

The results of the five independent static calibration runs are reported in Table 1 for the first
accelerometer. We observe a good repeatability across the different trials, which allowed us to
detect a small misalignment of 1:970 from the intended sensitive direction. The scale factor and
offset were found to be 0:48% and 1:63% different from the typical values of ai~31:4m=s2=V
and bi~{78:6m=s2 reported by the manufacturer.

Figure 4 shows the linear relation between the acceleration of an accelerometer and its
corresponding voltage. We obtain a clear linear trend between the acceleration and the voltage
within the range +1g, with a root mean square (RMS) error of 0:02g.

In order to validate the repeatability of the static calibration, the results of test #1 for the
twelve accelerometers were used to predict the accelerations in the other tests. The prediction
âai,j,k of the acceleration of the ith accelerometer at the jth time step for the kth test is given by

âai,j,k~ai,j,1vi,j,kzbj,1 ð26Þ

while the reference acceleration is computed as

ai,j,k~eT
i,1Qj,k g½ �F ð27Þ

The error between the prediction and the reference is thus given by

dai,j,k~âai,j,k{ai,j,k, j~1, . . . ,n: ð28Þ

The prediction and the error between the accelerations measured and the prediction of the first
accelerometer of the second test are presented in Fig. (5).

In the same fashion, the RMS errors of the twelve accelerometers over each of the four
witness tests were computed as

Fig. 3. Example of the noise of an accelerometer during the acquisition process.
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm

i~1

Xn

j~1

da2
i,j

� �
= nmð Þ

vuut ð29Þ

and are presented in Table 2. As a comparison, we also include the errors obtained by using the
nominal accelerometer-array parameters, that is, the accelerometer scale factors and biases
provided by the manufacturer, and perfectly aligned accelerometer sensitive directions. The
final overall RMS error of the predictions is approximately 0:28m=s2, or about 0:03g, which
appears as a reasonable degree of accuracy, considering the low price of the sensors.

5.2. Dynamic Calibration Results
The dynamic calibration of OCTA was also performed. The rigid body was shaken during the

data acquisition process so as to produce inertial accelerations. We acquired 10 000 samples for
each test and five tests were recorded.

Table 1. Accelerometer #1 results.

test a1 b1 e1

# m/s2/V m/s2

1 31.538 277.595 1:000 0:010 0:018½ �T
2 31.478 277.430 1:000 0:009 0:024½ �T
3 31.267 277.962 1:000 0:016 0:018½ �T
4 31.473 277.464 1:000 0:013 0:019½ �T
5 31.497 277.420 1:000 0:004 0:015½ �T

Fig. 4. The linear relation between the voltage and the acceleration of the first accelerometer in the
first static calibration trial.
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For each test, we need to compute ai,j,Qj,€bbj and Wj in order to solve Eq. (25) for ri. We first
compute the acceleration using the constants ai, bi and ei found in the static calibration step, the
output voltage of the sensors and Eq. (1). We then use the orientations measured by the
displacement sensor as the reference estimates of Qj. Finally, €bbj and Wj: _VVzV2

j are computed
by time-differentiating the displacement-sensor measurements. Because the double differentia-
tion of discrete signals is generally very sensitive to noise, this step is deemed difficult, and we
refer the reader to the Appendix for more details .

Since the accelerometers on OCTA are all biaxial, we neglect the distance between two
uniaxial accelerometers pertaining to the same pair, and we assume that they both have the
same position vector ri. Hence, we define the position of the two accelerometers on each biaxial
accelerometer as

r2i{1~r2i, i~1, . . . ,6: ð30Þ

The computed values of the positions ri of the six biaxial accelerometers are shown in Table 3
for tests one to five.

Fig. 5. Prediction of the acceleration of the first accelerometer for test #2 (a), and its associated
error (b).

Table 2. Static calibration RMS errors.

test calibrated parameters nominal parameters

(#) (m/s2) (m/s2)

2 0.2687 1.322
3 0.2829 1.306
4 0.2966 1.299
5 0.2803 1.334

0.28 1.315
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Similarly to the static calibration, we validate the dynamic calibration procedure by
computing the RMS error between the acceleration computed from Eq. (1) and from the right
part of Eq. (20). In order to compute the acceleration from this last equation, we use the
parameters ai, bi and ei found in the previous calibration step and the positions of the
accelerometers according to the first test of the dynamic calibration. We then compute the RMS
error for the calibrated accelerometers for the tests 2, 3, 4 and 5. We then compare them with
the RMS errors obtained using the same static parameters with the nominal positions of ri given
in [13]. The results of the RMS errors computed for the four tests are given in Table 4. The
positions found with the dynamic calibration are only slightly more accurate than the nominal
positions. Hence, it appears that a static calibration of the accelerometer array improves its
accuracy almost by a factor of five, whereas a dynamic calibration offers only marginal
improvements. We should point out, however, that the accelerometers used are at the low end

Table 3. Calibrated accelerometer positions r2i{1,i~1, . . . ,6.

biaxial

acc# test#1 test#2 test#3 test#4 test#5

1 0:197

0:001

0:006

2
4

3
5 0:200

0:002

0:006

2
4

3
5 0:199

0:001

0:006

2
4

3
5 0:201

0:000

0:003

2
4

3
5 0:200

0:001

0:008

2
4

3
5

2 {0:045

{0:039

{0:030

2
4

3
5 {0:047

{0:037

{0:031

2
4

3
5 {0:047

{0:038

{0:030

2
4

3
5 {0:047

{0:038

{0:027

2
4

3
5 {0:044

{0:039

{0:031

2
4

3
5

3 0:112

{0:033

{0:121

2
4

3
5 0:109

{0:031

{0:123

2
4

3
5 0:109

{0:033

{0:121

2
4

3
5 0:110

{0:031

{0:125

2
4

3
5 0:111

{0:034

{0:117

2
4

3
5

4 0:067

0:000
0:126

2
4

3
5 0:068

0:000
0:129

2
4

3
5 0:069

{0:000
0:129

2
4

3
5 0:068

0:000
0:124

2
4

3
5 0:069

{0:001
0:128

2
4

3
5

5 0:073

0:090

{0:028

2
4

3
5 0:073

0:094

{0:027

2
4

3
5 0:072
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Table 4. RMS dynamic calibration errors.

test calibrated ri nominal ri

(#) (m/s2) (m/s2)

2 0.451 0.4577
3 0.446 0.4525
4 0.4013 0.4048
5 0.398 0.404
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of the quality spectrum. The non-linearity of the inexpensive accelerometers used may have
undermined the dynamic calibration.

6. VALIDATION

In order to validate the calibration of the accelerometer arrays, we compare the angular
velocity of the rigid body computed from the accelerometer and from the displacement sensor.
The CANP method from ref [13] is used to find the angular velocity of the rigid body from the
acceleration data. We first compute the angular velocity from the accelerometer array by using
the calibration parameters obtained in Section 5. We then compare it with the angular velocity
computed using the same measurements along with the nominal value of ai, bi, ei and ri,
i~1 . . . 12. Finally, we use the displacement sensor measurements and Eq. (34) to compute a
reference angular velocity. According to the ADXL320 accelerometer datasheet [14], we have
ai~31:4 m

�
s2
�

V and bi~{78:6 m
�

s2.

The angular velocity of OCTA obtained for each method and the error between the reference
and the new method are shown in Fig. 6. We see that the calibrated accelerometers give better
estimates of the angular velocity than the non-calibrated ones. The CANP method resorts to the
centripetal component of the rigid-body acceleration field in order to estimate its angular
velocity. Because two angular velocities of opposite signs yield the same acceleration field, this
method is sensitive to sign changes whenever the angular velocity is close to being null. This
explains the sign errors on the non-calibrated results, which appear in Fig. 6 at times 3.5 s, 7 s,
9 s, for instance. As we see, in this application, the proposed calibration method plays a critical
role, and provides an average accuracy in the order of +0.25 rad/s for any given value of
angular velocity.

Fig. 6. Comparison of the angular velocity around the x axis for the trakSTAR, the non-calibrated
accelerometer and the calibrated accelerometer (a), and the error between the reference
(trakSTAR) and the calibrated accelerometers (b).
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7. CONCLUSIONS

A calibration method is proposed, which allows the full calibration of an m-accelerometers
array in two steps: a static calibration followed by a dynamic calibration. It is demonstrated
that using this method to calibrate the array yields better results for the angular velocity of a
rigid body than using the nominal values of the accelerometer-array parameters. It is also
shown that the calibration procedure yields good estimates of the positions and the sensitive
directions of accelerometers on a rigid body. These sensitive directions are globally optimum in
the least-squares sense, which was not guaranteed with the methods previously proposed in refs.
[10, 11]. The dynamic calibration step, however, seems to offer only marginal improvement over
the accuracy obtained after the static calibration step. Overall, this fast and inexpensive method
reduces the errors in the computation of the angular velocity and may be used to reduce the
drift rate when time-integrating acceleration measurements.
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APPENDIX: DISPLACEMENT MEASUREMENT TIME-DIFFERENTIATION

Time-differentiating displacement measurements twice often leads to noisy acceleration
estimates. In this section, we explain how we could obtain smooth estimates of the point-
acceleration, the angular acceleration and the angular velocity from displacement measure-
ments through proper filtering.

A first-order low-pass filter is first applied to the measured point-positions bj and
orientations Qj, j~1, . . . ,n, with a cutoff frequency of 10 Hz. This threshold seems to smooth
Qj and bj without changing the amplitudes of the peaks, as can be verified on Fig. 7. To avoid
any time shift caused by the filter, we filter the measurements in both forward and reverse time,
and we then take the average of the two results.

Once the acquired measurements are filtered, a central difference approximation of the first-
and second-order derivative are used to compute _QQj,

€QQj and €bbj, i.e.,

_QQj~
1

2Dt
Qjz1{Qj{1

� �
, ð31Þ

Fig. 7. Effect of the 10 Hz cutoff-frequency filter on the first component of bj.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 266

Paul
Highlight

Paul
Typewritten Text
Italicize book title.



€QQj~
1

Dt2
Qjz1{2QjzQj{1

� �
, ð32Þ

€bbj~
1

Dt2
bjz1{2bjzbj{1

� �
: ð33Þ

The cross-product matrices of the angular velocity and angular acceleration V and _VV may
now be computed from the relationships [15], namely,

Vj~Qj
_QQ

T

j , ð34Þ

_VVj~
dVj

dt
~ _QQjQ

T
j zQj

€QQ
T

j : ð35Þ

Because of errors, the resulting matrices are generally not exactly antisymmetric. We force
antisymmetry by averaging the matrix and its negative transpose, namely,

Vj~ Qj
_QQ

T

j { Qj
_QQ

T

j

� �T
� �

2 ð36Þ

and

_VVj~ _QQj
_QQ

T

j zQj
€QQ

T

j { _QQj
_QQ

T

j zQj
€QQ

T

j

� �T
� �

2: ð37Þ

The resulting estimates €bbj, Vj and _VVj, j~1, . . . ,n, are observed to be smooth.
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ABSTRACT

A cable inspection robot is proposed to automatically check the cables of a cable-stayed
bridge. First, a climbing model supported by an independent spring and an inspection robot is
designed. Second, the dimensionless parameter, h/r, which is the ratio of the vertical height of
the obstacle to the radius of the obstacle-climbing wheel, is selected as the evaluation standard
of the climbing ability of the robot; after which a mathematical model of such obstacle-climbing
ability is established. Third, the bearing capacity of the driving wheel rubber is studied using the
finite element method. Afterwards, the analysis of the climbing performance is then carried out
through simulation by studying two influential perspectives, namely, the positive pressure from
the passive end spring and the swinging angle of the passive wheel. Finally, field experiments are
carried out on the HuangPu Cable-Stayed Bridge. Based on the results, the robot can climb
steadily on various inclined cables.

Keywords: cable inspection robot; cable-climbing model; climbing ability.

L’ANALYSE SUR LE MODÈLE DE HISSAGE D’UN ROBOT POUR L’INSPECTION
DES HAUBANS D’UN PONT A HAUBANS ET LA CAPACITE A FRANCHIR DES

OBSTACLES

RÉSUMÉ

Pour l’inspection des haubans d’un pont à haubans, ce présent texte propose un robot.
D’abord, il présente un modèle de hissage en support avec ressorts indépendants et une
structure essentielle du robot a été conçue. Ensuite, il crée une norme d’évaluation de la capacité
à franchir des obstacles du robot, soit le paramètre adimensionnel h/r c’est-à-dire le ratio entre
la hauteur d’un obstacle et le rayon de la roue correspondante), un modèle mathématique du
robot qui franchit des obstacles. En plus, le texte a mis en oeuvre une méthode d’analyse par
éléments finis pour estimer la capacité de charge des caoutchoucs des roues motrices, et les
impacts de la pression issue des ressorts latéraux des roues motrices de l’angle d’oscillation du
bras de suspensions des roues motrices sur la capacité à grimper du robot, et une étude
d’émulation à franchir des obstacles a été mise en place. Enfin, un essai a été fait au Pont de
Huangpu à Shanghai, ce qui a montré que le robot peut grimper de façon stable le long de
haubans de différents angles d’inclinaison.

Mots-clés : robot pour l’inspection de haubans; modèle de grimpe en hauban; capacité à
grimper.
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1. INTRODUCTION

A cable-stayed bridge is a new type of bridge that has emerged in recent decades and is widely
used in many parts of the world. As the major stress components of cable-stayed bridges, cables
are exposed to the elements for a long time. Exposure to the air, wind, rain and sunshine results
in the corrosion or destruction of the polyethylene sheathing covering the cables, thus
threatening the safety of an entire bridge. This has led to serious problems, such as corrosion
area and breaking of the polyethylene sleeve shown in Fig. 1(a–b), although some protective
measures have been adopted. Failure to properly inspect these cumulative fatigue damages has
led to some serious accidents. In the United States, several cable-stayed bridges have shown
signs of cable damages mostly induced by susceptibility of stay cables to wind-induced
vibrations and corrosion [1]. All the cables of the Kohlbrand Estruary Bridge were replaced
only a few years after its completion due to serious corroding. Just several years after the St.
Nazaire Bridge crossing the Loire River was built, a mass of rust dropped from the cables when
workers knocked the cable with a hammer [2]. In Louisiana, all the cables of the Luling Bridge

Fig. 1. Broken cables and a typical inspection method. (a) Corrosion area, (b) Breaking of the
polyethylene sleeve, (c) Inspection method.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 270



were replaced because the corrosion of a few cables led to the uneven distribution of loading
throughout the bridge [3]. The Haiyin Bridge in Guang Zhou, China, which was built in 1988,
failed when the 9th cable suddenly broke and the 15th cable became loose, causing a sudden
collapse in the structural components. All the cables were replaced to avoid further accidents.
From the examples stated above, it is clear that preventive inspection of the cables is crucial to
ensure the safety of a bridge.

Apart from the need to thoroughly inspect existing bridges, the inspection market is also
enormous. Currently, there are thousands of cable-stayed bridges in the world, such as Sutong
Bridge (Jiansu, China), Tataro Bridge (Japan), Normandy Bridge (France), Stonecutters Bridge
(Hong Kong, China), and Ostrov Russkiy Bridge, the longest span bridge constructing in
Russia. All the cables on these bridges require thorough inspection since they have all been
opened for public use for several years now. However, typical inspection methods still rely on
the expertise of highly trained specialists who can work hundreds of meters above the ground
shown in Fig. 1(c) or on hanging brackets held by a steel rope, exposing them to a dangerous
and time-consuming task. Therefore, the need to develop cable inspection robots is an urgent
one.

