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Abstract

The work reported here pertains to the design, modelling and analysis of a testbed for

a Gearless Pitch-Roll Wrist (PRW), currently under development at McGill University’s

Centre for Intelligent Machines. This work aims at the mechanical-parameter identifica-

tion of the Spherical Epicyclic Cam Train (SECT) prototype of the PRW. The testbed is

constructed and set-up, in order to conduct experiments designed to quantify mainly stiff-

ness and damping of the PRW with the purpose of comparing its performance with that

of commercial wrists. To this end, a data-acquisition system is installed and calibrated.

A mathematical model of the testbed is formulated, based on which an analysis is carried

out to determine that the modelled system as identifiable and controllable with its motion

and torque sensors. Simulations are conducted using assumed values and are able to care-

fully estimate the testbed operation. Operational limits are also reported as damage to the

testbed can be time-consuming and very costly to repair. Experiments and estimation of

the mechanical parameters will be carried out as a second part of the project.



1 Introduction

Robotic wrists are commonly used in manipulators for applications that require a large

dexterous workspace. Epicyclic bevel gear trains are commonly used in wrists, due to

their relative simplicity and compactness. Rosheim (1989) developed a large survey on

mechanisms commonly used in different types of robotic wrists. Tsai (1988) introduced

the canonical graph of a bevel-gear robotic wrist mechanism to avoid the pseudoisomorphic

problem, while providing a complete atlas of bevel-gear wrist mechanisms with up to eight

links. An efficient methodology for structural synthesis of all the three degree-of-freedom

(dof) robotic wrist mechanisms with N links from the catalog of two-dof geared kinematic

chains with N − 1 links was developed by Hsu, Chang and Hsu (1999).

Researchers have made efforts to design wrists with different approaches in order to im-

prove their performance. Wiitala and Stanisic (2000) proposed an over-constrained mech-

anism with a symmetric spherical eight-bar linkage, whose significant achievement is a

hemisphere-singularity-free work-space. A three degree-of-freedom parallel spherical wrist

was designed by Gosselin and Caron (1994), the “Agile Eye”, employing both revolute

and spherical joints. Spherical Stephenson mechanisms combined with cam-rollers were

proposed by Hernandez, Bai and Angeles (2006), to implement a gearless pitch-roll wrist.

The Gearless Pitch-Roll Wrist (PRW) is a system that consists of the Spherical Epicyclic

Cam Train (SECT) prototype, two motors coaxially aligned with it, a data-acquisition

system and a load to be manipulated. The SECT prototype, shown in Fig. 1 was designed

by Bai and Angeles (2005), at the Centre for Intelligent Machines, McGill University, its

role being to convert the rotations of two coaxially turning motors into one rotation coaxial

with the motor rotations, the pitch, and one of axis normal to the former, the roll.

Most commonly used wrists in industrial manipulators are based on bevel-gear epicyclic

trains. However, bevel-gear trains function under rolling and sliding, thereby bringing about

noise and vibration. As a robotic wrist is to be attached to a moving arm, it is desirable to

design such a wrist with light weight and high stiffness. Furthermore, accurate positioning
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Figure 1: Spherical Epicyclic Cam Train (SECT) prototype

with low backlash is of utmost importance. The SECT takes all these factors into account

to provide the advantages of high stiffness and low backlash inherent to cam-transmissions

while providing an unlimited workspace.

The PRW testbed is set-up with a selection of testbed elements, as required to conduct

parameter identification experiments. Torque-sensors, a data-acquisition system and cou-

plings complement the SECT. The detailed design of the motor and torque-sensor supports

along with a load, i.e., a dummy gripper1, are reported here. The static balancing was

completed in order to correctly balance the SECT with the dummy gripper. A system

analysis is carried out, which includes the development of the mathematical model, its rep-

resentation in state-space form and derivation of the transfer-function matrix. Simulation

runs, using a MATLAB/Simulink model, are conducted.

The controllability and observability matrices are formulated and their ranks obtained.

The results thereof show us that the system is both controllable and observable. Using the

calculations of the gyroscopic loads in the bearings, we are able to establish the region in

which we can operate the SECT within the bearing load-carrying capacity.

1For identification purposes a functional gripper is not needed.
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2 Testbed Set-up

In this section, an overview of the set-up for the Pitch-Roll Wrist testbed is discussed. The

hardware and software components required to operate the SECT and to collect data are

described.

Figure 2: PRW testbed

2.1 Hardware

The PRW testbed, shown in Fig. 2, and its iconic model displayed in Fig. 3, is composed

of several mechanical parts and electric hardware, namely,

• four couplings: flexible shaft couplings are used in the testbed, which are connected

to the servomotors, torque sensors, and the Spherical Epicyclic Cam Train (SECT).

• the SECT prototype: the prototype is to be tested here, its role being to convert the

rotations of the coaxially turning motors into one rotation coaxial with the motor

rotations, the pitch, and one of axis normal to the former, the roll.
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• the load: we intend to use a dummy gripper that is accurately balanced with a counter-

weight diametrically opposed to the gripper and fixed to the central ring.

• two torque sensors: to measure the input shaft torques connected inline with the two

servomotors.

• two brushless servomotors, the amplifier and the data-acquisition system, which con-

sists of a digital/analog converter and a control platform.

