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Abstract differential geometry oM S. However, to make computa-
tional use of this relationship, it is necessary to first have a

Medial surfaces are popular representations of 3D ob- sound and complete algorithm for detecting the medial sur-
jects in vision, graphics and geometric modeling. They cap- face.
ture relevant symmetries and part hierarchies and also al-  |n 3D, the medial surface is composed of 2D sheets
low for detailed differential geometric information to be re-  meeting along 1D seams and OD junctions. Wkkis a
covered. However, exact algorithms for their computation polyhedron, the sheets are quadric surfaces, non-degenerate
from meshes must solve high-order polynomial equations,seams are intersections of 3 quadric surfaces, and non-
while approximation algorithms rarely guarantee sound- degenerate junctions are intersections of 4 such surfaces.
ness and completeness. In this article we develop a techxact computation of medial surfaces, even in the simple
nique for computing the medial surface of an object with a case of a polyhedron, requires the solution of equations of
polyhedral boundary, which is based on an analysis of the high algebraic degree. Consequently, it is reasonable to
average outward flux of the gradient of its Euclidean dis- seek to approximate the medial surface.
tance function. This analysis leads to a coarse-to-fine algo-
rithm implemented on a cubic lattice that reveals at each it-
eration the salient manifolds of the medial surface. We pro-
vide comparative results against a state-of-the-art method
in the literature.

1. Introduction
Figure 1. The object angle at a smooth medial
Consider a regiof in R3, with boundaryB. Blum sug- point pis o
gested that an intuitive representation of this region is one
which makes its reflective symmetries explicit [4]. A for-
mal definition that we adopt is the following
Definition 1.2. For a particular pointp on a sheet oS,
theobject anglex is the angle made by the vector frgnto
any of its two closest points aB and the tangent plane to
Roughly speaking,MS is the set of points that are MS atp. Such a poinp is called asmooth medial point
equidistant from at least two points &. Figures 5, 6 and

Definition 1.1. Themedial surfaceMS of Q) is the locus
of centres of maximal spheres(in

7 present examples. Extracting the medial surfac@ of The concept of the object angle is illustrated in Figure 1.
reversible given that for each point 87 one can note the  The idea that sections of medial surface with high object
radius of its maximal sphere. angle represent the most perceptually salient parts of an ob-

It has been recently shown [7] that the differential ge- ject’s boundary is the basis of many techniques in the liter-
ometry ofQ and its boundarnB can be studied using the ature for removing “unwanted” sheets [1, 2, 10].



1.1. Previous Work In this article we overcome these limitations by develop-
ing a criterion to detect provably accurate locations of me-
The problem of accurately computing the medial sur- d_ial sheets of polyhedra through recursive spatial subdiyi_—
face of a 3D solid represented by polygonal patches orSion- We provide a stronger_guarantee than_other subdivi-
point clouds has been extensively studied. Existing meth-Sion me.thods about the sections of the medial surface that
ods may be divided into the following categories: tracing '€ retained. . _
algorithms, bisector methods for points distributed on the  We develop the necessary background in Sections 2 and
shape’s boundary, and approaches based on spatial subdivi3: @1d the theory and implementation of our new algorithm,
sion which detect singularities in the distance transform of &0ng with experimental results, in Sections 4, 5, and 6.
the object boundary.
[5] presents a notable tracing algorithm that uses exact2. Continuous Case
arithmetic to accurately compute the seam curves. It is able
to compute the medial surface for polyhedra having several | gt B pe the boundary of a closed orientable 3D object
hundred faces. andWW (t) be a moving front. It is the time parameter, then
[12, 13] compute a geometric directed graph, a “shock et i/ (0) = B. If we evolveW (¢) according to the equation
scaffold,” whose nodes correspond to special medial pointsgf the grassfire f|0W98LtV = N, whereN is the unit inward
using exact bisector computations between node clustersnormal tol¥(t), the shocks of¥ (¢) corresponding to two

[2] approximates the medial surface by a triangulation of or more evolving fronts colliding comprise the medial sur-
a subset of the vertices of the Voronoi diagram of points face of B.

