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Abstract

The matching of hierarchical relational structures is of
significant interest in computer vision and pattern recog-
nition. We have recently introduced a new solution to this
problem, based on a maximum clique formulation in a (de-
rived) “association graph.” This allows us to exploit the
full arsenal of clique finding algorithms developed in the
algorithm community. However, thus far we have focussed
on one-to-one correspondences (isomorphisms), which ap-
pears to be too strict a requirement for many vision prob-
lems. In this paper we provide a generalization of the as-
sociation graph framework to handle many-to-one corre-
spondences. We define a notion of an�-homomorphism (a
many-to-one mapping) between attributed trees, and pro-
vide a method of constructing a weighted association graph
where maximal weight cliques are in one-to-one correspon-
dence with maximal similarity subtree homomorphisms. We
then solve the problem by usingreplicatordynamical sys-
tems from evolutionary game theory.

1. Introduction

The matching of relational structures is a classic prob-
lem in computer vision and pattern recognition, instances
of which arise in areas as diverse as object recognition, mo-
tion and stereo analysis (see, e.g., [2]). A well-known ap-
proach to solving this problem consists of transforming it
into the equivalent problem of finding a maximum clique
in an auxiliary graph structure, known as theassociation
graph [2]. The idea goes back to Ambleret al. [1], and
has since been successfully employed in a variety of differ-
ent problems. This framework is attractive because it casts
relational structure matching as a pure graph-theoretic prob-
lem, for which a solid theory and powerful algorithms have

been developed. Although the maximum clique problem is
known to be

� �
-hard, powerful heuristics exist which effi-

ciently find good approximate solutions [3].
In many computer vision problems, relational structures

are organized in a hierarchical manner, i.e., aretrees. How-
ever, in standard association graph formulations, the so-
lutions are not constrained to preserve this partial order.
Hence, the extension of such techniques to tree matching
problems is of considerable interest. We have recently in-
troduced a solution to this problem by providing a novel
way of deriving an association graph, based on the graph-
theoretic notions of connectivity and the distance matrix [4].
We have proved that in this new formulation there is a one-
to-one correspondence between maximum cliques in the
derived association graph, and maximum subtree isomor-
phisms. The framework has also been extended to handle
the matching of trees whose nodes have one or more as-
sociated attributes, by casting the attributed tree matching
problem as an equivalent problem of finding a maximum
weight clique in a “weighted” association graph.

Whereas thus far we have focussed on one-to-one rela-
tions (isomorphisms) between the structures being matched,
it is clear that this is too strict a requirement for problems
where structural alterations may occur in the underlying
trees, i.e., nodes are deleted or additional nodes are present.
In this paper we provide a generalization of the association
graph framework to handle many-to-one correspondences.
We define a notion of an�-homomorphism (a many-to-
one mapping) between weighted attributed trees, and pro-
vide a method of constructing an association graph where
maximal weight cliques are in one-to-one correspondence
with maximal similarity subtree homomorphisms. We then
solve the problem by usingreplicator dynamical systems
from evolutionary game theory. We illustrate the approach
by matching articulated and deformed shapes described by
shock trees.



2. Tree homomorphisms

Formally, anattributed treeis a triple � � �� � � � � �,
where�� � � � is the “underlying” rooted tree and� � � 	


is a function which assigns an attribute vector� �� � to
each node� � � . Two nodes� �  � � are said to beadja-
cent(denoted� � ) if they are connected by an edge. We
shall also consider a function� � 
 	 ��� which assigns
to each set of attributes (and therefore to each node in the
tree) a real positive number. This will be interpreted as the
negligibility of the corresponding node in the tree. Specif-
ically, a node will be declared “negligible” if the value of
the function� corresponding to its attributes is smaller than
a fixed threshold�. This will allow us to associate acluster
of nodes (defined in the following) in the first subtree to a
single node in the other one, thereby defining a many-to-one
mapping from the first to the second tree.

For technical simplicity, we shall transform our node-
weighted tree into an edge-weightedderived attributed tree,
by simply moving the�-value associated to every node to
the edge connecting it to its parent. The root of the original
tree will become a child of a newly created dummy root, and
its weight will be moved to the corresponding edge. In the
derived tree, we shall speak of a “negligible” edge, when its
weight is less than threshold�.