Refer to Subsection 4.1 for the list of symbols used in Fig. 3.
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Figure 3: Iconic model of the Pitch-Roll Wrist
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Table 1: Servomotor Specification

Rating Value
Rated Power 550W
Rated Speed 2000rpm
Max. Speed 3000rpm

Cont. Stall Rating 2.68N · m
Peak Stall Torque 8.03N · m
Peak Stall Current 11.4A
Torque/Current 0.70N · m/A
Volts/1000rpm 44.6V
Rotor Interia 1.54 × 10−5kg · m · s2

2.1.1 Coupling Specifications

The four couplings used are DTO150B-C16-C10mm Flexible Shaft Coupling2, which con-

nect the servomotor shafts to the torque sensor shafts and the torque sensor shafts to the

input shafts of the SECT. Appendix A.1 includes a figure and a detailed data sheet. Notice

that the servomotor and the SECT shafts were each of 16mm of diameter, but the closest

standard bore size available for the couplings is 15mm; hence, phenolic bore inserts are

machined using a lathe to fit the servomotors and SECT shafts.

2.1.2 Servo Motor Specifications

We use two Glentek brushless servomotors, GMBM80550-45-0000000, to drive the SECT.

Table 1 provides the specifications of the servomotors. The servomotors are to be calibrated

and their parameters to be preset using an amplifier and software called MotionMAESTROr,

which is provided by the same company. The servomotors also have encoders which provide

the angular position of the shafts. Appendix A.2 includes the drawing specification.

2As per Electromate Industrial Sales Ltd. catalogue of Stocking Distributor Performance Motion Control
Products, ISO 9001:2000 registered.
Available at http://www.electromate.com/products/series.php? & series id=100287
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2.1.3 Torque Sensor Specifications

For the torque measurements, we use two Futek non-contact shaft-to-shaft rotary torque

sensors with encoder, FSH02055 (10 Nm capacity), to be connected coaxially in between the

servomotor and SECT shafts, as shown in Fig. 2. The torque sensors, apart from measuring

torques, are equipped with encoders which are capable of position measurements of the

shafts. The encoders return an impulse TTL signal, where each pulse is accounted for one

degree of revolution. Collecting the number of pulses over unit time gives the angular speed

of the shaft. Appendix A.3 includes the specification sheet, and Fig. 4, depicts the sensors.

Figure 4: Futek torque sensor

2.1.4 Electrical Hardware

The electrical hardware set-up involves a host personal computer (PC) and input-output

(I/O) devices. A PC with the operating software Windows XPr is used to communicate

with the data-acquisition board and motor amplifier. We will use a data-acquisition system,

Q8 Hardware-in-the-Loop (HIL) Control Board, supplied by Quanser Consulting Inc., which
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consists of two boards; the first board, is a PCI local bus board shown in Fig. 5, is a versatile

and powerful real-time measurement and control board which offers an extensive range of

hardware features and software support, including MATLAB. Appendix A.4 includes the

specification sheet. The second board is a terminal board which connects via ribbon cables

with the PCI local bus. This is used for interfacing between the host computer and analog

I/O devices.

Figure 5: Q8 hardware-in-the-loop (HIL) PCI control board

The servomotors are operated via a Glentek two axis Chassis Omega Digital amplifier,

SMA9807-2A-2, as shown in Fig. 6. This amplifier is used for both controlling and cali-

brating the servomotor and motor-encoders. It features a built-in digital signal processor,

which is capable of processing the angular displacement captured by the motor-encoders

with unit time to provide measurements in angular speeds. The amplifier offers two modes

of operation, namely,

• Current (Torque) Mode Servo Amplifier

• Velocity (RPM) Mode Servo Amplifier
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Figure 6: Glentek two-axis chassis Omega digital amplifier

2.2 Software

Quanser’s control platform is controlled by QuaRCr, which is a multi-functional rapid con-

trol development and deployment environment, and is readily integrated with MATLAB

Simulink. Control parameters may be adjusted while the code is running; thus allowing for

a quick design and test iterations. The QuaRC Windows environment, shown in Fig. 7,

consists of a host and target component referred to as QuaRC Host and QuaRC Target.

QuaRC can communicate via the Internet, allowing the user to download controllers any-

where and control them from a remote location, change the control parameters while the

controller runs, plot real-time data and save it straight into a MATLAB workspace or file.

For the servomotors and amplifier tuning purposes, we use Glentek’s MotionMAESTROr.

The MotionMAESTRO Windows environment, shown in Fig. 8, serves to calibrate and pre-

set motor and amplifier parameters.

3 Cost Estimation

Components such as brushless servo motors, motor amplifiers, cables, torque sensors, cou-

plings, a personal computer, data-acquisition hardware and software were bought as “off-
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Figure 7: Quanser QuaRCr

Figure 8: Glentek MotionMAESTROr

12



Table 2: Cost estimation

Product Price ($)
Glentek brushless servo motors 1, 885.00

Glentek 2 axis chassis Omega digital amplifier 1, 945.00
Futek torque sensors 6, 270.00
Electromate couplings 340.00

Quanser Q8 4, 480.00
Quanser QuaRC 500.00

Motor support machining 1, 000.00
Torque sensor support machining 800.00

Dummy gripper machining 50.00
Counter − weightr machining 75.00

Total 17, 345.00

the-shelf” materials. Machining of the supports, gripper and counter-weight were carried

out by machinist from McGill’s Machine Tool Laboratory. The SECT was machined and

assembled prior to the start of this project and hence its cost are not discussed here. Listed

in table 2, is a brief budgeting of the PRW testbed. Please note that prices listed do not

include taxes, handling and shipping charges.

4 System Modelling

In developing the mathematical model for the testbed, we resort to a Lagrangian formula-

tion. The transfer function of the output velocity to the input velocity is derived using the

testbed iconic model of Fig. 3.