distributed appropriately on the surface of the solid. Re-

search is carried out to prune sections of this medial surfaceDefinition 2.1. The Euclidean distance transformD :

to obtain a simpler reconstructed surface [21]. The task of R®* — R for a surface B is given by D(p) =

pruning the medial surface for 3D objects, however, is quite x(p) inf,c5 d(p, ¢), whered(.,.) denotes the Euclidean

complex [16]. distance andy(p) = —1 if p is outside or onB and 1 if
[9] uses space subdivision to find the adjacency relation-p is insideB.

ships between components of the generalized Voronoi di-

agram of 3D polyhedra. Subdivision continues until each

cell contains one Voronoi vertex. [3] constructs a polyhe-

dral approximation of the generalized Voronoi diagram for ~- ) . , , )

sites of various shapes under different metrics using an oc- Obse.rvmg thaN = VD n the grassire flow equation,

tree data structure. [22] uses spatial subdivision to approx-the_ medial sqrface may be m_terpreted as the locus of those

imate the generalized Voronoi diagram of a set of disjoint points for Wh'ChVD IS not unlque_ly defined, or where the

convex sites in any dimension. The cells kept by the algo- Etclidean distance transformis singular. _

rithm are those whose vertices have different closest points  OUr @Pproach for detecting sections of the medial surface

on the boundary of the solid and are proven to intersect the'S {0 detect discontinuities in the vector fi&itD. In partic-

Voronoi diagram. [10] uses spatial sampling to approximate ular, we study the limiting behawqur pf the average outward

the medial surface sections having a chosen object angld!W* (AOF) of VD through a shrinking neighbourhoctl

with axis-aligned facets. [20] extends this method to allow NSideB [8]. _ _

for preservation of homotopy type during simplification, In € fluxof VD throughsS' with outward normalVs is

general, the spatial subdivision methods that perform dis-

tance computations between the cells and the boundary at // VD - NgdS,

a small number of locations are limited in that they cannot S

guarantee completeness in detecting all sections of the meand can be interpreted as the degree to which the flow pro-
dial surface at any resolution. . duced byV D is volume preserving.
[8, 18] study the shocks that arise when the boundary  As the regionS shrinks to a point, the flux o/ D

of an object is evolved according to a differential equation. through S tends to zero. However, the value of the aver-
In the continuum, these shocks correspond to the medialage outward flux through

surface of the object. [8] considers a discretization of this

notion to a square lattice for computing the medial axis [/ VD - Ngdudv

of a 2D shape. [18] extends this work to a 3D voxelized AOF(S) = [[,dS

object using approximate distances and coarse sampling. 5

Both approaches, though applicable to shape matching [23]as S shrinks to a point is related to the object angle of the
lack theoretical guarantees on the correctness of the resultamedial surface sheet, if any, passing throgh

The gradient of the distance transfofiD : R? — R3
is a vector field, with vectors insidB pointing away from




smooth medial point % The above equation has been used to approximate the con-
: 3 tinuous values of thelOF [18] with the interpretation that
Y-branch seam point 3 large negative values indicate that a medial surface passes
6-junction point > % throughS and small negative and all positive values mean
- - that.S does not contain a piece of the medial surface or that
non-medial point 0

the object angle of the medial surface passing thratidggh
small. Such interpretation is based on the assumption that
the results of the continuous case as the areagifrinks to

0 apply to the case when the areaSis non-zero.

Table 1. Value of constant . for a spherical
region for different kinds of points [6].

WheneverMS passes througly or VD is discontin-
uous, we must adopt this special form of the Divergence
Theorem [8]:

//S VD.NSdS:///S dw(vn)dsa//cvp.]vsd&

whereS is the solid sphere with boundayandC is the
region of MS intersected by the interior &f. When con-
sidering theAOF of a region$ shrinking to a pointz, the
first term on the right side tends to zero, while the second
term does not:

Figure 2. Inside the region S VD is both con-
tracting and expanding. The AOF of VD over
S may be greater than the negative value re-
lated to the object angle of the medial sheet
that is introduced by the convex edge.