Currently, some similar climbing mechanisms have been designed for pole-like structures that
are similar to a cable. For example, Ahmadabadi et al. proposed the Pole-Climbing Robot [4, 5]
(UT-PCR), the main aim of which is to perform the task of cleaning lamp posts throughout the
expressways. The UT-PCR consists of a triangular body and six limbs, with ordinary wheels at
the tip of each limb. Its power support is based on the cable connection; thus, it is suitable for
low-altitude operations. In another study, Aracil developed the Crawling Parallel Robot [6, 7],
which can climb easily along pipeline nodes and complicated overlapping tubular structures; its
column and square rod design allows bending at any angle. Moreover, it can operate on
complicated surfaces, such as that of a trunk. Professor Tianshen Li et al. proposed the Nos. I &
II cable-painting robots to solve problems with the maintenance of bridge cables [8]. They have
been tested successfully on the XuPu Bridge. However, both the outline size and the weight of
the robots are very large, reaching 70061000 mm in dimension and 150 kg in weight.
Furthermore, its maximum payload can reach 250 kg, thus requiring large power and driving
force. Using six linear actuators and three motors, a cable-climbing robot has been proposed by
researchers from China Jiliang University [9]. The robot is a hexagonal structure consisting of
two similar climbing modules, namely, the upper part and inferior part. Each part has a
clamping and moving mechanism, and using six linear actuators, the upper part or the inferior
part is dragged and detached from the cable surface, thus allowing the robot to surmount the
obstacle. However, no safety landing function exists; once an electrical fault occurs, the robot
slips down along a vertical cable by a constant acceleration from several hundred meters of
altitude. This can destroy the mechanism and threaten operators or workers. To inspect an
electricity line, the robot ‘‘Expliner’’ has been proposed by HiBot Corp. [10, 11]. The robot has
been designed to overcome cable spacers, suspension clamps, and other obstacles by actively
controlling the position of its center of mass and changing its configuration. This design
features the novel functions of moving on live transmission lines and performing detailed
inspections of the conductors with no power interruptions and reduced risks to the operators.
Other studies on special pole-like climbing robots have been developed and put into practice.
These include the climbing snake robot (CSR) [12], a climbing robot named RISE V3 [13], a
low-cost modular pole-climbing robot [14], the 3DCLIMBER for 3D tubular structures [15], a
ROMA for metal-based bridge inspection [16], Type I-Type III pipe-surface-inspection robot
[17–19], a hybrid pole-climbing and -manipulating robot [20], a robot named Robot V2 that is
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capable of climbing poles with cylindrical or conical shapes [21], a four-DOFs climbing
structure named PCR [22], the ExplorerTM family of pipe robots [23], and a climbing ring
robot for inspecting offshore wind turbines [24]. However, these robots mainly perform
climbing tasks in low-altitude applications, such as the inspection of lamp posts on highways,
the vertical and inclined pipes in nuclear power plants, ground storage tanks, and other tube-
like structures.

A wheel-based cable inspection robot that can climb up a vertical old-style smooth cable on
the cable-stayed bridge has been proposed in our lab [25], and a safety landing mechanism is
introduced. The newly designed cables with many pits or spiral lines require a robot with
proper climbing ability, as the obstacle is usually smaller than the thickness of the
polyethylene sheathing. The robot should possess high-operation efficiency in altitudes, as
well as a simple structure because a cable-stayed bridge consists of several hundred cables.
Furthermore, the robot should be lightweight with small wheels. Based on the demands of the
inspection company and our research, technical details of the inspection robot should include
the following: (1) travel speed faster than 0.2 m/s; (2) mass lower than 7 kg; (3) maximum
payload (NDE equipments and CCD cameras) of 3 kg. (4) total mass (including inspection
equipments) of no more than 10 kg; (5) obstacle to climb of 5 mm; (6) diameter range of the
cable of 60–205 mm; (7) levels of autonomy at the teleoperation, and (8) for the battery, a
minimum distance of no less than 1500 m for one charging cycle. Moreover, the robot must
possess a safe landing capability to guarantee that it returns safely to the ground in case of
electrical interruptions.

In the current work, the direction of the spring of the previous model [25] is optimized. Using
only a single motor, a cable-inspection robot supported by an independent spring is proposed
and designed. A new evaluation standard of its climbing ability is proposed, and a mathematical
model of its obstacle-climbing ability is also established. The obstacle-climbing performance is
analyzed in detail, and related simulated analysis and field experiments are carried out to test
the performance of the robot.

2. CLIMBING MODEL OF THE CABLE-INSPECTION ROBOT

The structural mechanism is the most critical component of a cable-inspection robot system
because it directly affects its capability and technical index. The mechanism includes the
selection of moving modes and the design of the climbing plans. To achieve a suitable moving
mode in high altitude, the authors analyzed the motivation methods of various specialized
climbing robots.

From Table 1, if the robot uses the squirmy mode and the walking mode several hundred
meters above ground, the robot can meet difficulties returning to the ground automatically
when something goes wrong with the electrical circuits. Meanwhile, the crawler mode
mechanism is extremely complicated, and its construction cost is relatively high. Thus, the
highly efficient and reliable wheel-driven robot adapts better in the task of inspecting high-
altitude cables.

The proposed cable inspection robot model is shown in Fig. 2. This model consists of an
equally spaced driving vehicle (A) and a passive vehicle (B) facing each other. Each vehicle
possesses two wheel limbs at its two ends. Only the upper wheel of the driving vehicle is
actuated by a powerful DC motor. The passive vehicle is merely applied to provide supporting
force to clasp on the cable. The driving vehicle shown in Fig. 3(a) consists of the driving model
(M) and the speed limited descending structure (N); this serves as the power source of the entire
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climbing structure. The automatic descending equipment is made up of a cylinder (3), crank
slide installations (4, 5), and a one-way clutch (7). When the robot descends, the driving wheel
leads the crank, which drives the piston to do the reciprocating motion in the cylinder. Then, the
gas is inhaled and discharged out of the cylinder through a small hole carved at the bottom of
the cylinder. Gas damping is then formed to reduce the excessive energy generated by the
gravity of the robot.

The passive vehicle balances the entire structure and provides the clamping force. It possesses
upper and lower swinging arms shown in Fig. 3(b) and each swinging arm is connected to a
passive wheel (23 and 24). The upper and the lower arms are compressed by the spring to install
the cable and provide clamping force once the robot is installed on the cable. When meeting the
obstacle, the two arms stretch freely to allow the wheel to come in contact with the cable and
adapt to the rough surface.

Table 1. Analysis and comparison of the moving modes of special robots.

Moving mode
Characteristic

Squirmy mode Crawler mode Walking mode Wheel mode

Crawling ability stronger strong weak strong
Body weight light heavy heavier lighter
Whole structure more complex more complex complex simple
Portable sensor convenient convenient more convenient convenient
Operation stability better good worse better
Operation efficiency low high lower high
Controlling mode simple simple complex simple
Cost low higher high low

Fig. 2. The cable inspection robot model. (a) Climbing model, (b) Top view from the axial direction
of a cable.
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With four sets of connectors (AB1, AB2, AB3, and AB4), the two-wheel vehicles are linked
into a long barrel form to clamp the cable. By linking the threaded holes with different
distances, the linking place can be adjusted easily and installed on cables with different
diameters. Wheel 1 of the driving vehicle can be driven by a direct-current motor to drive the
entire structure in its climb up. The driving and the passive wheels were processed a ‘‘V’’
shape; this enlarges the contact area, reduces wear and tear, and prevents a deadlock caused
by the deviation of the structure. On each side of the connector, an anti-bias device is placed,
which consists of several anti-deviation universal balls (C1–C8) and relevant interconnecting
links shown in Fig. 2(b). When the robot is in normal operation, the anti-bias universal balls
keep a certain distance away from the cable. When the robot has a deviation tendency or is
critically detached from the cable, at least one group of universal balls can withstand the cable
in order to prevent the robot from deviating from the cableway. The material object of the
robot is shown in Fig. 4.

As shown in Fig. 5, h2 represents the angle between the upper arm and the horizontal
direction, b2 is the angle between the spring force on wheel 2 and the vertical direction, N2 is the
supporting force cable acting on wheel 2, T2 is the spring force on the upper arm, and F2 is the
supporting force of the upper swinging arm on a passive wheel 2. In addition, mw2 is the mass of
wheel 2, d is the diameter of the cable, and a2 is the angle between the supporting force and the
horizontal line. The mass of the upper swinging arm is ignored, and the upper swinging arm is
considered as a two-force bar. Based on the above analysis, with the passive wheels as an
example, we have

Fig. 3. Structures of the vehicles. (a) The structure of the driving vehicle, (b) The structure of the
passive vehicle. 1-Body of the driving vehicle, 2- Encoder, 3-Cylinder, 4-Slider, 5-Link, 6-Driving
wheel, 7-One-way clutch, 8-Connecting piece, 9-Drive bevel gear, and 10-Electric motor. 21-Upper
swinging arm, 22-Upper spring, 23-Upper wheel, 24-Lower passive wheel, 25-Lower spring, and 26-
Lower swinging arm.
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F2sinh2~T2cosb2zmw2gzN2sina2zFf 2cosa2

F2cosh2zT2sinb2zFf 2sina2~N2cosa2

�
: ð1Þ

From the above, we can deduce that

N2~
T2cos h2{b2ð Þzmw2gcosh2

sin h2{a2ð Þ{ mcos h2{a2ð Þ
sinb=2

: ð2Þ

Fig. 4. The material object of the robot.

Fig. 5. Force analysis of wheel 2. (a) Climbing on a straight cable, (b) Crossing over an obstacle.
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When a2~0, the cable is smooth and straight. Based on Eq. (2), when h2 has a fixed value and
b2~h2, the spring force is in a vertical relationship with the upper arm. Whether the robot is
climbing on a smooth and straight cable or crossing an obstacle, the horizontal component of
the supporting force reaches its maximum. In other words, the positive pressure applied to the
driving wheel reaches the maximum, and the relative climbing ability of the robot is
strengthened.

3. EVALUATION METHOD FOR THE CLIMBING PERFORMANCE OF THE
WHEEL-BASED ROBOT

Moving robots working on a rugged road usually have two choices, either cross an obstacle
or avoid it. However, a cable-inspection robot can only move along a cable. Therefore, this
robot regularly comes across obstacles, such as ridges on a cable surface once the sheathing
loosens from the cable. As for the particularity of the cable structure, the sheathing of newly
designed cables can be crushed to form many pits or spiral line to alleviate the effect of the wind
load when the obstacle is not larger than the thickness of the polyethylene of the cable.
Therefore, a suitable climbing ability should be designed to avoid high costs. The method
proposed in the current study features the obstacle-crossing ability of a unit radius (h/r), which
is used to evaluate the ability of the robot to cross obstacles. Here, r is the radius of the wheel,
and h represents the height of the obstacle.

The climbing ability of the robot in the experiment is directly related to the holding power, T2

and T3, the spring of the passive wheel and the angle of the lower arm (h2, h3). The climbing
vertical cable was used as an example to analyze the obstacle-crossing ability of driving wheel 1
and passive wheel 2. The method used for wheel 3 and wheel 4 was similar to that used for
passive wheel 2. Therefore, the method was not repeated here.

3.1 Climbing Ability of the Driving Wheel
As Fig. 6(a) shows, the state of the driving wheel when crossing obstacles is similar to a

staircase. In such a state, wheel 1 leaves the cable surface. Various forces and their sizes are seen
in the figure. The force equation for the robot in the horizontal direction and in the vertical
direction can be acquired along with the torque balance equation for the obstacle-crossing axle
given as follows:

N1 sinw1zm1cosw1ð ÞzN4~N2zN3 ð3Þ

N1 m1sinw1{cosw1ð Þ{Mg{ N4zN2zN3ð Þm2~0 ð4Þ

{N1m1r1zN2 L2zl2sinh2{L1ð ÞzN2m2 dzr1ð Þ{N3 L1zL3zl3sinh3ð ÞzN3m2 dzr1ð Þ

zN4 L1zL4ð ÞzN4m2r1zMg d=2zl1zr1

� �
~0

ð5Þ

In the above, M is the mass of the robot, g is the gravity acceleration, d is the diameter of the
cable, Ni (i51, 2, 3, 4) is the counterforce that the cable or the obstacle exerts on wheel i, m1 is the
sliding friction coefficient, m2 is the rolling friction coefficient, and w1 is the angle between the
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counterforce on the driving wheel and the vertical direction. To simplify the problem, the rolling
friction coefficient m2~0 is regarded. Based on the geometric relation, sinw1~1{h=r1. Based on
the symmetric relation of the passive wheel, N2~N3~T2=sinh2~T3=sinh3, L1~L4, L2~L3.

From Eqs. (3) and (4), one can obtain:

N4~
T2

sinh2
z

T3

sinh3
{

Mg sinw1zm1cosw1ð Þ
m1sinw1{cosw1ð Þ

N1~
Mg

m1sinw1{cosw1ð Þ

8>><
>>: : ð6Þ

According to Eqs. (5) and (6), dimensionless parameters h=r1 can be obtained

h

r1
~

g1
2zg2

2{Mgm1r1g1{g2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g1

2zg2
2ð Þ{ Mgm1r1ð Þ2

q
g1

2zg2
2ð Þ ð7Þ

In the equations:

g1~
2L4T2

sinh2
zMg d=2zl1zr1

� �� �
m1{2L4Mg,

Fig. 6. Analysis of the climbing ability of the robot. (a) Forces on the driving wheel when crossing an
obstacle, (b) Forces on passive wheel 2 when crossing an obstacle.
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g2~2L4Mgm1z
2L4T2

sinh2
zMg d=2zl1zr1

� �� �
,

h=r1 refers to the height of the obstacle the unit radius of the driving wheel can cross (it also
indicates the obstacle-crossing ability of the robot), h is the height of the obstacle, and r1 is the
radius of the driving wheel. The larger r1 is, the stronger the obstacle-crossing ability of the robot.

3.2 Climbing Ability of Passive Wheel 2
When passive wheel 2 comes in contact with a vertical obstacle as Fig. 6(b) shows, the balance

equation in the horizontal direction and the vertical direction, and the torque equation of the
obstacle-crossing axle are given by:

N2sina2zN3~N2m2cosa2zN1zN4, ð8Þ

N1m1{N2cosa2{Mg{N2m2sina2{N3m2{N4m2~0, ð9Þ

N1m1 r2zdð ÞzN1 L2zl2sinh2{L1ð Þ{N2m2r2{N3m2r2{N3 L2zL3z2l2sinh2ð Þ,

{N4m2 r2zdð ÞzN4 L2zL4zl2sinh2ð Þ{Mg r2zd=2{l1ð Þ~0
ð10Þ

where a2 is the angle between the counterforce on the passive wheel and the vertical direction.
Based on the geometric relation and the forces relation, we have sina2~1{h=r2; in addition,
based on the symmetric relation on the passive wheels, N3~T3=sinh3, we obtain
N2~T2=sin h2za2{p=2ð Þ.