4.1 Iconic Model of the Testbed

In the iconic model of the testbed, as illustrated in Fig. 3, the shaft carrying the gripper

undergoes both pitching at a rate θ̇7 and rolling at θ̇8. This shaft is mounted on two

roller-bearings located on the central-ring. The central-shaft is rigidly coupled with the
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central-ring, and this body is supported by roller-bearings located inside the roller-carriers.

4.1.1 List of Symbols describing the Iconic model of Fig. 3

k1: torsional stiffness of couplings 1, 2, 3 and 4

c1: coefficient of torsional viscous damping of couplings 1, 2, 3 and 4

c2: coefficient of torsional viscous damping of the roller bearings which support the input

shafts of the SECT on its frame

c3: coefficient of torsional viscous damping of the roller bearings which support the roller-

carrier on the central shaft

c′
3
: coefficient of torsional viscous damping of the roller bearings which support the

central-shaft inside the roller-carrier

c4: equivalent coefficient of torsional viscous damping of c3 and c′
3

c5: equivalent coefficient of torsional viscous damping of the two roller bearings located

on the central-ring which support the cam shaft

J1: moment-of-inertia of motors 1 and 2

J2: combined moment-of-inertia of the roller-carrier, the rollers and attached input shafts

IL: combined moment-of-inertia matrix of the cam shaft, the central cam-carrier ring,

gripper, counter-weight and conjugate spherical cams

θ̇1, θ̇2: angular velocities of motors 1 and 2, respectively

θ̇3: angular velocity of the shaft between couplings 1 and 2

θ̇4: angular velocity of the shaft between couplings 3 and 4

θ̇5, θ̇6: angular velocities of the two input shafts

θ̇7, θ̇8: rolling and pitching angular velocities of the output cam shaft

τ1, τ2: torques measured by the sensors on the input shafts of the SECT
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4.2 Main Assumptions

1 We assume that all shafts, connectors, cams and loads are rigid bodies. All bodies

of the SECT are lumped in three rigid bodies, namely, the two input plates together

with their rollers and attached shafts, and the combination of the central ring together

with the cam shaft, central shaft, gripper and counter-weight.

2 The double output of the SECT prototype is a function of the two inputs, θ̇5 and θ̇6.

The input-output relation of the SECT is given by (Bai and Angeles, 2005)

[

θ̇7

θ̇8

]

=

[

1/2 1/2

N/2M −N/2M

] [

θ̇5

θ̇6

]

(1)

where M=4 is the number of lobes on the spherical cams and N=7 is the number of

rollers on each side of the roller-carrying plates of the SECT.

3 All springs and dashpots are torsional elements that are assumed to operate within

their linear range. The elements of moments of inertia J1 and J2, turning about fixed

axes, as well as the central ring-cam-shaft-gripper-counterweight composite body, are

also torsional elements. Notice that the latter turns about two intersecting axis, and

hence, its whole 3 × 3 inertia matrix IL is considered.

4 The composite body of the cam-shaft-gripper-counterweight-ring is assumed to be

statically balanced, as its balancing was a design task described in Appendix B.3,

with its centre of mass located at the intersection O of the axes of pitching and

rolling.

4.3 Formation of the Mathematical Model

We proceed to formulate the governing equations of the mechanical system at hand. Let q

be the vector of independent generalized coordinates; then, the Lagrange equation of the
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system is derived using the formulation proposed by Angeles (2008), namely,

d

dt

(

∂L

∂q̇

)

−
∂L

∂q
=

∂(Π − ∆)

∂q̇
(2)

where

L: the Lagrangian of the system, given by L = T − V

T : the total kinetic energy of the system

V : the total potential energy of the system

Π: the power supplied to the system by force sources

∆: the Rayleigh dissipation function associated with all the dashpots in the system

q: the six-dimensional vector of angular displacements θi, for i = 3,4,. . . ,8

Note, that the two angular velocities θ̇1 and θ̇2 of the two motors are specified, which

play the role of control variables and hence, are not generalized coordinates. As well, given

that the system is motion-driven, the power Π supplied by force sources vanishes, i.e.,

Π = 0 (3)

4.3.1 Kinetic Energy

The total kinetic energy is determined as the sum of all the individual kinetic energies of

the different components in the system, namely,

T =
1

2
J1θ̇

2

1 +
1

2
J1θ̇

2

2 +
1

2
J2θ̇

2

5 +
1

2
J2θ̇

2

6 +
1

2
ωT

LILωL (4)

Notice that the 3 × 3 inertia matrix IL is constant when referred to a moving frame,

with origin at O, X-axis defined as the axis of pitching, Y -axis as the axis of rolling, and

Z-axis forming a right-hand frame with X and Y . In this frame, by virtue of the geometric
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symmetry of the composite body at stake, moreover, IL is diagonal, and hence,

IL =









H3 0 0

0 J3 0

0 0 K3









, ωL =









θ̇7

θ̇8

0









(5a)

whence,

1

2
ωT

LILωL =
1

2
H3θ̇

2

7 +
1

2
J3θ̇

2

8 (5b)

Substituting eq.(5b) in eq.(4) yields

T =
1

2
J1θ̇

2

1 +
1

2
J1θ̇

2

2 +
1

2
J2θ̇

2

5 +
1

2
J2θ̇

2

6 +
1

2
H3θ̇

2

7 +
1

2
J3θ̇

2

8 (6)

4.3.2 Potential Energy

The total potential energy is determined by the elastic elements, while gravity does not

intervene, as per Assumption 4.2. Hence,

V =
1

2
k1(θ1 − θ3)

2 +
1

2
k1(θ2 − θ4)

2 +
1

2
k1(θ3 − θ5)

