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Overview

Define the wrist positioning problem (WP) in terms of given
wrist centre point coordinates and Denavit-Hartenberg
parameters of a 3R serial chain.

Set up the direct kinematics problem and invert it,
producing three scalar equations in joint angles u1, u2, u3.
Eliminate the middle joint angle variable, u2.
Produce system of two equations linear in cos u1, sin u1,
cos u3, sin u3.
Make two tangent half angle = t , u substitutions, i.e.,
cos(u1, u3) = 1−(t ,u)2

1+(t ,u)2 , sin(u1, u3) = 2(t ,u)
1+(t ,u)2 .

Eliminate, say, t and factor out [2(1 + u2)]2 from octic.
Solve for u3. Use two equation system to find u1 and three
equation system to find u2.
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Conventional Layout

Sequence of
vectors ai to be
transformed,

Joint axes gi , DH
parameters
a1, d2, a2, b, s

And common
normal pedal
points
N, O, P, Q, K , W

Consistent with geometric approach. Skew axis angles
α1,2 not shown.
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Direct Kinematics and Three Scalar Equations

Rearrangement of closure equation, i.e., direct kinematics
to place W if ui are given

a1 + Q1a2 + Q1Q2a2a3 + Q1Q2Q3a2a3 −w = 0
Yields three scalar equations

qi1a3 + qi2bµ3 + qi3bλ3 − wi = 0, i = 1, 2, 3 (1)

qij ∈ Qi , ui = joint angles, µi = cos αi , λi = sin αi .

Qi =

 cos ui −λi sin ui µi sin ui
sin ui λui −µi cos ui

0 µi λi

 , ai =

 ai cos ui
ai sin ui

bi


b1 = 0, b2 = d2 b3 = b
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Quatric Monomial

Angle u2 can be eliminated from the set of three, Eq. 1 to
produce a pair in ui , i = 1, 3.

Ai cos u1 + Bi sin u1 + Ci cos u3 + Di sin u3 = 0
Tangent half-angle substitutions produce two in t , u after
multiplying through with (1 + t2)(1 + u2).
Pi t2u2 + Qi t2u + Ri tu2 + Si t2 + Tiu2 + Ui t + Viu + Wi = 0
The resultant in t is an octic in u with a removable factor.
[2(1 + u2)]2(Pu4 + Qu3 + Ru2 + Su + T ) = 0 so as to
produce up to four real soluions as expected.
Aside from back-substitution to find angles u1,2 the problem
is solved but why is this sort of octic factorable?
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Scenario

Split 3R triad so g2 becomes reference frame z−axis.

Wrist centre W sweeps a surface of revolution under u2, u3
dyad rotation.
Under u3 rotation, meridian circle k is locus of W , centred
on K , radius KW , has axis g3 skew to g2.
Cyclid surface Φ generated as k is rotated by joint angle u2
about axis g2.
Circle l with centre L is locus of wrist target point W0 as
frame with z−axis g1 counter-rotates about reference
frame with g2 as z−axis.
Computational process, reducing a sphero-quartic surface
and some questions.
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A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Frame Definitions

A 3R chain is shown in “home”
position wherein

Common normals NO PQ KW
between axes are parallel.

Denavit-Hartenberg (DH)
parameters are defined.

Purpose is to place W →W0 by

Rotation angles u1, u2, u3 about

Axes g1, g2, g3, respectively.

