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Abstract
The deter11)h1ation of the planar four-bar linkage intcnded to guide

a rigid body through ΠⅤe nnitely-separated cOnsgurations is knOll,ll

as thc Btt`、 氵冫2fs′ fr P氵刁b`f'冫 1,This is a noL1h11ear prol)lelll that h⒈

、·olves sndillg the roots of a systen1of four l)Ⅱ inear equatiOns in

k冫 lu· llnknOwns.、Ⅴhe11sOh1ng this l)1· oblen111ulη e1·icaⅡ 】
·
.br it is

evasiⅤ e t`O otherl11ea ns、 issues suCh as llunlerical conditio11ing.111ul-

tiphcit)· of、 Olutions and shlgularities nlust l)e considered. I1ere lx· e

l)reSent a sf″ 氵氵乡r】
J,/l氵

crt``冫 氵r′/lorf of solution 1hat reduces the prob-

lcnl to伍 n(hng the intersectiO11s oft、 Vo c()11tours il1the、r-″
l冫
lane of

l11Otiol), 1]11cI11ethOd11Ot only produces all real sohltiOns、 by shllˉ

ple inspection. but alsO l)roⅤ ides iI1fornlation abo11t the llun1erical

conditiol1hlg of those solutions.

1  Introduction

1′ 11e Bl11、 111ester l)roblenl cOnsists of (lesig11i11g a planar fOur-bar

linkage.as sho、 vn i11Fig, ⊥、to guide a rigid丬)ody through a series

Of sve l)rescl· ibed6nitely-separated r,osfs——positions and orientaˉ

tlons.

I11 the Burn1ester problenl、 ve、vant‘ to nnd the ciJ· c【 e poiJlts of

the111ovh1gl,odys i,e,、 points/1。 and.4。 of Fig, 1that lnoⅤ e O11a

circle as the l)ody passes through the given Poses·  F° r each such

a ci1· cle`the corresI)ondi11g ce11ter B or刀
出
is called a cenreΙ·

POirlr.

The study of the f`氵 、c`c~P° 氵氵2`s is referred to as Burn1ester theO1· y,

nanled a⒒er the 19th century kinen1atician、 vho nrst pr。 ved that

for sve given positionsl there are a maXinlun〕 of four circleˉ points

(BuH11ester ls86),A11y two Of dle cirde△ )oints、 toged1er、 vidl d】eir

assoCiated center-points(、 vhich denne the ground piⅤ Ots)、 yieldS a

bur-bal· li11kage,It is k11° 、v11(BottCma and Roth⊥ 979)tllat at

n〕 Ost fOur such points can l)ef° 1u1d、 and11ence.up to siX(hferent

hnkages can l)e asse111bled。

several techniques llave bee11 utⅡized for t11c Planar 、ynthcsi`

l)l、
Oblen1.such as algebraic l11ethods‘ (onlpleX nulnbcrs and luatrix

111ethods(Angeles、 19s2∶ sandor ancl Erd1uan、 l孓)81), A con1nle1· ˉ

cial package l)y tl)e na】 lle of LINC!AGEs(Sa11clOr a11(l Erdlllal⊥。

1984) iS avaⅡ able for obtahji11g solutiO1ls to this l)!· obk、 ln|)y ρk)t-

ting the circle△ )oi11t or(· enter-l)Oh1t curⅤ cs。 The111cthOd t1sed 丨)y

Sandor and Erdnlau consists Of l)reakhlg the 伍vc-preci、 i()l卜 l,Oillt

problen1into four four-l)OsitiOn cases for、vhich tlle loci。 f tll(、 cil(1c-

l〉
Oints or thO loci of thfi centcrˉ points are l〕 lt)tted.1he、 oh1lioll`to

the Origi11al fl`· e~l)ositiOn problen1 1)ehlg Ob1aillcd l1· oll】  thc il"er-

sections of the four curves。   Si11ce tllese ch‘ (刂 e- rllld ce11{cr-pOh11

curⅤ es are cubic。 ul)tO!line inter、 ections(· oul(丨 丨)c 1·Oll n(卜 oft丨 l〈
、
`c.