2 +
1

2
k1(θ4 − θ6)

2 (7)

4.3.3 Dissipation Function

The Rayleigh dissipation function associated with the system stems from the viscous damp-

ing present, which is

∆ =
1

2
c1(θ̇1 − θ̇3)

2 +
1

2
c1(θ̇2 − θ̇4)

2 +
1

2
c1(θ̇3 − θ̇5)

2 +
1

2
c1(θ̇4 − θ̇6)

2

+
1

2
c2θ̇

2

5 +
1

2
c2θ̇

2

6 +
1

2
c3(θ̇5 − θ̇7)

2 +
1

2
c4(θ̇6 − θ̇7)

2 +
1

2
c5θ̇

2

8 (8)

4.3.4 Equation of Motion

We have a system with six degrees with freedom, θi, for i = 3,4,. . . ,8, denoting the general-

ized coordinates. Now, integrating the input-output relation of eq.(1), with respect to time,
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under the assumption that at initial conditions (i.e., at t = 0) all terms varnish, we notice

that out of the six generalized coordinates only four are independent. Hence, the system

has, in fact, four degrees of freedom. Under these conditions, we substitute eqs.(6)–(8) into

eq.(2), the Lagrange equation then leading to

Mq̈ + ∆q̇ + Kq = f(t) (9)

where q is the four-dimensional vector of generalized coordinates and f(t) is the four-

dimensional vector of input generalized force, namely,

q =

















θ3

θ4

θ5

θ6

















, f(t) =

















c1θ̇1 + k1θ1

c1θ̇2 + k1θ2

0

0

















Furthermore, M, C and K are the 4 × 4 mass, damping and stiffness matrices, respec-

tively, namely,

M =

















0 0 0 0

0 0 0 0

0 0
(

J2 + H3/4 + J3N
2/4M2

) (

H3/4 − J3N
2/4M2

)

0 0
(

H3/4 − J3N
2/4M2

) (

J2 + H3/4 + J3N
2/4M2

)

















∆ =

















2c1 0 −c1 0

0 2c1 0 −c1

−c1 0
(

c1 + c2 + c3/4 + c4/4 + c5N
2/4M2

) (

−c3/4 − c4/4 − c5N
2/4M2

)

0 −c1

(

−c3/4 − c4/4 − c5N
2/4M2

) (

c1 + c2 + c3/4 + c4/4 + c5N
2/4M2

)

















K =

















2k1 0 −k1 0

0 2k1 0 −k1

−k1 0 k1 0

0 −k1 0 k1
















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4.4 State-Space Representation

A state-space representation as a multiple-input-multiple-output system (MIMO) is derived

below. This is needed in order to derive the system transfer functions, which will be used,

in turn, to identify the system model parameters. In order to represent the mathemati-

cal model in state-space, we first reduce the model given by eq.(9) to a two-dimensional

second-order definite system coupled with a two-dimensional first-order system. To this

end, matrices and vectors are partitioned as,

M =

[

O O

O MII

]

, ∆ =

[

CI CI,II

C
T
I,II CII

]

, K =

[

KI KI,II

K
T
I,II KII

]

q =

[

qI

qII

]

, qI =

[

θ3

θ4

]

, qII =

[

θ5

θ6

]

f(t) =

[

f I

0

]

, f I = Fu, F = [K1,in C1,in ] , K1,in =

[

k1 0

0 k1

]

C1,in =

[

c1 0

0 c1

]

, u =

[

θin

ωin

]

, ωin =

[

θ̇1

θ̇2

]

, θin =

∫ t

0

ω(λ)dλ

where we define 0 as the two-dimensional zero vector, O as the 2×2 zero matrix, all blocks

being of 2 × 2. Then, the mathematical model takes the form

CI q̇I + CI,IIq̇II + KIqI + KI,IIqII = Fu (10a)

MII q̈II + C
T
I,IIq̇I + CII q̇II + K

T
I,IIqI + KIIqII = 0 (10b)

Further, let q̇J = vJ, for J = I, II. Then,

q̇I = vI = C
−1

I (Fu − CI,IIvII − KIqI − KI,IIqII) (11a)

q̇II = vII (11b)

v̇II = −M
−1

II (CT
I,IIvI + CIIvII + K

T
I,IIqI + KIIqII)
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Substituting eq.(11a) into the third equation of the above set,

v̇II = −M
−1

II [CT
I,IIC

−1

I (Fu − CI,IIvII −KIqI − KI,IIqII) + CIIvII

+K
T
I,IIqI + KIIqII ] (11c)

Therefore, we have six state-variable equations. Regarding the system output, we have

sensors to measure torque and angular speeds. The motor-encoders measure actual values

for ωin while torque-sensors with encoders provide measurements for q̇I , τ1 and τ2. The

free-body diagram of coupling 1 is shown in Fig. 9. As the body inside the dashed box is

massless, its equilibrium yields

τ1 = k1(θ3 − θ1) + c1(θ̇3 − θ̇1) (12)

 θ̇1 θ̇3

c1

k1

τ1 τ1

Torque Sensor 1

Figure 9: Coupling 1 of the PRW

Similarly, for coupling 3,

τ2 = k1(θ4 − θ2) + c1(θ̇4 − θ̇2) (13)

Thus,

γ =

[

τ1

τ2

]

=

[

k1 0

0 k1

]

qI +

[

c1 0

0 c1

]

q̇I − Fu (14)

and hence,

γ = K1,inqI + C1,inq̇I − Fu (15)
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Upon rearranging the terms in eq.(15) and substituting q̇I from eq.(11a) in it, one obtains