Still missing, angles α1 between
g1 and g2 and α2 between g2 and
g3 are easy to visualize here.
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Split Triad and Three Circles

Note three circles l , p′, k

Whose centres and radii

Squared can be written

By inspection.

l : {L(l1, l2, l3), RL}

= {(−a1, w3sinα1,

w3 cos α1), w2
1 + w2

2}

p′ : {P ′(p′1, p′2, p′3), RP} =

{(0, 0, d2 + b cos α2), a2
2 + b2 sin2 α2}

k : {K (k1, k2, k3), RK} = {(a2,−b sin α2, d2 + b cos α2), s2}
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

3 Joints Angles and 3 Circular Arcs to a Solution

u =01

=

=

W0

W

u1

W3 W2

L

N

O

P
Q

K

u2

u3

Excursion on surface Φ meridian due to rotation u3
followed by rotation u2 along latitude circle places W at
one of four desired locations on circle l at W2.
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

l(u1) and Φ(u2, u3) Yields W (x , y , z)

l(u1) :

 x
y
z

 =

 −a1
w3sinα1

w3 cos α1

 + cos u1

 w1
w2 cos α1
−w2 sin α1

 +

sin u1

 w2
−w1 cos α1
w1 sin α1

 , Φ(u2, u3) :

 x
y
z



=

 cos u2(a2 + s cos u3)− sin u2(−b sin a2 + s cos α2 sin u3)
sin u2(a2 + s cos u3) + cos u2(−b sin α2 + s cos α2 sin u3)

d2 + b cos α2 + s sin α2 sin u3


x2 + y2 = (a2 + s cos u3)

2 + (−b sin α2 + s cos α2 sin u3)
2,

sin u3 = z−d2−b cos α2
s sin α2

[(x2 + y2 + z2 − 2d2z − a2
2 + d2

2 − b2 − s2) sin α2]
2

+[(z − d2 − b cos α2)
2 − s2 sin2 α2]4a2

2 = 0← Φ(x , y , z)
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Eliminating u2, u3 Produces Quartic Univariate in τ

[1, cos u1, sin u1]C

 1
cos u1
sin u1

 = 0,

 1
cosu1
sin u1

 ≡
 1 + τ2

1− τ2

2τ



cij ∈ C, cij = cji , c11 = e2 + 4fa2
2, c12 = 2(eg − 2ma2

2w2 sin α1)

c13 = 2(2ma2
2w1 sin α1 − eh), c22 = 4(g2 sin2 α2 + a2

2w2
2 sin2 α1)

c23 = −4(gh sin2 α2 + a2
2w1w2 sin2 α1)

c33 = 4(h2 sin2 α2 + a2
2w2

1 sin2 α1)

e = a2
1 − a2

2 + d2
2 − b2 − s2 + w2

1 + w2
2 + w2

3 − 2d2w3 cos α1

f = (w3 cos α1 − d2 − b cos α2)
2 − s2 sin2 α2

g = d2w2 sin α1 − a1w1, h = d2w1 sin α1 + a1w1

m = w3 cos α1 − d2 − b cos α2

τ → cos u1, sin u1, up to four real solutions.
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Computing u3, u2

From parametrization of Φ(u2, u3)→ z recall
sin u3 = z−d2−b cos α2

s sin α2
.

So cos u3 = ±
√

1− sin2u2.
To check ± use p + q − x2 − y2 = 0
Where p = (a2 + s cos u3)

2 and
q = (s cos α2 sin u3 − b sin α2)

2.
From parametrization of Φ(u2, u3)→ x , y recall
cos u2 = px+qy

x2+y2 , sin u2 = py−qx
x2+y2 .
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Summing Up: 4 Solutions and 4 Postures

W0

W

g1

g2

g3

§0

§
1

§2

§3

W = W0
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Three Surfaces

Recall the cyclid:
C∞(C∞ + cCzz + cC) + cz2z2 + czz + c = 0.

Consider a sphere centred on L, radius squared R:
C∞ − kxx − kyy − kzz − k = 0
And a plane e on L and normal to g1:
exx + eyy + ezz + e = 0.
Replace C∞ in the cyclid with linear form in sphere equation.

(kxx + ky y + kzz + k)[(kxx + ky y + kzz + k) + cCzz + cC ] +

cz2z2 + czz + c = 0

Thus producing a quadric surface that yields the four
values of Si when combined with the sphere and plane.
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

All Four Surfaces Together

Eliminating the
absolute conic
C∞ = x2 + y2 + z2

from the cyclid with
the linear form from
the sphere produces
a cylinder with an
elliptic right section.

