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Definitions

e C(p) = (x(p),y(p)) is a smooth closed curve.

o T = (:cp,yp)/\/xg + y7 is the unit tangent.

o N = (—yp,:cp)/\/:c% + y7 is the unit normal.
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where k is the Euclidean curvature.




Minimizing Euclidean Length

e C =C(p,t) is a smooth family of closed curves.
e 0<p<1.

e C(0,t) =C(1,1).

e C'(0,t) =C'(1,¢).

Length functional:
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First Variation of Euclidean Length
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First Variation of Euclidean Length

Integration by parts:
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Let v = ||Cp|| dv = Bpatdp
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Minimizing Euclidean Area

Area functional:
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Taking the first variation:
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First Variation of Euclidean Area

Integration by parts for I»:

Let u=2C, dv= ( _ypt>




Level Set Representations

C(p,t) : ST x [0,7) — R? is a family satisfying:
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Let W : R2x[0,7) — R be a Lipschitz continuous
function such that C(p,t) is its zero level set:

C(p,t) = {(z,y) € R? : W(x,y,t) = 0}.
Differentiating with respect to t¢:
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Differentiating with respect to p:
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Level Set Representations

Substituting for C; and VW in Wy = (C;, —VW):
Vi = (TN, [[VV] N)

v, =1 ||[VV].

Example of a level set flow:

Vv

Wy = (50 + B1div (W)) INAI




Shape Modelling

o WV = ¢(z,y) <5O + B1div (W"ﬂ)) V]|

Caselles et al. 93, Malladi et al. 94, Tek and
Kimia 95

e ®(z,y) : RZ —» RT haslocal minima at “edges”:
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Weighted Length Gradient Flows

e Euclidean metric: ds? = dz? + dy?.
e Conformal metric: ds = $2(dz? + dy?).

e $:R2 3Rt is dlfferentlable

¢-Length functional:

First variation and integration by parts:

, Ls(t) &C
Ly®) = = [ G5 RN — (Vo N)) ds

)
~
|

\VA'Y
W, = Vo, vy .
v = (o (00, T ) 9V

11



Weighted Area Gradient Flows

¢-Area functional:
L(t)
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Taking the first variation:
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Weighted Area Gradient Flows

Use integration by parts on I3 ...

A =~ [ii (¢ + 2(€,V6)) Nyds.
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Volumetric Extensions

e ¢ surface area minimizing flow:
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e ¢ volume minimizing flow:
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