γ = (K1,in − C1,inC
−1

I KI)qI −C1,inC
−1

I KI,IIqII − C1,inC
−1

I CI,IIvII

− (C1,inC
−1

I − 1)Fu (16)

thereby deriving, an expression for the measured torques. Proceeding with the state-space

representation, let the state-variable vector x and the output-variable vector y be defined

as

x = [qI ,qII ,vII ]
T y = [q̇I ,ωin,γ]T

Then the state-space model takes the form,

ẋ = Ax + Bu (17a)

y = Cx + Du (17b)

where

A =









A11 A12 A13

O O 1

A31 A32 A33









, B =









B11 B12

O O

B31 B32









C =









O O O

O O O

C31 C32 C33









, D =









O O

O 1

D31 D32









with

A11 = C
−1

I KI

A12 = C
−1

I KI,II

A13 = C
−1

I CI,II

A31 = −M
−1

II (−C
T
I,IIC

−1

I KI + K
T
I,II)

A32 = −M
−1

II (−C
T
I,IIC

−1

I KI,II + KII)
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A33 = −M
−1

II (−C
T
I,IIC

−1

I CI,II + CII)

B11 = C
−1

I K1,in

B12 = C
−1

I C1,in

B31 = −M
−1

II C
T
I,IIC

−1

I K1,in

B32 = −M
−1

II C
T
I,IIC

−1

I C1,in

C31 = K1,in − C1,inC
−1

I KI

C32 = −C1,inC
−1

I KI,II

C33 = −C1,inC
−1

I CI,II

D31 = −C1,inC
−1

I K1,in − K1,in

D32 = −C1,inC
−1

I C1,in − C1,in

and 1 is the 2 × 2 identity matrix.

4.5 Derivation of the Transfer Function

With the state-space representation complete, the transfer function is derived in order to

describe the ratios of the output variables to the input variables. We take the Laplace

transforms of eqs.(17a) and (17b), to obtain

sX(s) = AX(s) + BU(s) (18a)

Y (s) = CX(s) + DU (s) (18b)

where U(s), X(s) and Y (s) denote the Laplace transforms of vectors u(t), x(t) and y(t),

respectively. Therefore,

X(s) = (s1− A)−1
BU(s) (19)

Y (s) = [C(s1− A)−1
B]U (s) + DU(s) (20)
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Table 3: Inertial Properties

Component Mass (kg) Moment of Inertia (kg · m2)
rollers-plate-shaft 2.16 3.87 × 10−3

ring-cam-shaft-gripper-counter 6.09





4.22 0 0
0 1.33 0
0 0 3.21



 × 10−2

Thus, the transfer function G(s) is obtained as

G(s) ≡
∂Y (s)

∂U(s)
= C(s1− A)−1

B + D (21)

where A, B, C and D are given in eqs.(17a) and (17b), matrix G(s) thus being of 6×4,

and hence yielding 24 transfer functions. Given that two components of vector u are the

time-integrals of the other two, their scalar transfer functions cannot be independent. The

transfer-function matrix can thus be reduced to one of 6×2 by properly expressing the

Laplace transform of θin as Ωin(s)/s, where Ωin(s) is L{ωin(t)}.

4.6 Inertial Properties of the SECT

In order to conduct simulation and analysis of the PRW testbed, the inertial properties of

the SECT are required. For the given model, we require the mass and moment of inertia

of the roller-plate-shaft composite body, and the cam-shaft-griper-ring composite body.

To this end, we resort to a CAD software package, namely, Pro/ENGINEER, where the

SECT was previously generated. This software package includes a useful tool called Model

Analysis, which is used to calculate volumetric properties of solid elements. Table 3 displays

the inertial properties calculated with Pro/ENGINEER.
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4.7 Gyroscopic Loads in the SECT Bearings

We estimate the gyroscopic loads on the SECT bearings in this subsection. This is an

important issue because it determines the limits for operation during tests. It is crucial

to outline the operational speeds as loads induced by gyroscopic moments are capable of

damaging the bearings of the SECT, which can be expensive to replace and time-consuming.

Let h represent the angular momentum of the composite body ring-cam-shaft-gripper from

eq.(5a); we have

h = ILωL =









H3θ̇7

J3θ̇8

0









(22)

Then the rate of change of the angular momentum, under the assumption that θ̇7 and θ̇8

are constant, is

ḣ = ωL × ILωL (23)

which yields

ḣ = kθ̇7θ̇8(J3 − H3) (24)

where k is the unit vector parallel to the axis of the cam-shaft, as described in Subsec-

tion 4.3.1.

Notice that the largest ball bearings are present on the support housing of the SECT,

as shown in Fig. 10. We perform a static force analysis on the SECT; upon assuming

symmetry, the radial force in the bearings Fb is given by

Fb =
J3 − H3

2ℓ
θ̇7θ̇8 (25)

where ℓ is the distance between the cam-carrying shaft axis and the centre of the ball

bearing, a SKF-6306.

Using the bearing data sheet3 supplied by the manufacturer (see Appendix A.5), which

3Available from the SKF online catalog at http://www.skf.com/skf/productcatalogue/Forwarder?

24



Ball bearings

Figure 10: Largest sized ball bearings (SKF-6306) present in the SECT

shows a maximum static load rating of 16kN, we equate this value with the right-hand

side of eq.(25) and plot a graph using Maple. The shaded region, shown in Fig. 11, is the

allowable operation region.