To simplify the problem, the rolling friction coefficient m2~0; thus, from Eqs. (8) and (9), we
can obtain:

N1~
{T2cosa2zMgcos h2za2ð Þ

m1cos h2za2ð Þ

N4~
T3

sinh3
z

T2cosa2{Mgcos h2za2ð Þ
m1cos h2za2ð Þ {

T2sina2

cos h2za2ð Þ

8>><
>>: : ð11Þ

According to Eqs. (10) and (11), we can deduce that:

h

r2
~

1z
g3

g4

� �2

+ g3

g4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g3

g4

� �2

z1

r
g3

g4

� �2

z1

: ð12Þ

In the above equations:

g3~T2z
T3m L4{L3{l2sinh2ð Þ
sinh3 2L1{m1 r2zdð Þ½ �{

Mgm r2zd=2{l1

� �
2L1{m1 r2zdð Þ½ � {Mg

8<
:

9=
;cosh2,
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g4~
2L4T2m

2L1{m1 r2zdð Þ½ �{
Mgm r2zd=2{l1ð Þ

2L1{m1 r2zdð Þ½ � zMg

� �
sinh2,

h=r2 refers to the height of the obstacle that the unit wheel radius can cross (it also indicates the
obstacle-crossing ability of passive wheel 2), h is the height of the obstacle, and r2 is the radius of
the passive wheel.

In this section, a parameter of the obstacle-crossing ability of a unit radius (h/r) is proposed
to evaluate the climbing ability of the robot; from this, the relation between the obstacle and
radius of the wheel is revealed. Using this method, the obstacle-climbing performance of the
driving wheel and passive wheel 2 of the climbing model shown in Fig. 2(a) are deduced, see
Eqs. (7) and (12). These can be used to select the actual minimal wheel based on the height of
the obstacle. The section provides a basis for the simulation of the climbing performance and
the detailed dimension of the robot.

4. CLIMBING PERFORMANCE OF THE ROBOT

If the robot wants to cross an obstacle, it must meet two constraint conditions, whose details
are listed below.

(1) The forces on the driving wheel must be within the endurable capacity and they are
affected by the fatigue strength of the rubber; and

(2) The constraint condition of the passive vehicle’s swinging arm angle must be present.
Based on Fig. 6(b), if the passive wheel wants to cross an obstacle, the extended line of CB
should be above the contact point (G). In this case, a2zh2{p=2~0 is defined as the dead
center position, and it should meet the condition:

a2zh2{p=2w0, ð13Þ

4.1 Finite Element Analysis of the Driving Wheel Rubber
The driving wheel of the robot is made of casting rubber molded by the hard aluminum

wheel. It will be damaged more easily than the other parts of the robot, especially when the load
is large. As the material of the rubber has nonlinearity, geometric nonlinearity, and contact
nonlinearity, the forces applied on the driving wheel are extremely complicated. In this section,
the finite element method is used to analyze the stress-strain relation of the driving wheel to
ensure its fatigue strength.

To simplify the model, the following hypothesis is made: although the aluminum wheel spider
modulus is several million times stronger than the rubber wheel modulus, the aluminum wheel
spider is not deformed while loading. The contact area, which refers to the 30u angle between
the driving wheel and the cable, is the key point in the research because, theoretically speaking,
the force-strain relation in this area is the largest. The generated finite element model and the
deformation of the rubber are shown in Fig. 7. The rubber material has the following constant
values: rubber elastic modulus E57.84 MPa, and the poisson ratio n50.4999.

The deformation of the driving wheel mainly occurs in the contact area between the wheel
and the cable. The maximum distortion is 0.6863 mm. After the strain and stress of the driving
wheel are analyzed, we obtain the relation curve between the deformation and the loading in the
contact area shown in Fig. 8, in which the deformation increases as the load increases. When the
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load is relatively small, the deformation increases easily; the rate of deformation decreases when
the load becomes larger.

Based on the elastic mechanics analysis, on the one hand, there is a small rubber material that
makes contact with the cable at the beginning of the loading. The displacement increasing
tendency is larger than the loading increasing tendency. However, with an increase of the
loading tendency, there occurs increased total stiffness as well as rubber contact with the cable.
In turn, this causes the increase in the tendency of displacement to be less than the increase in
the tendency of the loading, thus reflecting the nonlinear contact of the rubber material. On the
other hand, without change on the rubber and on its particular properties, its stiffness increases
with the loading. This causes the deformation to increase at a smaller rate, thus reflecting the
geometric nonlinearity.

4.2 Loading ability of the driving wheel rubber
To ensure the safety of the driving wheel when moving on the cable for a long time, aside

from Eq. (13), the driving force must be within the endurable capacity of the fatigue strength of
the rubber. That is, the resultant force (N ’11, N ’12) acting on any side of the V-shaped driving
wheel must meet:

N ’11ƒ
N0

d
ð14Þ

where N0 is the limit stress of the rubber (from Fig. 8, one can obtain N0~499N when the
maximum distortion is 0.6863 mm), and d is the safety factor (in this section, d~1:4). For the
driving wheel shown in Fig. 9(a), we can conclude that:

N1~N11sin b=2ð ÞzN12sin b=2ð Þ~2N11sin b=2ð Þ, ð15Þ

Fig. 7. Finite element model of the driving wheel. (a) Finite element model, (b) Deformation of the
driving wheel.
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where N11 and N12 are the supporting forces acting differently on the two cone-shaped sides of
the V-shaped driving wheel, respectively, and b is the V-shaped wheel angle. Therefore, Eq. (14)
can be written as:

N ’11~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

11z Ff 11

	 
2
q

~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N1

2sinb=2

� �2

z Ff 11

	 
2

s
ƒ

N0

d
, ð16Þ

where Ff 11 and Ff 12 are the driving forces acting differently on the two cone-shaped sides of the
driving wheel, respectively, N ’11 is the resultant force of N11 and Ff 11, N ’12 is the resultant force
of N12 and Ff 12, respectively.

Fig. 8. The relation between force and the deflection of the rubber wheel.

Fig. 9. Analysis of the driving wheel. (a) Force diagram of the driving wheel, (b) Analysis of the
whole model.
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From Fig. 9(b), the force equation for the robot in the horizontal and vertical directions can
be determined, along with the torque balance equation for the contact point O2 given as follows:

N2zN3~N1zN4, ð17Þ

Ff 1~Ff 11zFf 12~MgzN2m2zN3m2zN4m2, ð18Þ

N2mzN2m2dzMg d=2zl1ð ÞzN3m2d{N3 L1zL4znð ÞzN4 L1zL4ð Þ~0, ð19Þ

where m2 is the rolling friction coefficient of polyethylene sheathing and nylon. In this
section, m2~0, N2~N3~T2=sinh2~T3=sinh3, and m~n. From Eqs. (17)–(19), we can
conclude that:

N4~
T2

sinh2
{

1

L1zL4
Mg d=2zl1ð Þ½ �,

Ff 11~
1

2
Mg,

N1~
T2

sinh2
z

1

L1zL4
Mg d=2zl1ð Þ½ �,

Therefore, Eq. (16) can be converted to:

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

sinb=2

� �2
T2

sinh2
z

1

L1zL4
Mg d=2zl1ð Þ½ �

� �2

z Mgf g2

s
ƒ

N0

d
, ð20Þ

Equations. (13) and (20) are the limit conditions of T2 and h2.

4.3 Climbing Performance of the Robot
Under these conditions, Eqs. (13) and (20), the simulation study was carried out on the

obstacle-crossing ability of the robot. The structure parameter of the robot is presented in
Table 2.

Using the function of mesh in MATLAB, the variation trend of the obstacle crossing ability
(h=r) with a change in h2 and in positive pressure T2 were obtained based on Eqs. (7) and (12),
see S1, S2, S3, and S4 shown in Fig. 10. S1 and S2 represent the surfaces that wheel 2 can climb
over, and S3 and S4 represent the surfaces that the driving wheel can climb over. The maximum
value in the intersection of S1 and S2 with S3 and S4 is the point with the strongest climbing
ability. Based on the results, we arrive at the conclusions listed below:

(1) When the passive wheel is climbing, the obstacle-crossing ability is relatively weak if h2

is relatively small and the upper arm lands easily within the dead point range as shown in Fig. 6(b).
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h/r2 of passive wheel 2 strengthens with an increase in h2 and positive pressure T2, as can be seen
from surface S2 shown in Fig. 10(a). On surface S2, h2 has a greater influence on h/r2 than T2.
However, if h2 is relatively large, the upper arm is beyond the dead point range. The obstacle-

Table 2. Parameters of the robot.

Mass of the robot (kg) M1~7:0
Loads of the robot (kg) M2~3:0
Spring stiffness (N/mm) k~3:6
V-shaped wheel angle (Deg) b~1500

Focus shift (mm) l1~17
Deflection distance of the passive wheel (mm) m~n~10
Static friction coefficient m1~0:7
Cable diameter (mm) D~100
Pivot distance (mm) L25114
Distance between wheel 1 and wheel 3 (mm) L1~140

Fig. 10. Simulation of the climbing ability of the robot. (a) Simulation of the obstacle crossing of the
passive wheel, (b) Simulation of the obstacle crossing of the driving wheel.
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crossing ability is relatively strong. h/r2 weakens with an increase in h2, but strengthens with an
increase in positive pressure T2, as can be seen from surface S1.

(2) When the driving wheel crosses an obstacle, if h2 is relatively small and the normal force of
the spring is relatively large, the obstacle-crossing ability is influenced mainly by the failure
condition of driving wheel. The obstacle-crossing ability of the driving wheel is relatively weak,
even zero. h/r1 increases with an increase in h2 and the positive pressure T2, as can be seen from
surface S4 shown in Fig. 10(b). However, if h2 is relatively large, failure conditions of the
driving wheel have less constraint on the climbing ability, and the obstacle-crossing ability of
the driving wheel becomes stronger. h/r1 weakens with an increase in h2, strengthens with the
positive pressure T2, as can be seen from surface S3.

Based on the obstacle-crossing ability of the driving wheel and the passive wheel, the
obstacle-crossing ability of driving wheel 1 is usually weaker than that of passive wheel 2. This is
because there is the horizontal component in the main power of driving wheel 1 when it crosses
the obstacle, in contrast to wheel 2, which can be seen in Fig. 6(a–b). Therefore, by combining
both surfaces shown in Fig. 10(a–b), the maximum point of the coincidence area shown in
Fig. 10(c) is the strongest point at which to cross the obstacle. In other words, the maximum
point of the abovementioned coincidence area is the actual obstacle-crossing height. Based on
Fig. 10(c), when h2~560 and T2~545 N, the complicated obstacle-crossing ability of the robot
reaches the maximum, h=r~0:1734.

There is a dead point for passive wheel 2 when it climbs up to cross the obstacle, whereas
there is no dead point for passive wheel 3. In addition, no horizontal component exists for the
main power of the mechanism when passive wheel 4 crosses the obstacle. Therefore, the
obstacle-crossing abilities of wheel 3 and wheel 4 are higher than those of wheels 2 and 1,
respectively. When the mechanism lands, the obstacle-crossing ability of the robot is larger than
when it climbs, thus taking its own weight, which is another power force. Therefore, the more
complicated nature of wheel 1 and wheel 2 experiencing difficulty in crossing obstacles are
studied here, other than wheel 3 and wheel 4.

In this section, the loading ability of the driving wheel rubber was analyzed using the finite
element model, and the relationship between force and the deflection of the rubber wheel was
obtained. Then, the limit conditions of T2 and h2 were deduced as shown in Eqs. (13) and (20),
and the climbing abilities (h/r) of the driving wheel and passive wheel 2 were simulated
according to Eqs. (7) and (12). When h2~560 and the spring force T2~545 N, we can conclude
that the climbing ability of the robot is strongest at h=r~0:1734 shown in Fig. 10(c). When the
equivalent radius of the wheel is 30 mm, the robot can cross an obstacle with a height of
5.202 mm, which satisfies the general cable inspection requirement. Based on the above-
mentioned data, a prototype of the inspection robot can be built, and the experiments can be
conducted.

5. ROBOT FIELD EXPERIMENTS

To verify the effective function of the robot prototype, experiments were performed on the
HuangPu Cable-Stayed Bridge.

5.1 Experiments of Obstacle-Climbing Performance
Three driving models were designed, with different driving wheel radii of 20, 30 and 40 mm,

respectively. Different motors were selected and used to guarantee that each model had
sufficient power. The climbing velocity and obstacle-climbing performance were tested on
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various cables. The tested linear speed was between 12.6–14.4 m/min, depending on the size of
the cables where the machine was moving. In four climbing wheels, the obstacle-climbing
performance of the driving wheel was the lowest. The maximal obstacle heights climbed were
3.2, 5.1, and 6.8 mm, which were slightly smaller than the theoretical values of 3.468, 5.202 and
6.936 mm, respectively.

Here, we set the climbing velocity v~0:23 m/s. Let us assume that the entire weight of the
robot and payload is 10 kg, i.e., M~10kg. The power levels produced by the robot were
P1~Mgv~23W when the robot was moving on smooth cable. However, the driving torque was
8.1 Nmm when it crossed the obstacle. Therefore, the mechanism was equipped with a 70 W
brushless motor connected to a train of planetary gears with a total reduction ration of 51 and
maximum continuous torque of 9 Nm. The energy was supplied by a lithium battery, and the
robot can be installed on the cable by only one worker.

5.2 Experiments of the Loading Ability of the Driving Wheel
We took model 2 as an example to test the loading ability of the driving wheel. Here, the

robot was in normal operation when the spring force T2ƒ545N. This meant that even if the
wheel was on skid rotation, the surface of the driving wheel did not change. When the driving
force was enough, as the spring force increased to 700 N, the driving wheel shown in Fig. 11(b)
was frayed badly after several hundred meters; and when the spring force increased to 800 N,

Fig. 11. Pictures of the rubber of the driving wheel. (a) Normal wear of the driving wheel, (b) Heavy
wear of the driving wheel, (c) Fracture of the driving wheel.

Table 3. Main parameters of the cables on the bridges.

Parameter

Bridge
Longest

cable (m)
Shortest
cable (m)

Minimum
slanting

angle

Maximum
slanting

angle

Largest
diameter

(mm)

Smallest
diameter

(mm)

HuangPu
Cable-Stayed
Bridge

390 121 29:6340 86:6610 143 100
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the driving wheel became damaged after several ten meters shown in Fig. 11(c). This problem
can lead to the robot slipping because the required friction force to sustain the weight of the
robot is not satisfied, or stuck on the cable if the rubber of the driving wheel is seriously
damaged. Therefore, the spring force must be in the scope of design, and the weight of the robot
should follow the basic principle of ‘‘the smaller the better.’’

5.3 Application of Inspection Robot
Based on principle of the least outline, when the climbing ability was satisfied, model 2 was

selected to test the cables of HuangPu Cable-Stayed Bridge, the main parameters can be seen in
Table 3. On the surface of these cables were numerous pits that can mitigate wind-rain-induced
vibrations. This bridge was selected to test the applicability of the robot to these new-style
cables. The total length of the inspected cables was 12 km. The results demonstrated that the
inspection robot steadily navigated on the new-style cables with pits as shown in Fig. 12. The
deviation phenomenon did not occur under the unfavorable combination of cable surface and
climbing conditions. The main technical specifications of the robot are listed in Table 4.