Given a fixed threshold� � �, we define the distance�� �� �  � between two nodes� and  in an attributed tree,
as the number of non-negligible edges (i.e. with weight less
than�) on the (unique) path from� to  . We define the func-
tion lev

� �� � of a node in an attributed tree, as the distance��
from the root of the tree and node�.
Given � � �, we define an�-cluster in a derived at-

tributed tree� as a subset of nodes of� such that for every
two nodes� and in it, we have:

�� �� �  � � � �
A set with only one node is a particular case of cluster that
we call asingleton. It can easily be proved that given an
�-cluster� , for all � �  � � , and� �� � , we have:

�� �� � � � � �� � � � � �
From this observation, the next proposition follows [5]:

Proposition 1 Given two �-clusters� � and � ��, for any
pair of nodes, one in� � and the other in� ��, their �-
distance is constant.

This allows us to extend the notion of�-distance to
pairs of clusters, which we shall denote by

�� �� � � � �� �, and
in turn to generalize the notion of adjacency to clusters.
Specifically, two disjoint�-clusters� � and� �� in a derived

attributed tree are said to be�-adjacent(denoted� � �� � ��)
if: �� �� � � � �� � � � �
It is clear that when� � and� �� are singletons, this is equiv-
alent to the traditional notion of adjacency between nodes.

Finally, we are in a position to introduce the notion of a
parent-child relationship between pairs of clusters. Let� �
and� �� be two disjoint�-clusters in a derived attributed tree� . We say that� � is the�-parentof � �� when:

� � �� � ��
and

lev
� �� � � � lev

� �� �� �
where lev

� �� � is defined as
�� ���� �� � � � �.

Definition 1 Let � ! � ��! � � ! � � ! � and�" � ��" � � " � �" �
be two attributed trees. Any onto function# � $ ! 	 $" ,
with $ ! % �! and $" % �" , is called a subtree�-
homomorphismif the subgraph induced by$" is connected
(i.e. is a tree) and if for any� �  � $" it satisfies the fol-
lowing properties:

# &! �� � is an�-cluster (1)

� is the parent of ' # &! �� � is the�-parent of# &! � � � (2)

Clearly, in realistic applications, it would be desirable to
find a homomorphism which pairs nodes having “similar”
attributes. To this end, let( be any similarity measure on
the attribute space, i.e., any (symmetric) function which as-
signs a positive number to any pair of attribute vectors. If# � $ ! 	 $" is a subtree�-homomorphism between two
attributed trees�! � ��! � � ! � � !� and�" � ��" � � " � �" �,
the overall similarity between the matched structures can be
defined as follows:) �# � � *+,-. */ ,0 12 3+4 ( �� ! �5 � � �" �� ��
The �-homomorphism# is called a maximal similarity
subtree �-homomorphismif there is no other subtree�-
homomorphism# � � $ �! 	 $ �" such that$ ! is a strict
subset of$ �! and

) �# � 6 ) �# � �. It is called amaximum
similarity subtree�-homomorphismif

) �# � is largest among
all subtree�-homomorphisms between� ! and�" .

Homomorphisms are related to isomorphisms in the
following intuitive way. Let # � $ ! 	 $" be
an �-homomorphism between two attributed trees�! ���! � � ! � � ! � and�" � ��" � � " � �" �. We construct a graph� �! � �� �! � � �! � defined as follows:

� �! � 7� % �! 8 9� � $ " such that� � # &! �� �:



� �! � 7��! � �" � � � �! � � �! 8 � ! � � �" :
Then, there exists a subtree of�", say� �" , such that� �! and� �" are isomorphic.

3. The tree association graph

Let � and be two nodes of an attributed tree� , joined
by path � � ��� ! � � � �� �  , and let � � be the node
in the path nearest to the root of� ; formally: � � �
argmin�,��� ������	 
lev�� �. We define:

� �� �  � � � �� � � � �� �� �  � � � �� � �  �� � �� �  � � �� �� � � � �� � �� �  � � �� �� � �  � �
Clearly,� � �� �  � � � �� �  � and� � �� �  � � � �� �  �.
Definition 2 The weighted�-tree association graph (�-
TAG) of two attributed trees� ! � ��! � � ! � � ! � and �" ���" � � " � �" � is the graph � � �� � � �� � where

� � �! � �"
such that for any two nodes�5 � � � and �� �  � in �

�5 � �� � �� �  � '
� � � �5 � � � � � �� �  �� � �5 � � � � � �� �  � (3)

and� is a function which assigns a positive weight to each
node�� �  � � � as follows:

� �� �  � � ( �� ! �� � � �" � �� � (4)

Intuitively, condition (3) imposes that the number of neg-
ligible ascent edges between5 and� must be equal to the
number of ascent edges between� and  . The same ap-
plies to descent edges. Notice that, when� � � we have� � �5 � � � � � �5 � � � and� � �5 � � � � � �5 � � �, and therefore
we obtain the same association graph structure as originally
studied for the tree isomorphism case [4].