5 Simulation of the Testbed

We recreate the testbed model in MATLAB in order to conduct simulations. We begin

by assuming some values for the system parameters. These are obtained from previous

work done on the design of a testbed for a novel speed reducer, namely, the spherical

Speed-o-Cam prototype. Stiffness and damping identifications were experimentally done of

this prototype and of the testbed couplings. We assume for simulation purposes that the

stiffness and damping parameters are similar to those of the Speed-o-Cam testbed, as listed

in Table 4. Moreover, the damping present in the bearings of the SECT as estimated to be

about ±15% (Song, 2002).

Using the parameters from the Table 4, we conduct the simulation runs in MATLAB.

With reference to the iconic model of Fig. 3 and its list of symbols, we construct a MAT-

action=PPP & lang=en & imperial=false & windowName=null & perfid=105001 & prodid=1050010306
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θ̇8

θ̇7

rad/sec

rad/sec

Figure 11: Allowable operation region at constant rpm

Table 4: Simulation Parameters

Parameter Value
J2 3.87 × 10−3kg · m2

H3 4.22 × 10−2kg · m2

J3 1.33 × 10−2kg · m2

c1 7.83 × 10−3N · m · s/deg
c2 8.35 × 10−3N · m · s/deg
c3 9.00 × 10−3N · m · s/deg
c4 6.66 × 10−3N · m · s/deg
c5 7.10 × 10−3N · m · s/deg
k1 2.11N · m/deg
M 4
N 7
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LAB Simulink control system model, as shown in Figs. 12 & 13. The programming codes

to operate this Simulink model is written in MATLAB itself (as a M-file). Included in

Appendix C is a sample M-file piece of code.

d-th1

d-th2

d-th2

2

d-th1

1

theta 2_dot

theta 1_dot

th1

th2 Out6

6

Out5

5

Out4

4

Out3

3

Out2

2

Out1

1

Integrator 1

1

s

Integrator

1

s

Gain 15

c1

Gain 14

c1

Gain 13

k1

Gain 1

k1

In2

2

In1

1

Figure 12: MATLAB Simulink model for the two inputs

5.1 Simulation Results

Simulation runs using frequencies of 1Hz, 10Hz, 50Hz and 1000Hz are carried out. Beginning

with a frequency of 1Hz, we test our Simulink model using the same amplitude but phase

differences of both 0o and 180o. Notice that in the former case, we only achieve pitch

motion and negligible disturbance in the rolling motion, as shown on the respective scopes

in Figs.14–16. Similarly, in the latter case as shown in Figs. 17–19, only rolling motion is

achieved with a negligible disturbance (in the form of beating) in the pitch motion. For

the other frequencies, a phase difference of 180o and different amplitudes (by setting one

input amplitude to be half of the other). Shown in Figs. 20–28 are the respective simulation

scopes.
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θ1

θ̇1

θ2

θ̇2

Time t (sec)

Figure 14: 1Hz (Same amplitude, phase difference 0o) input scope
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θ̇5

θ5

θ3

θ4

θ6

θ̇6

Time t (sec)

Figure 15: 1Hz (Same amplitude, phase difference 0o) state scope
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θ7

θ̇7

θ8

θ̇8

Time t (sec)

Figure 16: 1Hz (Same amplitude, phase difference 0o) output scope
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θ1

θ̇1

θ2

θ̇2

Time t (sec)

Figure 17: 1Hz (Same amplitude, phase difference 180o) input scope

32



θ̇5

θ5

θ3

θ4

θ6

θ̇6

Time t (sec)

Figure 18: 1Hz (Same amplitude, phase difference 180o) state scope
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θ7

θ̇7

θ8

θ̇8

Time t (sec)

Figure 19: 1Hz (Same amplitude, phase difference 180o) output scope
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θ1

θ̇1

θ2

θ̇2

Time t (sec)

Figure 20: 10Hz (different amplitudes, phase difference 180o) input scope

35



θ̇5

θ5

θ3

θ4

θ6

θ̇6

Time t (sec)

Figure 21: 10Hz (different amplitudes, phase difference 180o) state scope
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θ7

θ̇7

θ8

θ̇8

Time t (sec)

Figure 22: 10Hz (different amplitudes, phase difference 180o) output scope
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θ1

θ̇1

θ2

θ̇2

Time t (sec)

Figure 23: 50Hz (different amplitudes, phase difference 180o) input scope
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θ̇5

θ5

θ3

θ4

θ6

θ̇6

Time t (sec)

Figure 24: 50Hz (different amplitudes, phase difference 180o) state scope
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θ7

θ̇7

θ8

θ̇8

Time t (sec)

Figure 25: 50Hz (different amplitudes, phase difference 180o) output scope
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θ1

θ̇1

θ2

θ̇2

Time t (sec)

Figure 26: 1000Hz (different amplitudes, phase difference 180o) input scope
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θ̇5

θ5

θ3

θ4

θ6

θ̇6

Time t (sec)

Figure 27: 1000Hz (different amplitudes, phase difference 180o) state scope
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θ7

θ̇7

θ8

θ̇8

Time t (sec)

Figure 28: 1000Hz (different amplitudes, phase difference 180o) output scope
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5.2 Controllability and Observability

Controllability and observability are concepts of system theory. Controllability refers to

the ability to drive a system from one state to any other state. The controllability matrix

Γc is given by

Γc =
[

B AB A
2
B . . . A

n−1
B

]

(26)

where A and B are the state-space matrices appearing in eq.(17a). Using MATLAB, we

calculate the controllability matrix and obtain its rank, namely, six, which means that the

system is controllable. Observability refers to the ability to determine the state of a system

from its inputs and outputs. The observability matrix Γo, is given by

Γo =
[

C AC A
2
C . . . A

n−1
C

]T
(27)

where C is the state-space matrix given by eq.(17b). Again, using MATLAB, we obtain

the observability matrix, which also turns out to be of full rank, namely, six. Hence, we

have a controllable and observable system.