. [/ VD - NsdS [Jo VD - NgdS o .
lim T ds _Q—dS However, no matter how smafl is, given an arbitrary
area(S)—0 ffS ffS s .
boundary, it is always possible f&f D to be both contract-
_2”0 ds min(VD - Ng) ing and expanding in this small regigh For a practical
B ffs ds example, consider Figure 2. The arrows dengt® vec-
= —psin(min a;). tors. In this example, a medial surface sheet passes through
@ S because of the convex edge. However, its negative con-

Thea; are the object angles of the medial sheets meetingtribution to AOF" is reduced by the contraction MD to-
atz. The values of; are summarized in Table 1 for different Wards the concave edge in the vicinity. This poses a serious

kinds of points insidé2. For smooth medial points] is just issue for the correctness of discrete algorithms that find the
1 medial surface based on thO F' computed using Eq. 1.

a circle with the same radiusas.S, sop is 2 - 4’;’“:2 = 3. ) -

Furthermore, as we will see later, even if we were assured
that a medial sheet indeed passes thragigh this discrete
case the relationship with the object angle may not be as
i stated in Table 1.

It has been proposed [8, 18] that the above continuous |, the following discussion, we develop results that al-

3. Discrete Case

measure of thelOF ona convex, closed 2D surfasamay oy ys to correctly apply a variant of théO F measure in
be discretized as follows: regions of non-zero size to detect medial sheets and to rea-
Yic1..v VD(pi) - Ns(pi)da; son about the object angle of these surfaces for objects with
AOFs(VD) = Arca(S) ; a polyhedral boundary.

wherep; are points sampled uniformly ofi andda; is the 4. Average Outward Flux Within a Mesh
area of the patch of corresponding t@;. A way to com-

pute the values afa; is to consider the areas of the Voronoi
regions onS for each pointp;. However, forN large and
the distribution of pointy; roughly uniform, the areas of

these patcheda; will be roughly the same. In this case, a hedral solid. LetS be a sphere lying insid&. Here, s is
simpler version of the discrete formula is: the surface of the sphere '

Siei ~ VD) Ns(p;) Recall thatD is the distance transform of the boundary

AOFs(VD) = === ~ @ B. VD : R?® — R3 is a unit vector field defined on each

4.1. Definitions and Notation

Let B be the mesh boundary of a closed, orientable poly-




pointp inside the regiorB. Let B, be the closest point on
B to p, which is also the first intersection of a ray cast from
p in the direction—VD(p) with B. In case of ambiguity,
we pick one closest point o arbitrarily.

Let Ns(p) be the unit outward normal t6 atp. Let N,
be the unit inward normal to a polygonal fage

(@)

(b)

Figure 3. (a) 2-sided fan (b) 2-sided parallel
section (c) 1-sided fan and 1-sided parallel
section

In the following definitions, please refer to Figure 3 for
clarification.

Definition 4.1. A complete fanF,(S), or simply,fan of
a concave edge € B through S is defined agF.(S) =
{ala € S, B, € e}. Afan F,(S) of a concave vertex € B
throughS is defined a¥’,(S) = {ala € S, B, = v}.

We useF,(S) to refer to all fans, unless greater speci-
ficity is required.

Definition 4.2. Let S’ be a section ofS. ThenS’ =
out(S") Uin(S’), where

out(S8") = {ala€ S, VD(a) - Ns(a) >0}
in(S") = {ala€ S, VD(a)- Ns(a) <0}
Definition 4.3. Consider a point: on'S. opp(a) is the point

of intersection of an open ray cast framin the directions
VD(a) and —VD(a) with S. In the case thaV D(a) is
tangent toS, opp(a) = a.

Definition 4.4. A one-sided fanF}(S) is a subset of",.(S)
such thatF'} (S) = {a|VD - Ng(a) < 0,0pp(a) ¢ F.(S)}.

Definition 4.5. Atwo-sided fanF2(9) is a subset of. (.S)
such thatF?(S) = {alopp(a) € F.(S)}.

Definition 4.6. A parallel sectionP;(.S) through .S, of a
face f € B, is defined asP;(S) = {ala € S,B, €
f,VD(a) = Ns}.

Definition 4.7. A one-sided parallel sectionD}(S) is a
subset ofP;(S) such thatP; (S) = {a|VD(a) - Ns(a) <
0,0pp(a) & Pr(S)}.

Definition 4.8. A two-sided parallel sectiorPJ?(S) is a
subset o (S) such thatP?(S) = {alopp(a) € P(S)}.