Given a subset of nodes� of � , the total weight assigned
to � is simply the sum of all the weights associated with
its nodes. Amaximal weightclique in  is one which is
not contained in any other clique having larger total weight,
while a maximum weightclique is a clique having largest
total weight. The maximum weight clique problem is to
find a maximum weight clique of [3].

The following result establishes a one-to-one correspon-
dence between the attributed tree homomorphism problem
and the maximum weight clique problem (see [5] for the
proof).

Theorem 1 Any maximal (maximum) similarity subtree�-
homomorphism between two attributed trees induces a
maximal (maximum) weight clique in the corresponding
weighted�-TAG, and vice versa.

Once the tree homomorphism problem has been formu-
lated as a maximum weight clique problem, any clique
finding algorithm can be employed to solve it (see [3] for
a recent review). In the work reported in this paper, we
used an approach recently introduced in [4, 6], which con-
sists of transforming the maximum weight clique prob-
lem to an equivalent quadratic program. We then used a
class of dynamical systems from evolutionary game theory
calledreplicator equationsto find approximate solutions of
it. Due to space limitations, we refer the reader to [4, 6],
and [7].

4. An example: Matching shock trees

We illustrate our framework with numerical examples of
shape matching. We use ashock graphrepresentation based
on a coloring of the shocks (singularities) of a curve evolu-
tion process acting on simple closed curves in the plane [8].
Shocks are grouped into distinct types according to the local
variation of the radius function along the medial axis. Intu-
itively, the radius function varies monotonically at a type1,
reaches a strict local minimum at a type 2, is constant at a
type 3 and reaches a strict local maximum at a type 4. The
shocks comprise vertices in the graph, and their formation
times direct edges to form a basis for tree matching. Each
graph can be reduced to a unique attributed rooted tree, pro-
viding the requisite hierarchical structure for our matching
algorithm. The vector of attributes assigned to each node� � � of the attributed shock tree� � �� � � � �� is given by� ��� � �� ! � � ! � � ! �  ! � � ! � ���� �� � �� � �� � � � �� �. Here� is the number of shocks in the group, and� � � �� � � � �  � � ��
are, respectively, the� coordinate, the� coordinate, the ra-
dius (or time of formation), the speed, and the direction of
each shock� in the sequence, obtained as outputs of the
shock detection process.

In order to apply our framework we must define a sim-
ilarity measure between the attributes of two nodes� and . The similarity measure used here is the same as the one
described in [4]. The measure provides a number between
0 and 1, which represents the overall similarity between
the geometric attributes of the two nodes being compared.
The measure is designed to be invariant under rotations and
translations of two shapes, and to satisfy the requirements
of the weight function discussed above.

We selected 21 silhouettes representing seven different
object classes; the tools shapes were taken from the Rutgers
Tools database. For each object class a prototype object was
chosen and matched againstall entries in the database using
the clique-finding replicator equations described in [4].



The selection of a proper value for the parameter� is
clearly crucial for the performance of the matching process.

Our intuition is that the larger the value of�, the larger
the cluster formed by the matching process. In the experi-
ments presented here we set� � � �����, a value which we
found to be near-optimal for the trees at hand.

We ranked the results using a score given by the quantity:

� � �
� 7 *+,- 2 �

� �� ��� ! � � *�,-. �� � ��� " �:� (5)

where$! and$" are the sets of matched nodes in the first
and in the second tree, respectively,

�
is the overall simi-

larity between matched nodes (i.e., the weight of the max-
imal clique found),� ! and� " the total mass associated
with the nodes of each tree, and� �� � �� � � the masses
of nodes� and  , respectively. The score represents the
weight of the maximal clique scaled by the average of the
total (relative) mass of nodes in each tree that participates
in the match. The top 8 matches are shown for each query
shape, in Table 1. It is evident that the best matches are to
instances from the same object class. These results repre-
sent an improvement with respect to those obtained for the
isomorphism case [4], which corresponds to having� � �,
since nodes with negligible significance can now be clus-
tered. Specifically, we have observed that our many-to-one
matching algorithm tends to provide a sharper distinction
between object classes.

5. Conclusions

We have expanded our earlier work on matching hier-
archical relational structures to handle many-to-one map-
pings. This has been done by introducing a notion of�-
homomorphism between attributed trees, and by construct-
ing an association graph whose maximal weight cliques are
shown to be in one-to-one correspondence with maximal
similarity subtree homomorphisms. Computational exam-
ples of matching articulated and deformed shapes give im-
proved results over our earlier work [4], because the frame-
work now allows negligible nodes, which arise due to struc-
tural alterations in the underlying shapes, to be ignored dur-
ing the matching process. More experiments and results can
be found in [5].
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