6 Conclusions

We introduced here the design elements of a testbed for the Gearless Pitch-Roll Wrist.

The various components involved in the testbed and the SECT are examined closely which

is reported here. We developed the system model using a Lagrangian formulation and

represented it in state-space form. The model transfer function was also derived, from

which we were able to conclude that the system is both controllable and observable, and

deemed, identifiable. A MATLAB Simulink system model was created and then simulation

runs using harmonic inputs at 1Hz, 10Hz, 50Hz and 1000Hz were conducted.The allowable

operation region, considering the limitations of the bearing within the SECT, was obtained.

The testbed is now ready to conduct experimental work on system identification. This
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consists in estimating its stiffness and damping parameters using experimentally measured

input-output data. To this end, the input-output data from measurements are to be ana-

lyzed and numerical results of the parameters are to be obtained. An experimental transfer

function is to be developed and compared with the model transfer function.
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A Commercial Components

A.1 Coupling Specification
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A.2 Servo Motor Specification

Brushless Servo Motors 

GMBM80 Series Mechanical Dimensions

Glentek, Inc.

208 Standard Street • El Segundo, California 90245 USA

(310) 322-3026 • (310) 322-7709 Fax • www.glentek.com

External Dimension

)gk( thgieWSCLMLLrebmuN ledoM

GMBM80400-29, GMBM80300-34 158 118 79 14 1.85

GMBM80600-35, GMBM80500-43 178 138 99 16 2.49

GMBM80800-36, GMBM80550-45 198 158 119 16 3.15

GMBM801000-39, GMBM80650-46 218 178 139 16 3.80

GMBM80 SERIES

Pin # Phase

1 T

2 S

3 R

4 Ground

(Motor Power Connector)

Pin# Phase Pin# Phase

1 A+ 9 HALL 2+

2 A- 10 HALL 2-

3 B+ 11 HALL 1+

4 B- 12 HALL 1-

5 Z+ 13 +5V

6 Z- 14 COMMON

7 HALL 3+ 15 SHIELD

8 HALL 3-

(Encoder Connector Pin)
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A.3 Torque Sensor Specification
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A.4 Control Board Specification

With Quanser the possibilities are in�nite + 1  ( 9 0 5 )  9 4 0 - 3 5 7 5   w w w . q u a n s e r . c o m

Products and/or services referred to herein are trademarks or registered trademarks of Quanser Inc. and/or its a!liates. Othe r product and company

names mentioned herein are trademarks or registered trademarks of their respective owners. © 2006 Quanser Inc. All rights reser ved. Speci�cations

are subject to change without notice. Errors and omissions excepted.

Q8 High-Performance H.I.L. Control Board

C O N T R O L  S O L U T I O N S

Product Information Sheet C1 - 2 - rev. B

Speci!cation

and Features

G E N E R A L

ICPecafretnI

tib-23htdiW suB ICP

zHM 33deepS suB

A N A L O G I N P U T S

ES 8slennahC

tib-41noituloseR

Input Range (�xed) ± 10V

Conversion Time & Sampling Frequency*

1 or 2 channels simultaneous 5.2 µs  /  192 kHz

All  8 channels simultaneous 17.8 µs /  56 kHz
* The values above are measurements of the computation time of the

I/O speci�ed. On-board hardware FIFO allows A/D conversions to be
performed in the background by the hardware, thus permitting control
calculations and A/D to be overlapped.

Features

Simultaneous Sample & Hold

A N A L O G O U T P U T S

8slennahC

tib-21noituloseR

sµ / V 5.2etaR welS

Output range:

V01± ,V5±:ralopiB

V01-0:ralopinU

Conversion Time **

sµ 26.0lennahc 1

2 channels simultaneous 0.62 µs

8 channels simultaneous 1.35 µs
** The values above are measurements of time to write to the D/A. 

On-board double-bu%ering allows D/A conversions to be performed in
the background by the hardware, thus permitting control calculations
and D/A to be overlapped.

Features

Individual mode and gain selectabil ity

Known state on power-up or reset

Simultaneous output

E N C O D E R I N P U T C O U N T E R S

Quadrature Encoder Inputs supported 8

tib-42ezis retnuoC

Max. A and B Frequency in Quadrature 2 MHz

Max. Count Frequency in 4X Quadrature 8 MHz

Max. Count Frequency in Non-quadrature 15 MHz

Conversion Time

Single Encoder Read 2.50 µs

4 Simultaneous Encoder Reads 2.50 µs

All  8 channels simultaneous 4.72 µs

Features

Simultaneous Sampling

Single-Ended Inputs

Non-quadrature (count/direction) and 1X, 2X or 4X

quadrature modes

Extensive Index Pulse Signal Support

Individually programmable count and index modes,

and �lter clocks

TTL/CMOS compatible

D I G I TA L I/O

23senil fo rebmuN

Conversion Time

Single Digital  Output 0.18 µs

Multiple Digital  Output (32 l ines) 0.18 µs

Single Digital  Input 0.68 µs

Multiple Digital  Input (32 l ines) 0.79 µs

Features

Totem-pole outputs

Known state on power-up or reset

Individually Software Programmable

Single access read/write of al l  channels

G E N E R A L P U R P O S E C O U N T E R -T I M E R S

Number of counter-timers 2

Counter-Timer Size 32-bit

sn 03noituloseR remiT

Features

Con�gurable as PWM Outputs

One Counter Con�gurable as Watchdog Timer

One Counter Allows Hardware Gating

Software enabling/disabling

W AT C H D O G T I M E R S (recon�gured GP Counter-Timers)