In the field inspection, only few surface damages were detected, including surface corrosion
and PE sheathing split shown in Fig. 13(a–d). After inspection, the data were automatically
processed on the ground and any anomalies found, such as rust, defects, surface damage, or line
diameter changes that indicate internal corrosion, were flagged for inspection. As Fig. 14 shows,
to improve the reliability of the mechanism, another climbing robot was used to drag it back to
the ground once the phenomenon of electric malfunction occurred.

6. CONCLUSION AND FUTURE WORK

In this paper, the climbing model of a cable inspection robot supported by an independent
spring is proposed. A stayed cable inspection robot is designed, and the h/r is proposed as the

Table 4. Technical specifications of the robot.

Dimensions Mass Payload Climbing speed
Height of
obstacle

Diameter scope
of the cable

39262056220 mm 7.0 kg 3.0 kg 0–0.225 m/s .5 mm 60–205 mm

Fig. 12. Field test of the robot.
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evaluation standard of the climbing ability of the robot. After establishing the mathematical
model of the obstacle of the robot crossing, the optimal value of the h/r is acquired by
studying the influence of a positive spring force from the passive end and of the swinging angle
from the supporting arm of the passive wheel. Moreover, based on two constraint conditions,
namely, the loading capacity of the rubber driving wheel and the swinging arm angle of the
passive wheel, the climbing ability of the robot have been analyzed in detail. The field
experiments and tests indicate that the robot can move steadily and meet the requirements of a
cable inspection.

To ensure the stability of the robot while working at a high altitude of several hundred
meters, future research should focus on the influence of altitude wind loading and cable
vibration on the climbing ability of the robot. Furthermore, cable safety should be considered
to enable the robot to work under different altitude wind loadings.

Fig. 13. Results of inspection: (a) Longitudinal split in PE sheathing, (b) Surface corrosion, (c)
Surface brush burn, (d) Surface scuffing.
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ABSTRACT

This work synthesizes the mechanism structures of the drawloom for pattern-weaving, which
was illustrated unclearly in many ancient Chinese literatures. Based on the analysis of mechanism,
the structural characteristics and design constraints of the mechanism with uncertain members
and joints are concluded. Then, according to the concepts of generalization and specialization
subject to the concluded design constraints, all feasible structures of mechanism that meet the
technological standards of the subject’s time period are reconstructed including 16 and 8 design
concepts for the heddle foot-falling device and the heddle foot-raising device, respectively. This
reconstruction process provides a logical foundation to deal with the issue of the ancient
mechanical drawings with uncertain members and joints.

Keywords: structure of mechanism; reconstruction design; history of machinery; drawloom;
pattern-weaving.

SYNTHÈSE DE LA STRUCTURE D’UN ANCIEN MÉTIER À TISSER À LA TIRE
CHINOIS POUR LE TISSAGE DE PATRONS

RÉSUMÉ

Ce travail présente la synthèse des structures du mécanisme d’un métier à tisser à la tire pour le
tissage de patrons, ce qui ne se trouvait pas clairement dans la littérature chinoise ancienne. En se
basant sur l’analyse du mécanisme, nous exposons les caractéristiques de structure et les
contraintes de conception d’un mécanisme comportant des incertitudes des membres et des joints.
Ensuite, selon les paramètres de conception générale et spécialisée assujetties à des contraintes,
toutes les structures possibles de mécanisme, rencontrant les standards technologiques de
l’époque, sont reconstruits, incluant 16 et 8 conceptions de lisse, des mécanismes du pédalier
qui font lever ou baisser la lisse respectivement. Ce processus de reconstruction fournit une
base logique pour traiter de la conception ancienne de mécanismes comportant des membres et
joints incertains.

Mots-clés : structure de mécanisme; concept de reconstruction; histoire des machines; métier à
tisser à la tire; tissage de patron.
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1. INTRODUCTION

There were numerous inventions of the weaving mechanisms in ancient China. The
drawloom for pattern-weaving is the most complex one, in which links are united with treadles
and threads to weave cloth with elegant patterns. The basic purpose of the weaving
mechanism is to hold the warps under tension to facilitate the interweaving of the wefts.
The weaving process includes four steps: forming a shed, throwing the shuttle, pressing
the weft and reeling the cloth. Generally, there is only one weaver to complete all weaving
process. The distinguishing feature of the drawloom for pattern-weaving is that the process
requires two weavers. Since the technology of weaving was very mature in ancient China, the
mechanism was popular and illustrated in many literatures [1–5]. Figure 1 is a drawloom in the
Book of Chinese Technology in the Seventeenth Century in the Ming Dynasty (1368-1644
AD) [3].

Figure 2 shows the essential parts of an ordinary drawloom. The mechanism consists of
five sub-devices to finish the weaving process including a heddle foot-falling device, a heddle
foot-raising device, a warp hand-raising device, a weft pressing device and a fabric reeling
device. The warps, the longitudinal yarns, are rolled onto a warp beam. The warps are passed
through the eye holds of the heddles, which hang vertically from the heddle rods. The heddle
rack comprises the upper heddle rod and the lower heddle rod to which a series of threads,
namely heddles, are attached. One weaver pedals the treadles to generate the rise and fall
motion of the heddle rack through the transmission of the scale links and the threads in the
heddle foot-falling device and the heddle foot-raising device. When the heddle rack raises or
lowers the heddles, which raises or lowers the warps, the shed is created. Another weaver,
namely draw-boy, pulls the groups of strings in series by hand to raise the warps to create
a shed for the special patterns. The weft yarn is inserted through the shed by a small carrier
tool namely a shuttle. The shuttle is normally pointed at each end to allow passage through
the shed. A single crossing of the shuttle from one side of the mechanism to the other is
known as a pick. After the shuttle moves across the mechanism laying down the weft yarn,
it also passes through a reed comb. With each picking operation, the reed comb presses
each weft yarn against the portion of the fabric that has already been formed in the weft

NOMENCLATURE

KBB bamboo

KF frame

KSL scale link
KSL1 scale link 1
KSL2 scale link 2
KT thread
KT1 thread 1
KT2 thread 2
KT3 thread 3
KTr treadle
J number of joints
J

Pxyz
Rxyz an unconstrained pairing

element

JBB bamboo joint
JP prismatic joint
JPy joint translates

along y-axis
JPyz joint translates along y and z axes
JR revolute joint
JRx joint rotates around x-axis
JRz joint rotates around z-axis
JPz

Rx joint translates along z-axis and
rotates around x-axis

JPx
Ryz joint translates along x-axis and

rotates around y and z axes
JS spherical joint
JT thread joint
N number of links
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pressing device. With each weaving operation, the newly constructed fabric must be reeled on
the cloth beam in the fabric reeling device. However, through the existing descriptions and
drawings, the structures of the drawloom for pattern-weaving is still confused, especially, the
numbers of members of the heddle foot-falling device and the heddle foot-raising device are
uncertain as well as the types of some joints. It is hard to realize how the oscillating motion of
the treadle transfers to the rise or fall motion of the warps. This therefore causes a great
difficulty to the readers for accessing and understanding the real technology from the original
drawing.

The purpose of this work is to synthesize all feasible mechanism structures of the drawloom for
pattern-weaving which was described and depicted confusedly in ancient literatures. In what
follows, the components of the ancient Chinese drawloom are briefly introduced first. And,
the representation of joints of ancient drawings is presented. Then, an approach for synthesizing the
structures of mechanisms of ancient drawings is proposed. Finally, two sub-mechanisms including
the heddle foot-falling device and the heddle foot-raising device as examples are provided.

2. COMPONENTS OF DRAWLOOM FOR PATTERN-WEAVING

The structure of the drawloom for pattern-weaving is extreme complex. The drawloom is
over four meters in length [3] and has thousands of parts. Sorted by the function of the

Fig. 1. A drawloom for pattern-weaving [3].
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drawloom for pattern-weaving, the mechanism can be classified into the following main five
sub-mechanisms:

Heddle foot-falling device

A heddle foot-falling device is shown in Fig. 2 and its function is to fall the heddles through
the transmission of the threads and the scale link. The number of the device may be two to eight
according to the type of the fabric in a drawloom. In Fig. 2, the thread 1, the heddle rack
(including the upper heddle rod, the heddles and the lower heddle rod) and thread 1-1 can be
regarded as the same member that is adjacent to the treadle and the scale link. The scale link
with weight or the bamboo with elasticity is used to enable the heddle rack to return the original
position after pedaling.

Heddle foot-raising device

A heddle foot-raising device is shown in Fig. 2 and its function is to raise the heddles through
the transmission of the threads and the scale link. The number of the device may be two to eight
according to the type of the fabric in a drawloom. In Fig. 2, the thread 1 is adjacent to the
treadle and the scale link. The thread 2 and the heddle rack can be regarded as the same member
that is adjacent to the scale link and the warps. The warps are fixed that can be regarded as
the frame.

Warp hand-raising device

The function of the warp hand-raising device is to raise the warps to create the shed for the
special patterns. The warps are passed through loops made in strings arranged in a vertical

Fig. 2. Essential parts of an ordinary drawloom for pattern-weaving.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 294



plane, and each string connects a warp. The strings are arranged in separate groups and are
pulled by a draw-boy in the order required by the pattern. The members of the device consist of
a frame and the groups of strings.

Weft pressing device

The function of the weft pressing device is to press the weft yarn against the portion of the
fabric by the reed comb. The members of the device consist of a frame, a weight link, a
connecting link and a reed comb. The linkage with weight helps the weaver to press the weft
yarn effectively and comfortably.

Fabric reeling device

The function of the fabric reeling device is to reel the newly constructed fabric on the cloth
beam. At the same time, the warps must be released from the warp beam. The members of the
device consist of a frame, a warp beam, a fabric belt and a cloth beam. The fabric belt includes
the warps and the fabric.

3. REPRESENTATION OF JOINTS

Through the study of ancient drawings, the joints can be classified into three types including
joints that are easy to identify such as gear joints and wrapping joints, joints that are un-
certain, and joints that are certain but are rare in modern kinematics of mechanisms. Since some
special joints in ancient drawings cannot be represented by traditional schematic representa-
tions in modern kinematics, a novel representation for such joints in ancient drawings is
proposed here.

The number of degrees of freedom is the number of independent parameters needed to specify
the relative positions of the pairing elements of a joint. An unconstrained pairing element has
six degrees of freedom including three translational and three rotational degrees of freedom.
And, a joint is represented as J

Pxyz

Rxyz
, in which the superscript Pxyz denotes that it can translate as

a prismatic joint (JP) along x, y and z axes; and, the subscript Rxyz denotes that it can rotate as a
revolute joint (JR) around x, y and z axes. When a pairing element connects to another pairing
element and forms a joint, a constraint is imposed and the motion of the original member is
reduced by one or more degrees of freedom. Hence, a joint has a maximum of five degrees of
freedom and a minimum of one degree of freedom. For example, joint JRx

represents that a
pairing element of a joint can rotate around x-axis with respect to the other pairing element.
Joint Jpz represents that a pairing element of a joint can translate along z-axis with respect to
the other pairing element. Joint JPx

Ryz
represents that a pairing element of a joint not only

translates along x-axis and also rotates around y and z axes with respect to the other pairing
element.

Figure 3(a) shows a two-member mechanism with a joint from the book of Chinese
Technology in the Seventeenth Century [3]. Since the drawing is not clear, the link (KL) is
adjacent to the frame (KF ) with an uncertain joint. Considering the type and the direction of
motion of the link, the joint has two possible types. First, the link rotates around z-axis only,
denoted as JRz. Second, the link rotates not only around z-axis but also translates along x-axis,
denoted as JPx

Rz . The x and y axes are defined as the horizontal and vertical directions in the
drawing, respectively. The z-axis is determined by the right-hand rule.

Thread and bamboo often appear as members in ancient drawings especially in textile
and agricultural devices. Figure 3(b) shows that a bamboo (KBB) is adjacent to the frame (KF )
and the thread (KT ) from the book of Chinese Technology in the Seventeenth Century [3].
One end of the bamboo is firmly fixed to the frame and the thread ties the other end of the
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bamboo directly. The bamboo possesses elasticity and can go back to the original position
after using. The motion of the bamboo can be regarded as a link adjacent to the frame with
a revolute joint. The joint incident to the bamboo and the frame is defined as a bamboo
joint, denoted as JBB. Using a thread tying a member to form a joint is rare in modern
kinematics of mechanisms but familiar in ancient drawings. The joint incident to the thread
and a member is defined as a thread joint, denoted as JT . For a thread joint in a planar
mechanism, the characteristic of the thread joint is the same as a revolute joint (JR). For a
thread joint in a spatial mechanism, the characteristic of the thread joint is the same as a
spherical joint (JS).

4. DESIGN APPROACH

Figure 4 shows the process for synthesizing all possible structures of mechanisms in ancient
drawings with uncertain members and joints [8, 9]. Each step of the process is explained as follows:

Step 1. Analysis of the structure of mechanism

By analyzing the structure of mechanism of a target device in the drawing, its structural
characteristics are concluded including the possible numbers of members and the certain
incidences among members and joints of the device. Since most of indefinite parts in ancient
drawings are the number of members and the structures of joints, the uncertain members and
joints are identified and emphasized in this step.

Step 2. Generalized chains

The second step is to obtain or identify the atlas of generalized chains with the same numbers
of members and joints subject to the concluded structural characteristics by applying the
algorithm of number synthesis [10, 11]. When several members are connected by joints, they are
said to form a chain. Graphically, a joint is symbolized by a small circle, and a member with

Fig. 3. Special joints in ancient drawings [3].
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i incident joints is symbolized by an i-side shaded polygon with small circles as vertices. Some of
the important atlases of generalized chains have already been built in references [10, 11].

Step 3. Specialized chains

The process of assigning specific types of members and joints in the available atlas of
generalized chains, subject to required design constraints, is called specialization [10, 11]. The
design constraints are defined based on the concluded structural characteristics. And, a
generalized chain after specialization is a specialized chain. Based on the process of specialization,
all possible specialized chains can be identified after assigning the types of members and joints
subject to the concluded design constraints for each generalized chain obtained in step 2.

Step 4. Specialized chains with particular identities

In order to represent the structure of mechanism, a right-hand rectangular Cartesian
coordinate system is defined to describe each motion axis of the joints in the drawing. By
studying the target device in the drawing, the function of the device is determined. In view of the
device function, these uncertain joints can be represented by different types of joints to achieve
the equivalent function in the drawing. Considering the types and the motion directions of the
uncertain joints, all possible types of the uncertain joints are generated. By assigning the
possible types of the uncertain joints to the specialized chains obtained in step 3, specialized
chains with particular identities are obtained.

Step 5. Feasible designs with definite members and joints

According to the motion and function requirements of the device in the drawing, all feasible
designs can be obtained from the specialized chains with particular identities. And, they must
meet the technological standards of the subject’s time period.

5. EXAMPLES

The foot-operated drawloom for pattern-weaving consists of five sub-devices including a
heddle foot-falling device, a heddle foot-raising device, a warp hand-raising device, a weft

Fig. 4. The process for structural synthesis of drawings with uncertain members and joints.
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pressing device and a fabric reeling device. Since the members and the joints of the wrap
hand-raising device, the weft pressing device and the fabric reeling device are certain, the
other devices are presented as two examples to illustrate the proposed approach shown in
Fig. 4.