In the following we shall uselOF" to refer the discrete
form of the average outward flux described by Eq. 1.

4.2. Properties

Proposition 4.9. If VD is parallel onS, then it is parallel
insideS.

Proof. Supposeév D is not parallel insid&. Then there are
two pointsa andb inside S such thatVD(a) }f VD(b).
Let a, be the point of intersection of a ray projected from
a in the direction—VD(a) with S. Defineb, similarly.
Since for botha andb —V D(a) and—V D(b) are the di-
rections to the closest point o, then foras andb, the
directions towards the closest point Brare also—V D(a)
and -V D(b), which are not parallel, showing the contra-
positive. O

Lemma 4.10. Consider a pair of distinct points andb on
the surface o5 suchVD(a) = VD(b) and such that a =
opp(b). Then these two points contribOte the AOF, i.e.
VD(a)- N(a)+ VD(b)- N(b) =0.

This lemma can be easily proved by considering the an-
gles formed betweeW D(a) andN (a) and betweeiv D(b)
andN (b), and using trigonometric identities.

Proposition 4.11. A two-sided parallel section contributes
0to the AOF'. A two-sided fan contributes positively to the
AOF.

Proof. For all pointsp in parallel two-sided sectionBJ?,
VD(p) = Ny. We know thatin(PF(S))| = |out(P7(S))|.
Points ofin(PJ%) may be uniquely paired together with
points ofout(PJ?) such that the contribution of each pair is
exactly 0 for two-sided parallel sections, by Lemma 4.10.
In the case of two-sided fan sectiod®, |in(F2)| <
lout(F?)|. Points ofout(F?) may not be uniquely paired
up with points ofin(F?2). The total contribution of?? is
positive, since the contributioW D(a) - N, of pointsa of
out(F?) is by definition positive. O

Proposition 4.12. One-sided parallel sectioanl(S) and
one-sided fang’! (S) contribute negatively to thd O F.

Proof. By definition, lout(P}(S))| = |out(F}(S))| = 0.

Therefore, the contribution to th€O F is a sum of negative

VD(a)- Ns(a) terms and the total contribution is negative.
O

Proposition 4.13. Points inS belong either to parallel sec-
tions or fans.



Proof. For pointsa in S, someB, lie on the faces of3, Such an approach has the distinct advantage that spatial res-
others lie on edges, while others lie on vertices. For thoseolution can then be increased to any desired level of detalil,
pointsa for which B,, lie on faces but not on edgeg,D(a) in the vicinity of the M, to efficiently obtain a highly ac-
must be normal to these faces. curate representation.

We consider two kinds of edges and vertices: convex and
concave. Consider a pointstrictly inside3. For aconvex 5 Coarse-to-Fine Approach
edge or vertex of3, there is no such point such thatB,,

lies on it, because there is a!ways a point withip- _0 of Consider a partitioning of space insid2 by a regular
the convex edge/vertex that is closerpto Those pointy 3D cubic lattice, each cell!(z) centered at point having
whose closest points of lie on concave vertices or edges  gjze 53, et S, () be a sphere of radius centered at:.

are part of fans, by definition. u Let AOF’ be the value of thedOF throughsS discounted

Theorem 4.14. The medial surface of the solid with bound- by the contribution of the two-sided fans.

ary B passes inside the regighif and only if theAOF' due
to all the regions of5, except for the two-sided fans, is neg-
ative.

Proof. [=] Suppose the medial surface passes through the
region S inside B. ThenS cannot be a two-sided parallel
section, for if it were, by Proposition 4.9/ D would also
be parallel insideS' and, given that the sphere samplingrate  Figure 4. Intersections of a medial surface
N was large enough, no medial surface would pass through sheet with a sphere. The pink is the mini-
it. Note also that the situation of multiple two-sided parallel mum area of intersection and the green is the
sections without a fan section is impossible. From Propo- maximum area.
sition 4.13,S contains points that belong to (two-sided and
1-sided) parallel sections and fans only. Since we know that
there is a section of points ii for which VD is not a two- Proposition 5.1. If a planar section of MS with ob-
sided parallel section, there is at least one fan or one-sidedect angle o passes through a cell’(z) that is every-
parallel section. Whew is large enough, we are assured to where as wide asS, (), then AOF’ through S, (x) €
find some of these points. By Proposition 4.11, we may ig- [—1 sina, 7é sin a].
nore the two-sided parallel sections, if any, since they don’t
contribute to theAO F'. Also by Proposition 4.11, by ignor-
ing the two-sided fans, we ignore a positive contribution to
the AOF'. The remaining regions — one-sided fans and par-
allel sections — contribute negatively, by Proposition 4.12.
These regions exist becau8e is discontinuous insids.