User programmable Watchdog Timers 1

Features

Software enabling/disabling

Automatic reset of Analog Outputs & Digital  I/O

PWM O U T P U T S (recon�gured GP Counter-Timers)

User-programmable PWM outputs 2

E X T R A F E AT U R E S

Fused Encoder Section with LED status

Fuse monitoring with watchdog and interrupt capability

55 con�gurable interrupt sources

External A/D Triggering Support

S O F T WA R E S U P P O RT

Real-Time Target Support ***

Quanser WinCon

The Mathworks xPC Target

OPAL-RT RT-LAB

National Instruments LabVIEW RTX

*** Software support provided by their  respective vendors.

OS Drivers

Windows 2000, XP

Ardence RTX

API

C

C++

ActiveX

.NET (VB, C#,  C++ and others)

LabVIEW, LabVIEW RTX

MATLAB

MATRIXx
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A.5 SECT Deep groove ball bearings SKF-6306
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Deep groove ball bearings, single row, unsealed

Principal dimensions Basic load ratings Fatigue Speed ratings Mass Designation

dynamic static load Reference Limiting

limit speed speed

d D B C C0 Pu * - SKF Explorer bearing 

mm kN kN r/min kg -

30 72 19 29,6 16 0,67 20000 13000 0,35 6306 *
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B Detailed Drawings

Attached to the end of each subsection are the detailed technical drawings.

B.1 Motor Supports

The motor housing, shown in Fig. 29, needs to firmly hold the motor on the testbed base

platform. One of the essential aspects of the design was to ensure that the axes of the

servomotor shafts are aligned with those of the SECT input shafts. Moreover, a single

monolithic structure provides robustness and is more accurate to fabricate. The foregoing

design consists of only two parts, namely, the motor support and a flat plate to attach the

servomotor to the support. The machining of the motor housing was completed by the

Machine Tool Laboratory of the McGill Department of Mechanical Engineering. Shown in

Fig. 30 is the completed motor housing along with the Glentek servomotors.

Figure 29: Servo Motor Support CAD model
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Figure 30: Housing of the Servo Motor
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B.2 Torque Sensor Supports

Similar to the design requirements of the motor housing, the Torque sensor supports were

fabricated. Here, too, we use a single monolithic structure and assign equal importance to

the alignment of the torque sensor shafts with the SECT input shafts as that assigned to

the alignment of servomotor shaft with SECT shaft axes. The support, as shown in Fig. 31,

has been machined by the McGill Machine Tool Laboratory.

Figure 31: Torque Sensor Supports
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B.3 Dummy Gripper

We designed a dummy gripper in order to provide a load to the PRW. The dummy gripper

weight is preselected to be of 4.91N (0.5 kg) approximately, and will be replaced by a

functional gripper at a later stage. Fig. 32 illustrates the placement of a counter-weight. A

simple calculation using static analysis is carried out to determine the counter-weight, to

be placed diametrically opposite to the dummy gripper, on the central ring. The distances

from the centre of the ring, O, to the mass centre of the gripper, G, and to the mass centre

of the counter-weight, C, are constant; and given by e and d respectively.

e

d

mcg mgg

O

O

Central Ring

Gripper
Counter Weight

G C

Figure 32: Dummy Gripper and Counter-weight balancing on the SECT

With an approximate weight dimension, the dummy gripper and counter-weight, shown

in Fig. 33, are modelled in Pro/ENGINEER. Mass properties were calculated in Pro/ENGINEER,

which showed that the centre of mass of the ring-cam-shaft-gripper-counter-weight compos-

ite body, lies extremely close to the centre O of the central ring of the SECT. Notice that

the counter-weight is made of two brackets held together using a pair of screws and nuts.

The counter-weight is also to be held in position on the central ring using screws.
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Figure 33: SECT ring-cam-shaft-gripper-counterweight composite CAD model

Figure 34: SECT with dummy gripper and counter-weight CAD model Front View
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Figure 35: SECT with dummy gripper and counter-weight CAD model Isometric View
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C Simulation

C.1 Sample M-file for the Simulink Model

% System Parameters

J2=3.8681291e-3; % units - kg*m^2

J3=1.2750004e-2; H3=4.2363841e-2;

c1=7.83e-3/(pi/180); %units N*s/rad

c2=8.35e-3/(pi/180);

c3=c1*(1-0.15); % +/- 10%-20%

% c3=c1*(1+0.15);

k1=2.11/(pi/180); % units N*m/rad

k2=0.76/(pi/180); N=7; M=4; M33=J2+(H3/4)+(J3*N^2/(4*M^2));

M34=(H3/4)-(J3*N^2/(4*M^2)); M44=J2+(H3/4)+(J3*N^2/(4*M^2));

M43=(H3/4)-(J3*N^2/(4*M^2)); C33=c2+(c3/4)+(c3*N^2/(4*M^2));

C34=(c3/4)-(c3*N^2/(4*M^2)); C43=(c3/4)-(c3*N^2/(4*M^2));

C44=c2+(c3/4)+(c3*N^2/(4*M^2));

%Input Signal

theta1_dot_amp=1;

theta1_dot_fre=100*pi;%100*pi

theta1_dot_pha=0; theta2_dot_amp=-1/2; theta2_dot_fre=100*pi;

theta2_dot_pha=0;

%Simulation Parameters

ENDTIME=1; %Simulation time 1 second

sim(’modelPWR20081105’) %Figure 13 Simulink flow Model

plot(t,dotth1) %Scope Result
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