5.1 Example 1 A Heddle Foot-Falling Device
The simplest type of the heddle foot-falling device is shown in Fig. 2 that comprises four

members including a frame, a treadle, a thread with a heddle rack and a scale link. When
weaving complex pattern, it is necessary to increase the heddle foot-falling device to match the
pattern. However, the arrangement of the treadle is a trouble in operation when increasing the
device. In order to solve the problem, a thread or a set of a thread and a scale link are added to
the device to adjust the position of the treadle. From the descriptions and drawings in the
existing literatures, the number of members of the device is four, five or six and the types of
some joints are uncertain.

All feasible structures of the heddle foot-falling device are synthesized through the following
steps:

Step 1. The structural characteristics of the device are:

1. It may be a planar or spatial device with four-member (members 1–4), five-member
(members 1–5) or six-member (members 1–6).

2. The treadle (KTr) is a binary link and adjacent to the frame (KF ) with an uncertain joint.

3. The thread 1 (KT1) is a binary link and adjacent to the scale link (KSL) and the treadle (KTr)
with thread joints (JT ).

4. The scale link (KSL) is adjacent to the frame (KF ) with an uncertain joint.

5. The thread 2 (KT2) is a binary link and adjacent to the scale link (KSL) and the frame (KF )
with a thread joint (JT ) and a prismatic joint (JPyz), respectively.

Step 2. Since this is a device with four, five or six members, the corresponding generalized
chains with four, five and six members are shown in Fig. 5, in which N is the number of links
and J is the number of joints.

Step 3. There must be a pair of binary links as a treadle and a thread. When the number of
members is five or six, the pair of binary links must be adjacent to a ternary link as the scale
link. Therefore, only those three generalized chains shown in Fig. 5(a), (f) and (h) are qualified
for the process of specialization. And, all possible specialized chains are identified as follows:

Frame — link KF

Since there must be a link as the frame KF and a pair of binary links is adjacent to the frame,
the frame is identified as follows:

1. For the generalized chain shown in Fig. 5(a), the assignment of the frame KF generates one
non-isomorphic result, Fig. 6(a1).

2. For the generalized chain shown in Fig. 5(f), the assignment of the frame KF generates one
non-isomorphic result, Fig. 6(a2).

3. For the generalized chain shown in Fig. 5(h), the assignment of the frame KF generates one
non-isomorphic result, Fig. 6(a3).

Therefore, three specialized chains with identified frame KF are available as shown in
Figs. 6(a1)–(a3).

Treadle and thread 1 — link KTr and link KT1
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Since there must be a pair of binary links as the treadle (KTr) and thread 1 (KT1), and the
treadle is adjacent to the frame and the thread 1 with an uncertain joint J1 and a thread joint JT ,
the treadle and thread 1 are identified as follows:

1. For the case shown in Fig. 6(a1), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one non-isomorphic result, Fig. 6(b1).

2. For the case shown in Fig. 6(a2), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one result, Fig. 6(b2).

3. For the case shown in Fig. 6(a3), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one non-isomorphic result, Fig. 6(b3).

Therefore, three specialized chains with identified frame KF, treadle (KTr) and thread 1 (KT1) are
available as shown in Figs. 6(b1)–(b3).

Scale link 1 — link KSL1

Since there must be a link as the scale link 1 (KSL1) that is adjacent to the thread 1 (KT1) and
the frame KF with a thread joint JT and an uncertain joint J2, the scale link 1 is identified as
follows:

1. For the case shown in Fig. 6(b1), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 6(c1).

2. For the case shown in Fig. 6(b2), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 6(c2).

3. For the case shown in Fig. 6(b3), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 6(c3).

Therefore, three specialized chains with identified frame KF, treadle (KTr), thread 1 (KT1) and
scale link 1 (KSL1) are available as shown in Figs. 6(c1)–(c3).

Thread 2 and scale link 2 — link KT2, and link KSL2

Since the thread 2 (KT2) must be adjacent to the scale link 1 (KSL1) with a thread joint and the
remaining link is the scale link 2 (KSL2), the thread 2 and the scale link 2 are identified as
follows:

Fig. 5. Atlas of some generalized chains with four, five and six members.
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Fig. 6. Structural synthesis of the heddle foot-falling device.
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Fig. 6. Structural synthesis of the heddle foot-falling device. (Cont.)
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1. For the case shown in Fig. 6(c2), the assignment of the thread 2 (KT2) generates one result,
Fig. 6(d1).

2. For the case shown in Fig. 6(c3), the assignment of the thread 2 (KT2), the scale link 2 (KSL2)
and the uncertain joint J3 generates one result, Fig. 6(d2).

Therefore, two specialized chains with identified frame KF, treadle (KTr), thread 1 (KT1), scale
link 1 (KSL1), thread 2 (KT2) and scale link 2 (KSL2) are available as shown in Figs. 6(d1)
and (d2).

Step 4. The coordinate system is defined as shown in Fig. 1. The function of the heddle foot-
falling device is to generate the fall motion of the warps through the oscillating motion of the
treadle. The uncertain joints may have multiple types to achieve the equivalent function.
Considering the uncertain joints J1, it has two possible types: the first one rotates around x-axis
with respect to the frame, denoted as JRx; the second rotates around z-axis with respect to the
frame, denoted as JRz. Considering the uncertain joint J2 and J3, each of them has two possible
types: the scale link rotates around z-axis with respect to the frame, denoted as JRz; and the
scale link is adjacent to the frame with a bamboo joint, denoted as JBB. By assigning the
possible types of the uncertain joints J1(JRx and JRz), J2(JRz and JBB) and J3(JRz and JBB) to the
specialized chains shown in Figs. 6(c1), (d1) and (d2), sixteen non-isomorphic specialized chains
with particular identities as shown in Figs. 6(e1)–(e16) are obtained.

Step 5. According to the motion and function requirements of the device, the corresponding
3D solid models of the feasible designs are shown in Figs. 6(f1)–(f16). And, Fig. 6(f4) qualifies
best to match the original drawing.

5.2 Example 2 A Heddle Foot-Raising Device
The simplest type of the heddle foot-raising device is shown in Fig. 2 that comprises five

members including a frame, a treadle, a thread 1, a scale link and a thread 2 with a heddle rack.
When weaving complex pattern, it is necessary to increase the heddle foot-raising device to
match the pattern. However, the arrangement of the treadle is a trouble in operation when
increasing the device. In order to solve the problem, a binary link as the thread and a multiple
link as the scale link are added to the device to adjust the position of the treadle. From the
descriptions and drawings in the existing literatures, the number of members of the device is five
or seven and the types of some joints are uncertain.

All feasible structures of the heddle foot-raising device are synthesized through the following
steps:

Step 1. The structural characteristics of the device are:

1. It may be a planar or spatial device with five-member (members 1–5) or seven-member
(members 1–7).

2. The treadle (KTr) is a binary link and adjacent to the frame (KF ) with an uncertain joint.
3. The thread 1 (KT1) is a binary link and adjacent to the scale link (KSL) and the treadle (KTr)

with thread joints (JT ).
4. The scale link (KSL) is adjacent to the frame (KF ) with a revolute joint (JRz).
5. When the thread (KT ) with a heddle rack, it is a binary link and adjacent to the scale link

(KSL) and the frame (KF ) with a thread joint (JT ) and a prismatic joint (JPyz), respectively.
On the contrary, when the thread (KT ) without a heddle rack, it is adjacent to the scale link
(KSL) and the frame (KF ) with thread joints (JT ).

Step 2. Since this is a device with five or seven members, the corresponding generalized chains
with five and seven members are shown in Figs. 5(d)–(f) and Fig. 7.
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Step 3. There must be only a pair of binary links as a treadle and a thread 1 that are adjacent
to two multiple links as the frame and the scale link. In addition, the scale link must be adjacent
to the frame. When the number of members is seven, there must be four binary links, in which a
pair of binary links and two disconnected binary links. Therefore, only those three generalized
chains shown in Fig. 5(f) and Figs. 7(b5)–(b6) are qualified for the process of specialization.
And, all possible specialized chains are identified as follows:

Frame — link KF

Since there must be a link as the frame KF and a pair of binary links is adjacent to the frame,
the frame is identified as follows:

1. For the generalized chain shown in Fig. 5(f), the assignment of the frame KF generates one
non-isomorphic result, Fig. 8(a1).

2. For the generalized chain shown in Fig. 7(b5), the assignment of the frame KF generates two
results, Figs. 8(a2)–(a3).

3. For the generalized chain shown in Fig. 7(b6), the assignment of the frame KF generates two
results, Figs. 8(a4)–(a5).

Therefore, five specialized chains with identified frame KF are available as shown in Figs. 8(a1)–(a5).
Treadle and thread 1 — link KTr and link KT1

Since there must be a pair of binary links as the treadle (KTr) and thread 1 (KT1), and the
treadle is adjacent to the frame and the thread 1 with an uncertain joint J4 and a thread joint JT ,
the treadle and thread 1 are identified as follows:

1. For the case shown in Fig. 8(a1), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one result, Fig. 8(b1).

2. For the case shown in Fig. 8(a2), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one result, Fig. 8(b2).

3. For the case shown in Fig. 8(a3), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one result, Fig. 8(b3).

4. For the case shown in Fig. 8(a4), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one result, Fig. 8(b4).

5. For the case shown in Fig. 8(a5), the assignment of the treadle (KTr) and the thread 1 (KT1)
generates one result, Fig. 8(b5).

Therefore, five specialized chains with identified frame KF, treadle (KTr) and thread 1 (KT1) are
available as shown in Figs. 8(b1)–(b5).

Scale link 1 — link KSL1

Since there must be a link as the scale link 1 (KSL1) that is adjacent to the thread 1 (KT1) and the
frame KF with a thread joint JT and a revolute joint JRz, the scale link 1 is identified as follows:

1. For the case shown in Fig. 8(b1), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 8(c1).

2. For the case shown in Fig. 8(b2), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 8(c2).

3. For the case shown in Fig. 8(b3), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 8(c3).

4. For the case shown in Fig. 8(b4), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 8(c4).

5. For the case shown in Fig. 8(b5), the assignment of the scale link 1 (KSL1) generates one
result, Fig. 8(c5).
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Therefore, five specialized chains with identified frame KF, treadle (KTr), thread 1 (KT1) and
scale link 1 (KSL1) are available as shown in Figs. 8(c1)-(c5).

Thread 2, scale link 2 and thread 3 — link KT2, link KSL2 and link KT3

Since there must be a binary link as the thread 2 (KT2) and adjacent to the scale link 2 (KSL2)
with a thread joint and the remaining binary link is the thread 3 (KT3), the thread 2, the scale
link 2 and the thread 3 are identified as follows:

1. For the case shown in Fig. 8(c1), the assignment of the thread 2 (KT2) generates one result,
Fig. 8(d1).

2. For the case shown in Fig. 8(c2), the assignment of the thread 2 (KT2), the scale link 2 (KSL2)
and the thread 3 (KT3) generates one result, Fig. 8(d2).

3. For the case shown in Fig. 8(c3), the assignment of the thread 2 (KT2), the scale link 2 (KSL2)
and the thread 3 (KT3) generates one result, Fig. 8(d3).

4. For the case shown in Fig. 8(c4), the assignment of the thread 2 (KT2), the scale link 2 (KSL2)
and the thread 3 (KT3) generates one non-isomorphic result, Fig. 8(d4).

5. For the case shown in Fig. 8(c5), the assignment of the thread 2 (KT2), the scale link 2 (KSL2)
and the thread 3 (KT3) generates one non-isomorphic result, Fig. 8(d5).

Fig. 7. Atlas of (7, 8) and (7, 9) generalized chains.
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Fig. 8. Structural synthesis of the heddle foot-raising device.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 305



Therefore, five specialized chains with identified frame KF, treadle (KTr), thread 1 (KT1), scale
link 1 (KSL1), thread 2 (KT2), scale link 2 (KSL2) and thread 3 (KT3) are available as shown in
Figs. 8(d1)–(d5).

Step 4. The coordinate system is defined as shown in Fig. 1. The function of the heddle foot-raising
device is to generate the rise motion of the warps through the oscillating motion of the treadle. The
uncertain joint J4 may have multiple types to achieve the equivalent function. Considering the
uncertain joint J4, it has two possible types: the first one rotates around x-axis with respect to the
frame, denoted as JRx; the second rotates around z-axis with respect to the frame, denoted as JRz. By
assigning the possible types of the uncertain joint J4 (JRx and JRz) to the specialized chains shown in
Figs. 8(d1)–(d5), ten specialized chains with particular identities as shown in Figs. 8(e1)–(e10) are
obtained. A rigid chain is an immovable chain and its number of degrees of freedom is not positive.
Removing those with rigid chains in Figs. 8(e3) and (e8), eight feasible generalized chains with
particular identities are available shown in Figs. 8(e1)–(e2), (e4)–(e7) and (e9)–(e10), respectively.

Step 5. According to the motion and function requirements of the device, the corresponding
3D solid models of the feasible designs are shown in Figs. 8(f1)–(f8). And, Fig. 8(f2) qualifies
best to match the original drawing.

Figure 9 is the imitation of the original drawing to illustrate the incidences among members
and joints of the drawloom for pattern-weaving.

Fig. 8. Structural synthesis of the heddle foot-raising device. (Cont.)
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6. CONCLUSIONS

The drawloom for pattern-weaving was an ingenious mechanical device illustrated in many
ancient Chinese literatures. It includes five sub-mechanisms: heddle foot-falling device, heddle
foot-raising device, warp hand-raising device, weft pressing device and fabric reeling device.
However, from the view point of modern mechanism and machine science, the structures of
mechanisms of the heddle foot-falling device and the heddle foot-raising device in ancient
drawings are not clear, especially the number of members and the structure of joints. Through
the study of mechanisms and applying the concepts of generalization and specialization of
mechanisms subject to the design constraints concluded in the analysis process, feasible
specialized chains are generated. By assigning the possible joints to the feasible specialized
chains, sixteen and eight possible structures of the heddle foot-falling device and the heddle
foot-raising device of the drawloom for pattern-weaving are systematically synthesized. Via
such an approach, the drawings introduced in ancient literatures can be reasonably

Fig. 9. Imitation of the original drawing.
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reconstructed. And, the proposed approach not only can be used in the drawloom for pattern-
weaving but also to other machinery in ancient books.
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ABSTRACT

In this paper, a Quaternion formulation of the power manipulability is developed.
Quantifying the mechanical transmissibility of a mechanism, this parameter was previously
introduced as a new homogeneous performance index of robot manipulators; however, its
evaluation requires complex manipulations, particularly those of quadri-vectors. Furthermore,
the quadri-vector form fits exactly with the structure of Quaternions. Hence, a Quaternion
based method may be useful for power performance indices evaluation. It will be shown that
this method leads to a recursive algorithm that manipulates kinematics’ parameters as matrices
defined over the real Quaternion space. Therefore, a new mostly simplified procedure is
elaborated, which is suitable to robots performance analysis related issues. The resultant
algorithm is largely simpler and more efficient to evaluate the power based performance indices.

Keywords: quaternion; power manipulability; robot manipulability; robot dexterity; robot
performance indices.