[«<] Suppose that thelOF due to all regions except
for two-sided fans is negative. The remaining regions are
one-sided fans and two-sided and one-sided parallel sec- \yhen the medial surface is curved, the constant will in-

tions. By Proposition 4.11 we know that two-sided par- ¢rease, in part because the area of intersection to the medial
allel sections contribute zero to théOF. Therefore, the g\ rface with the sphere will be higher.

negative value must have come from a one-sided fan or N ) )
one-sided para”e' section by Proposition 4.12 and we arePI’OpOSItIOI’I 5.2. The thickness of those voxels which have a

assured of their existence. For pointsn these sections, NegativeAOF” due to a sheet of the medial surface passing
VD(a) # VD(opp(a)) because otherwise both and IS atmost2.

opp(a) would share a closest point d& and would then  prgof. According to Theorem 4.1440F" throughsS,, (z)

Proof. The lower bound is achieved by revisiting the case
where the intersection &, (s) with MS is a circle of ra-
dius 0. The upper bound is obtained wheW{S passes
through the corner of’(z) (refer to Figure 4). In this
case, the area of the circle where the medial surface cuts
S, (x) is w(c/2)? and value OO F" is —27/2" gin o =

—% sin a. O

be part of a two-sided fan or parallel section. THi®) is negative iff there is a medial surface section passing

is discontinuous insid&, meaning that the medial surface through S, (z). For thoseS, (z) centered closer tham

passes insidé. O of the medial surface, some portion of the medial surface
passes inside. O

Since we have established a criterion for deciding the
presence of a medial surface in an area of non-zero size, it We may now design a coarse-to-fine algorithm for find-
now makes sense to apply a coarse-to-fine approach in finding sections of the medial surface with a desired minimum
ing those areas of space where the medial surface passesbject angle.



6. Algorithm 20, one must adopt various approximation techniques. We
adopt the spherical sampling described in [17] which dis-

Given an input mesh bounda® of a 3D object, we tributes points along uniformly-spaced vertical sections in a

would like to locate the significant sections of the 3D ob- spiral fashion in step 3 of our algorithm.

ject's medial surface. We choose a desired starting res-

olution & and make a 3D voxel arraynside consisting  6.2. Algorithmic Efficiency and Correctness

of those voxels whose circumscribing spheres of radius

fit completely insideB. We now describe our algorithm The most important operation of GARSETOFINE is

COARSETOFINE. finding the closest point oB to a point on the sphere in step

6 of Algorithm 1. This must be done as efficiently as pos-

sible. Proximity queries of this sort have been studied ex-

tensively. Popular approaches use Bounding Volume Hier-

archies organizing sets of geometric primitives bounded by

spheres, axis-aligned or oriented bounding boxes and other

bounding volumes. In our implementation, we use the Prox-

imity Query Package (PQP) [11] for finding distances from

points to the boundary. This method has been demonstrated

to be quite efficient in practice, especially as it is able to

Algorithm 1 COARSETOFINE(B, Inside, o, N, d, levels, o) ~ capture coherence between proximity queries. Nonetheless,

Input: Mesh boundanyB, its voxelized solid shape

Inside with voxel sizes?, sphere sampling rat¥,

incrementd, number of levels of subdivision required

levels, object anglex.

Output: The voxels ofinside subdividedevels times by

d through which passes a piece of the medial surface wider
thano /(d'*¢!*) with object angle at least.