Intersection of the
sphere, cylinder and
plane yields the four
required points
Si , i = 1, 2, 3, 4.
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

What Was Accomplished

Choosing the second revolute axis g2 as the reference
frame split the problem in two, nicely.

A fourth order surface, the cyclid, is generated, naturally,
by sweeping the wrist point W , initially in home position,
about axes g1,2

Thus parameterizing it in terms of joint angles u2,3.
A circle, in terms of joint angle u1, is generated by
revolving the given wrist centre W0 about axis g1.
Separating joint variables in this way renders the
coefficients in the equation set quite compact
And Identifies the cyclid as the invariant or architectural
geometric element; the circle is the variable element.
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revolving the given wrist centre W0 about axis g1.
Separating joint variables in this way renders the
coefficients in the equation set quite compact
And Identifies the cyclid as the invariant or architectural
geometric element; the circle is the variable element.
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Questions to Be Investigated

If the wrist point tracks a straight line what is the nature of
the curves it traces on the cyclid? E.g., are they
geodesics? No, they are not

Because all straight lines, generally skew to axis g1, will
generate one-sheet hyperboloids of revolution to intersect
the cyclid in a curve of eighth degree. Can it be reduced?
If the wrist point tracks a circle the surface of revolution
about g1 will be a cyclid, similar to the one generated by W
when swept by revolutions about g2 and g3. What is the
intersection curve like in this case?
How may the cyclid-circle model be exploited to gain
insight in velocity analysis? . . . acceleration . . . ?
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Two Special Cases

Recall the cyclid swept under the auspices of revolution of W
about g2,3 through full circles u2,3 = 2π.

This becomes an elliptical cylinder when combined with a
sphere that contains the circle swept by W0 as it rotates about
axis g1 through u1 = 2π.

A case where ∃ g2 ∩ g3 ≡ a2 = 0

And another where α2 = 0, a2 6= 0 will be considered.
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

Axes g2 and g3 Intersect

Surface is a bi-truncated sphere on P = Q, radius
+
√

b2 + s2.

Cyclid equation degenerates, with a2 = 0, to
C∞ − 2d2z + d2 − b2 − s2 = 0.

Region lies between z = d2b cos α2 ± s sin α2.

Circle on axis g1 intersects it in two places

But sign test for cos u3 = ±
√

1− sin2 u2 fails

Because p = (a2 + s cos u3)
2 returns a unique

value

So the solution admits two valid values as
u3, u3 + π
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Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background



Overview & the Conventional Approach
A Slightly Different Approach

Removing Absolute Conic C∞ = x2 + y2 + z2 from Cyclid
Conclusion

If Time Remains . . .

g2 ‖ g3, g1 ∩ g2, g1 ‖ g2

Since sin α2 = 0 surface is region in either plane z = d2 ± b.

It’s an annulus and ± denotes α2 = 0, π, respectively.

Interior/exterior radii are a2 ± s.

Circle x , y , (z) equation triad gives
d2 ± b − w3 cos α1 + sin α1(w2 cos u1 − w1 sin u1) = 0.

Maybe two real solutions after τ substitution; circle∩plane

Subject to a2 − s ≤
√

x2 + y2 ≤ a2 + s.

Use surface equation (x , y), z triad x = s cos(u2 ± u3)

+a2 cos u2, y = s sin(u2 ± u3) + a2 sin u2 → cos u3 =
x2+y2−a2

2−s
2a2s .

For each u1, two u3; u3 + u′3 = 2π.

If ∃g1 ∩ g2, reverse rôles of circles k and l .

21 / 21 Gfrerrer, Zsombor-Murray 3R Wrist Positioning – Its Geometric Background


	Overview & the Conventional Approach
	A Slightly Different Approach
	Removing Absolute Conic C=x2+y2+z2 from Cyclid
	Conclusion
	If Time Remains …