REPRÉSENTATION À BASE DE QUATERNION DE LA MANIPULABILITÉ DE
PUISSANCE

RÉSUMÉ

Dans cet article, une formulation à base de Quaternions de la manipulabilité de puissance
sera développée. Quantifiant la transmissibilité mécanique d’un mécanisme, ce paramètre a été
introduit précédemment comme un nouveau et homogène critère de performance des robots
manipulateurs, toutefois, son évaluation nécessite des manipulations complexes, surtout celles
des quadrivecteurs. Par ailleurs, la forme en quadrivecteur s’accorde bien avec la structure
hyper complexe des Quaternions. Donc, une méthode à base de Quaternion peut être très utile
dans l’évaluation des critères de performance de puissance. On montrera que cette méthode
permettra la mise en œuvre d’un algorithme récursif qui manipule les grandeurs cinématiques
sous forme de matrices définie sur le corps des Quaternions. Par conséquent, une nouvelle
procédure est élaborée, largement plus simple et plus adaptée aux problèmes liés à l’analyse de
performance des robots. L’algorithme résultant est beaucoup plus simple et plus efficace pour
l’évaluation des critères de performance basés sur la puissance.

Mots-clés: quaternion; manipulabilité de puissance; manipulabilité des robots; dextérité des
robots; critères de performance des robots.
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1. INTRODUCTION

Various kinetostatic performance indices have been proposed to evaluate de kinematic
transmissibility of robot manipulators. The most popular are the manipulability [1], condition
number and isotropy [2], and global indices [3]. These indices may be evaluated conveniently
only if the Jacobian matrix elements have the same units [4–5], furthermore none of these
indices seems to draw a consensus among the robotics community. They still entail some
drawbacks which are mainly due to the presence of noncommensurable systems [6]: systems that
are physically inconsistent, causing the instability of results with respect to physical units’
choice.

NOMENCLATURE

Ak Wrench transformation matrix
of the link k.

ak, dk,
_hhk, ak

Denavit-Hartenberg four
parameters of the link k.

f k, mk Force and moment at the
origin of the link k

G Quadratic form of the power
manipulability

GVol Power manipulability volume
index.

GIso Power manipulability isotropy
index.

GMin Minimum power transmissibil-
ity index.

H Field of Quaternion numbers.
i , j , k Imaginary operator of a

Quaternion.

kL, kR Weighting parameters relatives
to the translational and rota-
tional effect.

Mm,n Hð Þ Set of (m|n) matrices defined
over the Quaternion filed.

Mm,n Rð Þ Set of (m|n) matrices defined
over the real filed.

n Numbers of joints in the
mechanism.

p Power vector.
R Field of real numbers.
Rkz1

k Transformation matrix from
the frame kz1 to the frame k.

Sk Apparent power quadri-vector
for the link k.

S
_

k Quaternion representation of
the apparent power matrix for
the link k.

Sk Weighted Quaternion
representation of the apparent
power matrix for the link k.

Sk Real apparent power matrix
for the link k.

S Real apparent power matrix
for the mechanism.

Tk,L Quaternion representation of
the translational part of the
twist for the link k.

Tk,R Quaternion representation of
the rotational part of the twist
for the link k.

Tk Modified twist for the link k
vE, vE Translational and angular

velocities of the end-effector.
Wk Modified wrench for the link k
Wk,L Quaternion representation of

the translational part of the
wrench for the link k.

Wk,R Quaternion representation of
the rotational part of the
wrench for the link k.

b Ratio of the Weighting para-
meters.

lk The ktheigenvalue of the real
apparent power matrix S.

sk Logical parameters relative to
the joint type.

E Subscript relative to the end-
effector.

k Subscript relative to the link k.
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Other interesting indices have been introduced to measure the ability to transmit motion for
mechanisms, based on the static force analysis and the concept of power flow path. The
transmission angle has been proposed at first to characterize the quality of motion transmission
for four-bar and slider crank mechanism [7–8], then extended to planar, parallel and spatial
mechanism [9–11] by means of the introduction of the generalized force transmission index
which is based on the virtual coefficient between the transmission wrench screw and the output
twist. Moreover, the method is based on the static force analysis and the concept of power flow
path. The motion or force transmissibility of a mechanism is defined as the quantitative
measure of the effectiveness of the power flowing from the input link(s) to the output link(s)
[12]; these methods examine the orientations of wrenches generated at input joints with respect
to the resulting twists at the output joints. Therefore, their application are limited to
mechanisms having single or multiple loops, where input joints are those connected to the base
and output joints are those connected to the base in the case of single loop structure, or the
nacelle in the case of parallel structure. In opposition to parallel structures [10,12], the
determination of the motion and force transmissibility is not possible for serial open chain,
since input and output transmission indices for this type of structures can not be defined.
Advised by this approach, a new transmissibility index has been introduced, based on power
concept and more appropriate for serial chain [13].

The power manipulability (PM) was at first introduced as a new homogeneous performance
index that makes use of the power concept. Given that the power has the same physical units
either in translation or rotation, this performance index presents the advantage of being totally
independent of the physical units’ choice or the mechanism scale. As developed in [14], two new
concepts have been introduced: The apparent power as a quadri-vector with its first component
representing to the real power, remaining three components representing the effect of wrench
that doesn’t contributes in the power generation. The oriented power or properly said the power
vector is a vectorial representation of the transmitted power from the end-effector. The (PM)
performance indices measure the mechanical transmissibility of a mechanism, a good power
transmission capability may be obtained if the wrenches are correctly oriented along the
mechanism, and the actuators contribution in the motion generation is then improved. A
mechanism with poor power manipulability has a tendency to be rigid, and joints are not
appropriately oriented in order to transmit the desired motion to the end-effector.

As developed in [13,14], the power manipulability development is relatively hard to follow. A
set of very complex manipulation is needed, essentially due to the presence of quadri-vectors
which elements are quadratic forms. This complexity can be avoided if we make use of
Quaternion algebra (Appendix A.). Given that the Quaternion field H is isomorphic to R4, the
quadri-vector of the apparent power can be directly represented as a Quaternion, likewise, a
vector in R3 can be represented as a pure Quaternion as well as in rigid body rotations.
Therefore, this analogy can offer an efficient algorithm that handles wrenches and twists as pure
Quaternions, and easily generating a Quaternion based procedure that handles quadri-vectors
of the apparent power as matrices defined over the Quaternion field.

The real non commutative field of Quaternion [15,16], played an important role in several scientific
areas, i.e. computer science, quantum physics, signal processing, aeronautic. In mechanism
geometrical analysis, it has demonstrated an elegant use in the study of rigid body displacements
[17–21]. Quaternion algebra has been successfully used to characterize rigid body rotations; it presents
the advantage of a less number of parameters (four parameters) instead of six in the rotation matrix.

The rest of the paper is organized as follows; first, an overview of the power manipulability
performances indices is presented, including the notion of apparent power followed by that of the
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power vector. Then, it will be shown that the final expression of the power manipulability may be
easily derived through a recursive algorithm. In the third section, Quaternion formulations of all
parameters previously mentioned are developed. We will demonstrate the efficiency of the method
through illustrative examples. In appendix, some basic notions of Quaternion algebra are briefly
introduced with some proprieties that will be useful in the subsequent developments.

2. THE POWER MANIPULABILITY CONCEPT

In its crude format, the concept of the power manipulability has been proposed at first in [13].
Then improved in [14] by the introduction of modified expressions of wrenches and twists in
order to make concordance with the real power conservation. In this section, it will be shown
that the final expression of the power quadratic form will be obtained simply by means of a
recursive algorithm.

2.1 The Apparent Power
A non-regular representation of the power is defined in multi-body kinematic. For a serial chain,

the modified Denavit-Hartenberg (D-H) formalism is adopted as given in [14–22–23], in comparison
with the original D-H formalism, joint k is supported by the axis zk (in that case, the axis subscript
matches with the joint label), link k is materialized by the segment lines dk and ak (having the same
subscript as the link label) which represents the minimum normal distance between axes (xk{1,xk)
and (zk,zkz1) respectively; ak is the angle between zk and zkz1 ; hkis the angle between xk{1 and xk.
The relative movement of the link k with respect to the link k{1 may either be represented by the dk

variation if the joint k is translational or hk variation if this joint is revolute.

The twist and wrench expressions as given in [14] :

Tk~
Tk,L

Tk,R

� �
~

_ddkzkz _hhkdkz1sin akð Þxkz _hhkakyk

_hhkzk

 !
ð1Þ

Wk~
Wk,L

Wk,R

� �
~

f k

mkz1

� �
ð2Þ

The apparent power of the link k is a quadri-vector given by :

Sk~
Tk,L

:Wk:LzTk,R
:Wk:R

Tk,L|Wk:LzTk,R|Wk:R

 !

~

_ddkzk

� �
:fkz _hhkzk

� �
:mk

_ddkzkz _hhkdkz1sin akð Þxkz _hhkakyk

� �
|fkz _hhkzk

� �
|mkz1

0
B@

1
CA~

Pk

Qk

 !
~

Pk

Qk,1

Qk,2

Qk,3

0
BBBB@

1
CCCCA
ð3Þ

Where symbols (:) and (|) denote the dot and cross product operators respectively.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 314

Paul
Highlight

Paul
Typewritten Text
[14-22,23]

Paul
Highlight

Paul
Highlight



The apparent power corresponding to the link k is a quadri-vector. While its first component
is the real power Pk, other components constitute the reactive power vector Qk.

2.2 The Power Vector
Universally known as a scalar, a vectorial expression of the end-effector transmitted power

has been developed [14]. Let TE and WE be the end-effector twist and wrench respectively,

WE~
f E

mE

� �
; TE~

vE

vE

� �
ð4Þ

This development is based on a restrictions made on the twist and wrench orientations : The
polar component of the twist (vE) should be collinear with the polar part of the wrench (f E), the
same is applied on the axial components vE and mE .

vE~k2
L f E ; vE~k2

R mE ð5Þ

Where kL and kR are weighting parameters measuring the balance between translation and
rotation effects. The colinearity condition doesn’t correspond to the real kinetostatic behavior
of the end-effector ; in reality, these vectors are oriented arbitrary and they depend on the task
specifications. Here, restriction is made only for our development purpose (wrench and twist
with the coliearity condition constitute only a load test for the end-effector), and for which,
some physical interpretation can be associated, it can be said that the end-effector wrench is
optimally or perfectly oriented with respect to the corresponding twist.

These identities follow directly

kLf E~
1

kL

vE~pL ; kRmE~
1

kR

vE~pR ð6Þ

pL and pL are vectors defined in R3(Fig. 2).

The real transmitted power at the end-effector is the inner product of the corresponding twist
and wrench

Fig. 1. Denavit-Hartenberg Modified formalism.
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P~W T
E TE~f T

E vEzmT
E vE~ pLk k2

z pRk k2
~ pk k2 ð7Þ

From the co-linearity condition (Eq. 5), the power transmitted is positive, and it is equal to
the norm squared of some vector p. As a result, a vectorial representation of the power can be
created in R6 as :

p~
pL

pR

� �
~

kLf E

kRmE

� �
~

1

kL

vE

1

kR

vE

0
BB@

1
CCA ð8Þ

The physical unit of this new vector equals the square root of the real power unit. At present,
expressions of twist and wrench of (Eq. 1 and 2) should be written in a homogeneous form, i.e.
with respect to the power vector p.

2.3 The Recursive Algorithm of the Power Manipulability Evaluation
The quadri-vector of Eq. 3 is expressed in local kinematic parameters, i.e. joint parameters.

However, a global representation is required, i.e. a function of the same set of variables. In
[14], local kinetostatic parameters f k,mk, _hhk, _ddk

� �
are replaced by their expressions related to the

end-effector, namely f E,mE,vE,vEð Þ. That’s why; Jacobian matrices dedicated to each link are
used.

_ddk

_hhk

 !
~Jv

k,E

vE

vE

� �
;

f k

mk

� �
~J

f
k,E

f E

mE

� �
ð9Þ

As given in [14], two operators (Jv
k,E , J

f
k,E) are to be evaluated for each link, which constitutes

a weighty task. For more simplicity, a most efficient two phase method will be adopted : the
twists homogeneous form evaluation, and the recursive procedure leading to the wrenches
homogeneous forms.

Fig. 2. The end-effector power vector.
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2.3.1 The First Phase: the Twist Homogeneous Form
At this step, components of the vector ( _hhk, _ddk) must be written with respect to the end-effector

twist. Let _qq~ _qq1, _qq2, . . . , _qqnð ÞT be the generalized velocity vector of the manipulator containing n

joints, for each joint, we can put

_qqk~sk
_hhkz 1{skð Þ _ddk ð10Þ

With: s~1 if the joint is revolute and s~0 is the joint is prismatic. Vector _qq can be obtained using the
inverse differential kinematic model : _qq~Jz vE vEð ÞT . Let Jz

k be the kth line of Jz, then we have

_ddk~ 1{skð Þ _qqk~ 1{skð ÞJz
k

vE

vE

� �
; _hhk~sk _qqk~skJz

k

vE

vE

� �
ð11Þ

Using Eq. 8, the homogeneous form of the end-effector twist is given by :

vE

vE

� �
~

kLpL

kRpR

� �
~

kLI3 03

03 kRI3

� �
p ð12Þ

Where I3 is the (3|3) identity matrix and 03 is the (3|3) zero matrix.

Finally, using Eq. 11–12, the twist components of Eq. 1 can be written in terms of the
homogeneous power vector p.

Tk:L~

dkz1sin akð ÞskJz
k

akskJz
k

1{skð ÞJz
k

0
B@

1
CA kLI3 03

03 kRI3

� �
p ; Tk:R~

01|6

01|6

skJz
k

0
B@

1
CA kLI3 03

03 kRI3

� �
p ð13Þ

Where 01|6 is a (1|6) zero matrix.

2.3.2 The Second Phase: the Wrench Homogeneous Form (Recursive Algorithm)
Parameters of Eq. 2 must be written in homogeneous form (with respect to the power vector).

The wrench of the last joint (n) is expressed in terms of the end-effector wrench (Fig. 3) :

Fig. 3. Wrenches representation.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 35, No. 2, 2011 317



f n

mn

� �
~

I3 03

OnOEð Þ|½ � I3

� �
R0

n 03

03 R0
n

 !
f E

mE

� �
ð14Þ

Where OnOEð Þ|½ � is the cross product operator of the vector OnOEð Þ(if a and b are two
vectors, then a|b~ a|½ � b) ; R0

n~R0
E is the transformation matrix from the base frame to the

coordinate frame attached to the link n.

The two components at the left hand side of Eq. 14 share the same subscript and to make
concordance with Eq. 2, mn must be replaced by mE to obtain:

f n

mE

� �
~

R0
n 03

03 R0
n

 !
f E

mE

� �
~An

f E

mE

� �
ð15Þ

For the previous link (n{1), f n{1 and mn are expressed in terms of the end-effector
wrench.

f n{1

mn

 !
~

Rn
n{1 03

03 Rn
n{1

 !
f n

mn

 !
~

Rn
n{1 03

03 Rn
n{1

 !
I3 03

OnOEð Þ|½ � I3

 !
R0

n 03

03 R0
n

 !
f E

mE

 !

~
Rn

n{1 03

Rn
n{1 OnOEð Þ|½ � Rn

n{1

 !
An

f E

mE

 !
~An{1

f E

mE

 ! ð16Þ

Where Rn
n{1 is denotes the transformation operator from the coordinate frame n to the frame

n{1. An{1 is the wrench transformation matrix of the link n{1. form this last equation, the
following relation between An{1 and An can be easily observed

An{1~
Rn

n{1 03

Rn
n{1 OnOEð Þ|½ � Rn

n{1

� �
An ð17Þ

Similarly, parameters related to the link n{2 are obtained.

fn{2

mn{1

 !
~

Rn{1
n{2 03

Rn{1
n{2 On{1Onð Þ|½ � Rn{1

n{2

 !
fn{1

mn

 !