1: for all voxelsv of Inside do the calls to PQP are the most costly acbARSETOFINE.
5. Letz be the location of For a discussion of specific implementation details that
3. Place a spher8 of radiuso /(d'***) atx lead to time and space savings, pleasg r'efer to [19]. Alsq, in
4  AOF(z) —0 [19],_We show that the error due to the finite sphere sampling
5. for all pointsp; on the surface of the sphere,= rate is bounded.
1...Ndo
6: Find the closest point on B to p; 6.3. Homotopy Type Preservation
7 Let VD(p;) be the unit direction frony to p; ) )
8: Let Ns(p;) be the unit outward normal t§ at p; It is known thatMS is of the same homotopy type as
o AOF(z) — AOF(z) + VD(pi)-Ns(ps) Q [14]. Coupling the extraction oM S with preservation
10 end for N of homotopy type could benefit those applications that use

11:  Let AOF'(z) be the contribution taAOF(z) of MS to study the shape 61. If it is desired, we delete vox-

those point; that are not part of two-sided fans elsin steps 14 and 18 of Algorithm 1 only if they aienple
12- end for or if their removal does not change the homotopy type of the

13- if levels > 0 then set of voxels [15]. The order in which we consider points
14:  Delete those voxels dfnside located at: for which for removal is key to obtaining a minimal set of voxels from
AOF'(z) > 0 which no other voxel withAOF’ value above the given
1 threshold may be further removed. The heuristic ordering
of points for removal that we consider is that given by an
approximate Euclidean distance transform where points on

15:  Subdivide the remaining voxels la§f
16: COARSETOFINE(B, Inside, o, N, d,levels — 1, @)

17: else
18: Delete all voxels located at of Inside for which the boundary of the object are considered for removal be-
' AOF'(z) > —Lsin(a) fore those inside.
8
19:  Returninside _
20: end if 7. Experimental Results

Steps 3, 6 and 11 will be discussed in further detail be-  This section illustrates the performance of our algorithm

low. on a number of examples.
Figure 5 demonstrates the y and z slices of the me-
6.1. Sphere Sampling dial surface of a box. For this synthetic example, we ob-

serve that the value aflOF’ in the middle solid section

As there are but 5 Platonic solids, the largest number of (shown darkest in the Figure) is0.5003, which is within
points that may be distributed uniformly on a sphere is 20, 0.06% of the true value of-1 sin(r/2) = —0.5. The other
the number of vertices of a dodecahedron. When the num-8 sheets of the medial surface had® F’ value around
ber of points one wishes to distribute on the sphere exceeds-0.3524. For these sheets, the object angle j4 and the



Figure 5. First row: the

x, y, and z slices of
the medial surface for the box with darker val-

ues representing higher AOF values. Second
row: z and y slices when the medial surface
passes between two voxels.

Object Level 1 | Level 2
Box 45.9% | 45.5%
Venus 2.1% | 12.6%
3-hole torus 3.9% | 20.6%
Cow 8.5% 6.3%

Table 2. Percentage of object voxels at the
highest resolution that were dismissed at
each lower level of subdivision

AOF’ value obtained is within.34% of the value expected
of —1sin(m/4) ~ —0.3536. The reason why the values
obtain differ from the true values in this synthetic case is

because of the finite sphere sampling. Here, the medial sur{3]
face passes right through the centre of the voxels and the
medial surface is one voxel thick. When the medial surface |

passes between two voxels, as in the last row of Figure 5,
the value ofAOF’ in the middle section is-0.3315. This

is due to the particular choice of discretization of space and
is an inherent feature of methods relying on discretization. [

Table 2 summarizes the computational savings when us-
ing 3 levels of recursive subdivision. The subdivision factor [7]
d used was 3 and the sphere sampling rates were 70, 60, and
50, for the low, middle, and high resolutions respectively.  [8]

We compare our output with that of a known medial sur- [9]
face algorithm, the PowerCrust [2] in Figures 6 and 7. The
input to the PowerCrust is the set of mesh vertices. Qual-

8. Conclusions and Future Work

We have presented an approach to detect regions of space
containing the medial surface of a polyhedral object. By
relying as much as possible on exact computations and ap-
plying the necessary criterion for correctness, our method
is able to compute the location of the medial surface with
arbitrary precision.

It turns out that a complete characterization of the differ-
ential geometry of an object’s surface is possible in terms of
a radial shape operator on the medial surface [7]. Further-
more, medial and skeletal integrals can be used to compute
fundamental geometric quantities as described in Damon’s
pioneering recent work [6]. Our current work is focused on
adopting these continuous measures for use with our medial
surface algorithm for polyhedra.
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