~
Rn{1

n{2 03

Rn{1
n{2 On{1Onð Þ|½ � Rn{1

n{2

 !
An{1

fE

mE

 !
~An{2

fE

mE

 ! ð18Þ

Another recursive relation between An{2 and An{1 can be deduced

An{2~
Rn{1

n{2 03

Rn{1
n{2 On{1Onð Þ|½ � Rn{1

n{2

 !
An{1 ð19Þ

So, it can be easily stated that for any link k from 1 to n, the wrench of Eq. 2 can be written
directly by the relation:
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Wk~
Wk,L

Wk,R

� �
~

f k

mkz1

� �
~Ak

f E

mE

� �
ð20Þ

With the following recursive relation

Ak~
Rkz1

k 03

Rkz1
k On{1Onð Þ|½ � Rkz1

k

 !
Akz1 ð21Þ

Where: Onz1Onz2ð Þ~0, and OnOnz1ð Þ~ OnOEð Þ. For the last link, it can be seen easily from
Eq. (15) that:

An~
R0

n 03

03 R0
n

 !
ð22Þ

Using Eq. (8), Eq. (20) can be written in a homogeneous form:

Wk~
Wk,L

Wk,R

� �
~Ak

I3

kL

03

03
I3

kR

0
BB@

1
CCAp ð23Þ

With: Wk,L~ I3 03ð ÞWk ; Wk,R~ 03 I3ð ÞWk. Matrices Ak(k~n . . . 1) may be evalu-
ated according to Eq. (22) and the recursive relation of Eq. (21).

Now, homogeneous forms of twist and wrench given by Eqs. (13) and (23) should be
combined in a hard procedure in order to determine the power manipulability performance
parameters [14]. In the following, a more simple approach will be introduced using the
Quaternion algebra; it leads to a more efficient development and a simpler expression of
apparent power.

3. QUATERNION ANALYSIS

In this section, a new method replacing that given in [14] is developed. Using the Quaternion
algebra, homogeneous forms defined in the previous sections are transformed and adapted, in
fact, parameters of Eqs. (13) and (23) will be expressed in the Quaternion space. Leading to a
largely simple recursive algorithm that manipulates wrenches and twist as Quaternion based
vectors.

3.1 Quaternion Representation of the Links’ Twists and Wrenches
Taking the twist expressions of Eq. (13), each one is a product of a (3|6) matrix, the (6|6)

weighting operator and the power vector defined in R6. Quaternion based representation of
these expressions need the omission of the last two terms in the right hand side of each one, i.e.
the power vector p and the weighting factors (kL,kR) operator. Only the first term of each
expression is conserved and a new matrices defined in M3,6 Rð Þ are then introduced.
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T
_

k:L~

dkz1sin akð ÞskJz
k

akskJz
k

1{skð ÞJz
k

0
B@

1
CA ; T

_

k:R~

01|6

01|6

skJz
k

0
B@

1
CA ð24Þ

Given a matrix of dimension (3|6), each column is a vector in R3 and it can be replaced by a
pure Quaternion (Appendix A.). Then, any matrix in M3,6 Rð Þ can be easily transformed to a
line vector defined in H6, this vector may be called the line representation of the matrix in H6.
Considering Eq. (24), let TT

k,L and TT
k,R be the line representation of T

_

k:L and T
_

k:L in H6.

TT
k,L~i dkz1sin akð ÞskJz

k

� �
zj akskJz

k

� �
zk 1{skJz

k

� �
TT

k,R~i 01|6ð Þzj 01|6ð Þzk skJz
k

� � ð25Þ

Similarly, wrenches expressions of Eq. 23 can be also written without the power vector and
weighting parameters. Matrices in M3,6 Rð Þ are obtained :

W
_

k,L~ I3 03ð ÞAk ; W
_

k,R~ 03 I3ð ÞAk

As well, letting WT
k,L and WT

k,R be the line representation of W
_

k:L and W
_

k:L in H6.

WT
k,L~ i j kð Þ I3 03ð ÞAk

WT
k,R~ i j kð Þ 03 I3ð ÞAk

ð26Þ

Equations. 25 and 26 represent vectors with transpose label because the transformation from
M3,6 Rð Þ to H6 leads to line vectors.

3.2 Quaternion Representation of the Apparent Power Matrix
Apparent power of the link k is simply defined in M6,6 Hð Þ by the following relation.

S
_

k~{Tk,LWT
k,L{Tk,RWT

k,R ~ P
_

kzi:Q
_

k,1zj:Q
_

k,2zk:Q
_

k,3 ð27Þ

The matrix S
_

k is the apparent power matrix for the link k. It can be decomposed into real part
(P
_

k) and complex part (i:Q
_

k,1zj:Q
_

k,2zk:Q
_

k,3) as four matrices defined in M6,6 Rð Þ, these
matrices are identical to the vector components in the right hand side of Eq. 3.

P
_

k~Re S
_

k

� �
; Q

_

k,1~{Re i:S
_

k

� �
; Q

_

k,2~{Re j:S
_

k

� �
; Q

_

k,3~{Re k:S
_

k

� �
ð28Þ

The main advantage of the Quaternion method lies here, all complex computations required
in the power manipulability matrix evaluation as mentioned in [14] are simply replaced by a
simple product (Eq. 27). Instead of manipulating quadri-vectors which elements are matrices in
M6,6 Rð Þ, only vectors in H6 and matrices in M6,6 Hð Þ are encountered in the Quaternion based
method.
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Remember that S
_

k is determined by neglecting the weighting factors effect. In the following, a
coherent method to evaluate theses parameters is presented and a weighted representation of
this matrix will be defined after.

3.3 Weighting Factors Evaluation
Multiplying the matrix P

_

k by the factors omitted previously (the weighting factors (kL,kR)
operators), we obtain :

Pk~
kLI3 03

03 kRI3

� �
P
_

k

I3

kL

03

03
I3

kR

0
BB@

1
CCA~

P
_

k,A
kL

kR

P
_

k,B

kR

kL

P
_

k,C P
_

k,D

0
BB@

1
CCA ð29Þ

Let kL=kR~b. The value of this ratio can be evaluated by minimizing the Frobenius norm of
the real power matrices sum (Pk,k~1::n). According to [14], this parameter equals

b~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
k~1

P
_

k,C

			 			
FPn

k~1

P
_

k,B

			 			
F

vuuuuut ð30Þ

If the task space is homogeneous, i.e. it contains one type of movement (either rotations or
translations), only one weighting parameter is defined (either kL or kR). In this case, the right
hand side of Eq. 29 does not contain neither kL nor kR, and these parameters vanish directly by
the fact that only ratios of the form kL=kL or kR=kR are present.

3.4 Quaternion Representation of the Weighted Apparent Power Matrix
The Apparent power defined in M6,6 Hð Þ (Eq. 27) must be reevaluated by introducing the

weighting factors (kL,kR). By fixing kR~1, we have kL~b and we can write:

Sk~
kLI3 03

03 kRI3

� �
S
_

k

I3

kL

03

03
I3

kR

0
BB@

1
CCA~

bI3 03

03 I3

� �
S
_

k

I3

b
03

03 I3

0
@

1
A ð31Þ

Sk is the weighted apparent power matrix for the link k. According to our philosophy,
eigenvalue analysis is required for the determination of performance indices. Moreover, it is
well known that eigenvalues can be evaluated easily for a real valued matrix, but this is not the
case with a Quaternion based matrix, for which there is no general and direct method for
eigenvalue issues [24–25]. Hence, a real representation of the apparent power is more suitable
for our development.

3.5 Real Apparent Power Matrix
In order to obtain a matrix in M6,6 Rð Þ, Sk is multiplied by its conjugate transpose, the result

is a real positive definite matrix:

Sk~Re SkS�k
� �

ð32Þ

Matrix Sk is the real apparent power matrix for the link k. From Eqs. (27) and (32), the
following relation can be easily verified
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Sk~PkPT
k zQk,1QT

k,1zQk,2QT
k,2zQk,3QT

k,2 ð33Þ

This is the same as the apparent power matrix defined in [14].

The resulting matrix is positive definite. At that time, the total real apparent power matrix
can be defined as the sum of all Sk.

S~
Xn

k~1

Sk ð34Þ

S is the total real apparent power matrix and it corresponds to the whole mechanism. At this
step, different performance indices can be deduced.

3.6 Power Based Performance Indices
The final (PM) quadratic form expressed in the homogeneous space of p is given by:

G~pT S p ð35Þ

This quadratic form is defined in the homogeneous power space p[R6. Let (lk , k~1,::,6) be
the set of eigenvalues of S, now, The following performance indices are defined.

The (PM) volume:

GVol~
1

P
6

k~1
lk

ð36:aÞ

The (PM) isotropy:

GIso~
lMin

lMax

ð36:bÞ

And the minimum power transmissibility:

GMin~
1

lMax

ð36:cÞ

The power manipulability volume index measures the mechanism’s ability to transmit
movement to the end-effector. A small volume is obtained if the major parts of mechanism
articulations are not well oriented or positioned. A mechanism with volume zero is either rigid
or losing at least one degree of freedom.

Isotropy is important to ensure the uniformity of the mechanical transmissivity along all
directions, a good isotropy is associated with an equivalence of the end-effector degrees of
freedom, which means, task space degrees of freedom are mechanically equivalent, movement
along one degree of freedom can be performed with the same kinematic performance (precision
and power requirement) as the other directions.
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The minimum power transmissibility is a very helpful tool in order to avoid loss of
controllability along one or more directions. By fixing a minimum value of this parameter, we
guarantee certain amount of precision and transmission quality from joints to the end-effector.

A summary of the procedure is given below.

3.7 Quaternion Based Algorithm
In the following, the procedure in its compact form to obtain the (PM) indices is presented

(Fig. 4). Only geometric parameters (ak,dk,ak,hk,sk) of the mechanism are required.

One can see the significant difference between the conventional procedure of [14] and the
Quaternion based method. The simplicity encountered is due to the direct evaluation of the
apparent power matrix given in Eq. (27), significant calculations are visibly avoided. In the
following, the method will be applied to two simple structures : a three degrees of freedom PRR
serial structure (containing different types of joints, so the articulation space is not
homogeneous) and a three degrees of freedom parallel in-line platform (the task space is not
homogeneous).

4. APPLICATIONS

4.1 Three DOF Serial PRR Structure
This structure is chosen in order to demonstrate the robustness of our new algorithm with

respect to the articulation space non-homogeneity. Let (xE ,yE,zE) be the coordinates of the
point E in the fixed frame (O0x0y0z0) (Fig. 5). mechanism’s dimensions are : l2~O2O3, l3~O3E.
Articulation space variables are : d1,h2,h3ð Þ. Table 1 shows the Denavit-Hartenberg parameters
corresponding to the convention introduced in Fig. 1 is given below:

The direct kinematic model is given by:

vE~

_xxE

_yyE

_zzE

0
B@

1
CA~

0 {l2 sin h2ð Þ{l3 sin h2zh3ð Þ {l3 sin h2zh3ð Þ
0 l2 cos h2ð Þzl3 cos h2zh3ð Þ l3 cos h2zh3ð Þ
1 0 0

0
B@

1
CA

_dd1

_hh2

_hh3

0
B@

1
CA~J

_dd1

_hh2

_hh3

0
B@

1
CA ð37Þ

According to the procedure given in the previous section, pseudo-inverse Jz of the Jacobian
J is at first evaluated. Selecting a set of end-effector positions that correspond to different
values of the angle h3 (Elevation d1 and angle h2 doesn’t affect our results, so variation with
respect to the angle h3 is only considered). Real apparent power matrices of these positions are
given in (Table 2).

For all these positions, the matrix S has a stable eigenvalue corresponding to the vertical
movement (the value in the third row and the third column of the matrix). So, the

Table 1. Denavit-hartenberg parameters of a three DOF PRR structure.

sk dk ak ak hk

Link 1 0 d1 0 0 0
Link 2 1 0 0 l2 h2

Link 3 1 0 0 l3 h3
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Fig. 4. Quaternion based algorithm of the power manipulability.
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mechanism is decoupled either with respect to the power sense, or with respect to the
movement transmission.

Ellipsoids corresponding to these positions are represented in the O2x2y2z2ð Þ plane (Fig. 6).
Elevation d1 and angle h2 doesn’t affect our results and only ellipsoids variation with respect to
the angle h3 should be represented. By changing the scale of the mechanism (l2~l3~10 and
l2~l3~1), ellipsoids shape is the same and it is clear that the power based method is insensitive
to the mechanism scale or the physical units choice. By using the Jacobian approach (Fig. 7), a
significant difference can be observed by changing the mechanism scale; ellipsoids are elongated
in the vertical direction since this one coincides with the first DOF which is different from the
others.

Performance indices given by Eqs. 36.a-b-c can also be defined and compared. Results are
illustrated with respect to the mechanism prolongation along the x2 axis by varying the angle h2

and setting h3~{2h2. By changing the mechanism scale, it can be verified that the power based
performance indices (Fig. 8) are insensitive to the scale modification. Characteristics obtained
show clearly the aptitude of the mechanism to transmit movement to the exterior and it can be
observed that all indices degenerate at singular positions (x2~0 and x2~l2zl3).

Fig. 5. Three DOF PRR serial structure.

Table 2. Real apparent power matrix for different values of h3.

h3 (degree) 10 40 70

S 679:45 84:98 0

84:98 11:94 0
0 0 3

0
@

1
A 34:1 17:85 0

17:85 11:06 0
0 0 3

0
@

1
A 6:96 6:60 0

6:60 9:36 0
0 0 3

0
@

1
A

h3 (degree) 100 130 160

S 2:24 1:76 0

1:76 7:30 0

0 0 3

0
@

1
A 2:36 {0:64 0

{0:64 5:43 0

0 0 3

0
@

1
A 9:46 {2:88 0

{2:88 4:24 0

0 0 3

0
@

1
A
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Using the Jacobian method (Fig. 9), significant modifications can be observed by changing
the mechanism scale, even for the isotropy index which is the ratio of singular values and
could be dimensionless in some cases. For the mechanism dimensions l2~l3~10, all singular
values are greater or equal to 1, hence, it can be observed the presence of a unity permanent
minimum singular value (corresponds to the vertical direction). This is not the case if
l2~l3~1, where the mechanism modification scales provides other characteristics, which are
absolutely different.

Fig. 6. Power based ellipsoids for two mechanism dimensions.

Fig. 7. Jacobian based ellipsoids for two mechanism dimensions.
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4.2 Three DOF. In-line Parallel Platform
In opposition to the previous example, a planar in-line parallel platform is chosen in order to

demonstrate the robustness of our new algorithm with respect to the task space non-
homogeneity (Fig. 10). This type of structure has made the subject of optimal design and
kinematic analysis in [26–27]. The structure consists of a base related to a mobile nacelle with
three legs. Although it is not a serial chain, kinetostatic analysis will be carried out by
considering the power flow within the three legs only.

The nacelle position is given by three parameters, the position (x,y) of the nacelle center C

and its orientation angle h with respect to the x axis. The task space degrees of freedom vector is
(x,y,h).

Fig. 8. Power based performance indices for two mechanism dimensions.

Fig. 9. Jacobian based performance indices for two mechanism dimensions.
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Let (s1,s2,s3) be the unit vectors supported by the three legs. (q1,q2,q3) are the legs’ lengths
(the articulation space); their variations with respect to time are ( _qq1, _qq2, _qq3). Let ( _QQ1, _QQ2, _QQ3)
be the angular velocities of these legs with respect to the fixed frame. The vector set (t1,t2,t3)
contains the unit vectors perpendicular to the legs lines. B and 2N are the base and
the nacelle dimensions respectively. The Quaternion based algorithm takes the following
form:

The nacelle centre C velocity is expressed with respect to the power vector

VC~

vx

vy

_hh

0
B@

1
CA~

kLpx

kLpy

kRph

0
B@

1
CA~

kL

kL

kR

0
B@

1
CAp ð38Þ

External points (nacelle nodes) velocities of the nacelle are given by the following relations

VB1
~

1 0 N sin hð Þ

0 1 {N cos hð Þ

0 0 1

0
BB@

1
CCA VC~UB1

VC

VB2
~

1 0 {N sin hð Þ

0 1 N cos hð Þ

0 0 1

0
BB@

1
CCA VC~UB2

VC~UB3
VC

ð39Þ

Given that: t�k~zk|sk , the set (sk,t�k,zk) constitutes a direct orthonormal basis, the angular
velocity for each leg is given by: _QQk~ tT

k



qk

� �
UBk

VC . For each node, velocity can be
decomposed into parallel and perpendicular components with respect to each leg, namely
sT

k VBk
~ _qqk~sT

k UBk
VC and tT

k VBk
~ _QQkqk~tT

k UBk
VC respectively. The formers constitute the

articulations velocities ( _qqk) which are necessary in the differential kinematic model evaluation
( _qq~J VC)

Fig. 10. Three DOF in-line parallel mechanism.
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J~

sT
1 UB1

sT
2 UB2

sT
3 UB3

0
B@

1
CA ð40Þ

Each leg contains two dependant degrees of freedom, a rotation about the fixed axis of the
base and an axial translation (active joint) along the line leg. Wrench of the link k is the
combination of these two components, the first one is related to the rotational articulation, the
second to the prismatic one: Tk~Tk,1zTk,2.

Tk,1~
Tk,1,L

Tk,1,R

� �
~

qk _QQktk

_QQkzk

� �
; Tk,2~

Tk,2,L

Tk,2,R

� �
~

_qqksk

0

� �
ð41Þ

In the Quaternion space, twist expressions are directly deduced from Eqs. 25 and 41

TT
k,1,L~j:(zk|sk)T UBk

; TT
k,1,R~k:

zk|skð ÞT

qk

UBk

TT
k,2,L~i:sT

k UBk
; TT

k,2,R~01|3

ð42Þ

This type of structure does not need a recursive algorithm for the wrenches evaluation. For
each leg, the corresponding wrench is represented only by an axial force fk. These forces are
given by the relation

f1

f2

f3

0
B@

1
CA~J{T

kL

kL

kR

0
B@

1
CAp ð43Þ

Moments at the legs articulations are null (mk~0) and the force components of wrenches are
collinear with the legs lines, i.e. axial forces ( AkBkð Þ|f k~0). Then

Wk,1~Wk,2~
Wk,1,L

Wk,1,R

� �
~

Wk,2,L

Wk,,2R

� �
~

f k

0

� �
ð44Þ

According to Eq. 26, wrenches are written in the Quaternion space as:

Wk,1,L~i:J{T
k ; Wk,1,R~01|3

Wk,2,L~i:J{T
k ; Wk,2,R~01|3

ð45Þ

Where J{T
k is the kth line of J{T .

Quaternion expressions of the apparent power matrix is directly given by :

S
_

k~{Tk,1,LW T
k,1,L{Tk,2,LW T

k,2,L{Tk,1,RW T
k,1,R{Tk,2,RW T

k,2,R

~ UT
Bk

skJ{T
k

� �
{k: UT

Bk
(zk|sk)J{T

k

� � ð46Þ
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Weighing parameters are evaluated uniquely from the real power components

P
_

k~Re S
_

k

� �
~UT

Bk
skJ{T

k .

Pk~

kL 0 0

0 kL 0

0 0 kR

0
B@

1
CAP

_

k

1

kL

0 0

0
1

kL

0

0 0
1

kR

0
BBBBBB@

1
CCCCCCA

~

P
_

k,1,1 P
_

k,1,2
kL

kR

P
_

k,1,3

P
_

k,2,1 P
_

k,2,2
kL

kR

P
_

k,2,3

kR

kL

P
_

k,3,1
kR

kL

P
_

k,3,2 P
_

k,3,3

0
BBBBBB@

1
CCCCCCA

ð47Þ

b~
kL

kR

~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP3
k~1

P
_

k,3,1 P
_

k,3,2

� �			 			
F

P3
k~1

P
_

k,1,3

P
_

k,2,3

0
@

1
A

						
						

F

vuuuuuuuut
ð48Þ

Quaternion weighted apparent power matrix for each link is evaluated by fixing (kR~1,
kL~b).

Sk~

b 0 0

0 b 0

0 0 1

0
B@

1
CAS

_

k

1=b 0 0

0 1=b 0

0 0 1

0
B@

1
CA ð49Þ

The Real weighted apparent power matrix is given by

Sk~Re S
_

kS
_�

k

� �
; �S~

X3

k~1

Sk ð50Þ

Finally, different Performance indices are evaluated. Let (l1,l2,l3,l1§l2§l3) be the set of
eigenvalues of S.

GVol~
1

l1 l2 l3
The PMð Þ Volume:

GIso~
l3

l1
The PMð Þ Isotropy:

GMin~
1

l1
Power minimum transmissibility:

Global variants of these three parameters are illustrated in (Fig. 11–13), these are the result of
an integration in the task space (x,y,h). The integration domain D is given by:
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D~ x,y,hð Þ=x[ 0,B½ �,y[ B=2,B½ �,h[ {p=6,p=6½ �f g; (technological limitations caused by the nature
of legs are not considered). Global performance indices are given by

GG
Vol~

1

VD

ð
D

GVoldxdydh ; GG
Iso~

1

VD

ð
D

GIsodxdydh ; GG
Min~

1

VD

ð
D

GMindxdydh ð51Þ

These parameters are illustrated with respect to the design parameters of the mechanism,
namely, the nacelle half dimension given by the ratio N=B and the offset defined with the ratio
b=B.

From the results of Figs. 11, 12 and 13, maximum values of the corresponding indices and
optimal design parameters of the mechanism are consigned. These optimal results are given in
(table 3).

By fixing the base dimension: B~10, the half length of the nacelle N optimal value is chosen
with respect to the power manipulability volume index (Table 3.): N~0:24B~2:4. Therefore,
the nacelle dimension will be almost half of the base length (Fig. 14) whilst the offset b will be
null. For one value of the nacelle orientation (h~{p=6), a chart of the power manipulability
ellipsoids and distributions of each one of the three indices are represented in the (x,y) plane
(Fig. 15).

Best postures coincide with situations for which the second link is smaller, in this case, the
three legs share approximately the same length. It also can be seen that performance indices
variations with respect to the nacelle elevation y is less significant in comparison to the same
variation with respect to the x axis. These results are obtained from the Quaternion based
algorithm that is more compact, simple and efficient. It can be effectively used in large variety of
problems related to dexterity analysis, i.e. control strategy or optimal design.

Using another mechanism base dimension B~1ð Þ. Results obtained are illustrated in (Fig. 16)
and the resemblance with results corresponding to B~10ð Þ can be verified easily.

Fig. 11. The (PM) Volume Global parameter
variation with respect to the mechanism
dimensions.

Fig. 12. The (PM). Isotropy Global parameter
variation with respect to the mechanism
dimensions.
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Furthermore, the robustness of the power method with respect to the mechanism scale has
been proved in [14] for a three DOF planar parallel mechanism for which the task space is not
homogeneous. A comparison with the Jacobian based method can also be found in the same
reference.

5. CONCLUSION AND DISCUSSION

Although conventional kinetostatic performance indices suffer from a serious problem of
physical unit homogeneity, they present the advantage of simplicity compared to the power
based performance indices. This simplicity comes from the direct manipulation of the Jacobian
matrix, since conventional indices are all derived from the singular value decomposition of that
matrix.

Power based method offers a robust tool that solves definitely the non-homogeneity problem.
On the other hand, it involves a more complicated algorithm. In order to make it simpler and
numerically more efficient, Quaternion algebra was successfully applied.

The colinearity condition of (Eq. 5) means that the load applied to the end-effector is ideal
with respect to the power sense (there is no reactive power). In reality, an ideal or perfect test
load in the end-effector is propagated along the articulations where it produces some amount of

Fig. 13. The power Minimum Transmissibility
Global parameter variation with respect to the
mechanism dimensions.

Fig. 14. Optimal representation of the mechan-
ism related to the (PM) Volume.

Table 3. Optimal design results according to each performance index.

Maximal index value N=B b=B

(PM) Volume 0.0560 0.24 0
(PM) Isotropy 0.3121 0 0
Power Minimum
Transmissibility

0.2073 0.23 0
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reactive power (imaginary form of power caused by the perpendicular component of wrench
with respect to the twist, while the real or effective power is generated by the parallel
component), so, the power manipulability measures this generated reactive power with respect
to the total power. If another form of load is applied to the end-effector, it will be impossible to
measure the generated reactive power along the mechanism.

The presented method is revised and improved. Twists and wrenches have been represented in
the Quaternion space H6 as pure Quaternion vectors, n being the task space dimension. A
recursive algorithm was proposed to evaluate wrenches of different links of a serial chain.
Making use of the outer product defined in H6, apparent power matrix defined in M6,6(H) is
directly obtained. In order to avoid any eigenvalue analysis over a Quaternion valued matrix, a
real valued symmetric matrix is obtained by performing the product of the apparent power
matrix by its conjugate transpose.

The algorithm is summarized in easy steps. Its implementation is straightforward and it can
be applied successfully for a vast range of robotic mechanisms. It must be pointed out that the

Fig. 15. Distributions of power based performance indices in the (x,y) plane for B~10 and h~{
p

6
.
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significant benefit in simplicity comes from the aptitude of the Quaternion based method to
avoid the embarrassing vectorial cross product. This product constitutes the reactive part of the
apparent power and the quadri-vector, which is an element of the apparent power matrix, is
replaced by a simple Quaternion.

Our method does not take into account dynamic parameters of the mechanism. A dynamical
variant of this method provides great benefit. Also, the concepts of oriented power and Quaternion
based apparent power may well represent an efficient tool in other areas of mechanisms analysis and
design (automotive, aviation, railway, machine tool and manufacture mechanisms).
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APPENDIX

Let H denote the hyper-complex field of Quaternions over the real field R. Let x and y be
elements of H, they have the form:

x~x0zix1zjx2zkx3 , y~y0ziy1zjy2zky3 ðA:1Þ

With : x0,x1,x2,x3ð Þ, y0,y1,y2,y3ð Þ[R4 and i,j,k are hyper complex numbers satisfying the
product properties:

i2~j2~k2~ijk~{1 , ij~{ji~k , jk~{kj~i , ki~{ik~j ðA:2Þ

For any Quaternion x, we define :Re xð Þ~x0 is the real part of the Quaternion x;
Im xð Þ~ ix1zjx2zkx3ð Þ is the complex part of x; if x0~0, Quaternion x will be absolutely
complex and we say that x is a pure Quaternion (we write : x[ H{Rð Þ); �xx~x0{ix1{jx2{kx3 is

the conjugate of x ; and xj j~
ffiffiffiffiffiffi
x�xx
p

~
ffiffiffiffiffiffi
�xxx
p

~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

0zx2
1zx2

2zx2
3

� �q
the norm of x.

Matrices can also be defined over the H space; let A[Mm,n Hð Þ be a m|n matrix whose
element are in H: A~ aij , i~1::m , j~1::n

� �
; we denote the conjugate of A as : �AA~ �aaij

� �
; the

transpose of A as : AT~ aji

� �
; the conjugate transpose of A as : A�~ �AAT~ �aaji

� �
.

Addition and multiplication of Quaternions are defined as below:

xzy~ x0zy0ð Þzi x1zy1ð Þzj x2zy2ð Þzk x3zy3ð Þ ðA:3Þ

x y~x0y0{ x1y1zx2y2zx3y3ð Þ

zx0 iy1zjy2zky3ð Þ

zy0 ix1zjx2zkx3ð Þ

zi x2y3{x3y2ð Þzj x3y1{x1y3ð Þzk x1y2{x2y1ð Þ

ðA:4Þ

A special case, when x and y are pure Quaternions : x~ix1zjx2zkx3, y~iy1zjy2zky3;
then their product takes the form:

x y~{ x1y1zx2y2zx3y3ð Þ

zi x2y3{x3y2ð Þzj x3y1{x1y3ð Þzk x1y2{x2y1ð Þ
ðA:5Þ

If x and y are vectors in R3 (R3 is isomorphic to (H{R)), then the first part of the right hand
side of the equation above is simply the inner product of these two vectors, while the second
part is exactly the cross product of these vectors.
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{ x1y1zx2y2zx3y3ð Þ?{ x:yð Þ

i x2y3{x3y2ð Þzj x3y1{x1y3ð Þzk x1y2{x2y1ð Þ? i j kð Þ x|yð Þ
ðA:6Þ

These results are nothing but the inner and the cross product of vectors x and y. In order
to avoid the minus sign before the inner product part, the following function from

H{Rð Þ| H{Rð Þð Þ to H is introduced:

f x,yð Þ~{ x yð Þ

~ x1y1zx2y2zx3y3ð Þ

zi x2y3{x3y2ð Þzj x3y1{x1y3ð Þzk x1y2{x2y1ð Þ

ðA:7Þ

The result is a Quaternion or a quadri-vector, its real part is the inner product of the two
entering vectors whilst its complex part is their cross product. This important result constitutes
the foundation of our development.

Let Xand Ybe line vectors in Hn:

X T~ x1 x2 � � � xnð Þ , Y T~ y1 y2 � � � ynð Þ ðA:8Þ

If xi and yi are pure Quaternions, the following function can also be defined:

Z~{ X Y T~{

x1

x2

..

.

xn

0
BBBB@

1
CCCCA y1 y2 � � � ynð Þ

0
BBBB@

1
CCCCA~

z1,1 z2,1 . . . z1,n

z2,1 z2,2 . . . z2,n

..

. ..
.

P
..
.

zn,1 zn,2 � � � zn,n

0
BBBB@

1
CCCCA ðA:9Þ

This is a matrix in Mn,n Hð Þ. The real part of the each element zi,j is the inner product of the
two vectors xi and yj whilst the imaginary part is the cross product of xi and yj.

zij~xi
:yjz i j kð Þ xi|yj

� �
ðA:10Þ

Another function can be defined from Mn,n Hð Þ to Mn,n Rð Þ, it’s the result of the multiplication

of a matrix A~ ai,j

� �
~ a0

i,jzi:a1
i,jzj:a2

i,jzk:a3
i,j

� �
by its conjugate transpose.

B~ bi,j

� �
~Re A A�ð Þ~

X3

k~0

ak
i,j

� �2

 !
ðA:11Þ
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