ol11ya n1axhuun1()f lour sOh1tion卜 are llsable.th(、 l(、 s1 |× 、i"g`P"-

1·iOus, Nu111erical techni(lues knOⅥ ·
l】 as 亻r,″

`氵

″″〃

`氵

‘
``` `氵

氵(′ l,/,亻

``|l tl\(、
b【
·en rccently i】 l{1· oduC(3d i11 the sOh!liOll of tllis typ【 · (,r l)rObk、 ll丨

`

(′、
·
alllplcr.\Iorgan alld sOn1nlese,19.)θ ⒈

F′廴
/     

′\\`\

/c唰σ撇
\\\`

蜗汪 ~一一
^/∶

^v氵/^       //
//      ouⅡ ut h浊

γ
u酞   。/亻

彡冫/

//

∵̀ Jˉ
~̄卿

'∶

Ξ歹

`/^
Fi阝;Ⅱ I·

(、  l∶  A{·()llI-bar|illl(a∮ 廴c

(IOnth〕 uatio11 JuethOd卜  冫lrf。  Ⅴel)·  l冫 011· er{,ld aⅡ d proⅤ idc aH 、(,-

l1~1tions tO a given nonhnt· ar prOblenl fornlulated as a svs丨 Cnl (,l
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l冫
oly!lOnlial equations, 、、氵e`· ill present a11 alternative luethod in

this l)aper,that co11siSts Of reducing the give11nonlinear systenl Of

equatio11s to only t、Ⅴo equations i11 t、 vo u11kno`711s, Here 、:e ch⒈

fer esse11tially fron1Other approaches that ai111at either reduci11g

all equati。 11s to ol11y one polynon1ial equatiOn in One unkno、 v11or

that llandle all equations shllultaneously, 1Γ he t、vo equatio11s that

、ve dcrive for the case at11and are quadratic,and he11ce,spuriOus

solutions are ehnlinated。  Each ofthe t、 vo equat.ions then dennes a

Co11tour in the plane of t11et、 vo associated varial)les, In o11r case,

these are the C{artesia11coordinates of the circlc pOints in the re⒈

erence or zeroth CO11nguration, The intersectiOn of the contours

thus provides the two circle pointⅡ s that are sought。

Ftu,ther111orel the11uΠ 1erical condition of the solutiO11s.i.e。 ,their

se11sitiⅤ ity to sma丿 f changes in the problenl data, can be read⒒ y

esthllated fronl the angle at which the cO11tOurs crOss each other.

Note1hat this i11forluatiOn is not readⅡ y avaⅡ able with other lueth-

ods, λIOreover、 the use of suitable Plotting soft、 ?are eases tre111en-

dously the task of the designer、 vhen applyi11g this InethOd, In our

sokltiO11.we have resorted either to⒈ IATHE⒈ IATI(⒎ A、 running On

au IRIS4D/210ⅤGX Ⅵ:orkstatiOn or Aut.ocad,runni11g on a Sun

sparcstation。  1~Tnder these conditions、  the contours are prOduced

h1a fractio11of a second,

Figure∶ ;∶  Relations l冫 et、veen the position vectors

Referrh1g tO Fig. 3, the condition that the(hstance l)et、
·eel1ao

and b renlains consta11t】 ·ields four constrah1t equation、 .1la1llc·ly.

||(r,丿
一b)+QJa。 ||2=||aoˉ b||2. b1· 丿=1· 2.3· 士 (l)

where QJ is u1e∞ t atio11matrix in`· OlⅤ ef1.i,e,.

q=|∷旨1岁氵l

岫 %≡ %-丿
%q㈦ alltl山洌|i1∶∶、

?ing.、·e obtahlAfter exl)a11(li11gX。

Figure2∶  The local coordh1ate systenl set at JR。

2  Derivation of the
tions

Contour Equa¨

I11 Fig, 2, thc coupler link is represented l,y a trapezOidal l)lock、

d1e氵a1tr-bar hI1kage bei11gs11own at t11e zeroth l)Ose(丿 ?o.汐 o)。 It

is r(,quired to design a four-bar hnkage、 i,e,、 to n11d a pair(aO.b)

of l冫 0sition vectors of points '吐 。 and B。  resPectively。  such that

1he resulti11g linkage 、vill carr】 ′ t11e blOck rigidly attached to the

couPler lhlk through its nve prescr"Ded poses、 、Ⅴhich are given ll9ith

"lereI1cc to t11e coordi11ate frame C,△

9y as((RJ.%))古 ·

、Vithout loss of generahty、  let t1s denne 。ur l。 cal coordinate

fl,al)le FlJ with origin at R。 as shown h1Fig。 2.and hellce、 r。 ≡ 0,

出1-q汩。+△Tq幻码Tb+÷ =⒍ bⅡ =⒈ ".蜊
、vhere 1 is the 2 × 2 ide11tity111atriX,

Tl、 is is a s卜
·、teln of氵o11r bili!lea1· equatiolts hl tlle R〕 l1r Ⅱnk!l(,、

`·

l1`

ao(· t· 、〃)·
b← t· .〃 ),In o1· (ler tO solⅤ e this、 ys1el1】 。WC r(‘ thl(`ci11。 t、

·
()

quadratic e(1uat9i。 ns|)y a transforn1ation Of`· a rit1丨 )le、 .as(l(、 st!· ib【
·d

in(BOttema a11d ROth.19T~)),I11hct.dle r(〉 tatio1l matrix Q'calt

be decon1posed as

q=|备 氵|吗
奸姆 E≡ 丨l∵ |·

㈩
、vhere cJ and s丿 sta11d for cOs oJ and sin oJ。 respectiⅤ cly, 'Γ he nl,st

terlu in eq,(3)thus beconles

bT(1-Q丿 )a。 =bTI(1-(1氵 )1-、丿Ela()

= (1— cj)braoˉ ·丿bTEa。

=(l-c,丿 )t`— s丿 r       (5)

.x· llere varia,bles t`and t9are defined as indicated l)elo、v∶

u≡ bTa。 。   t9≡ brEaO         (6)

Substituth1g eq。 (5)into eq.(3)1· iekls

㈠一叫"-疒冖=—△Tq幻一÷  ⑺
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|卜 %-·sJ-rJT l 一屮%酎钞,b刂 =⒓⒊⒋

Numerical Condition of the Solu¨
tions

The conditiOning Of a solution is understood as the condition11u111ˉ

ber(Golt`b and Van Loan,19S3)Of the Jacol冫ia11nlatriX of dle

underlying nonhnear equations at that particular solutiOn。  Belo、v

、ve shOⅥ
` that the condition nulnber of the solutions can be esti-

mated visually fronl the intersection of the t、 vo cOntOurs(liscussed

above, Clearly,n1ore precise`7alues ofthe said nun11)ers can be also

obtained fronl the partial derivatives Of the tvvo scalar fttnctions

pr° ducing the contOurs,

First, let us recall that the condition nun11)er of a n1atrix. in

this case the Jacobia`n ofthe t、vO functiOns providh1g the cO11tours、

with respect to the(:artesian coordh1ates of the circle pohlts‘ is the

an1phscation factOr Of the co∏ ll)uted roundO仃 error、Ⅴith resl)ect tO

the data roundofF errOr、 vhen sOlving a liI1ear systenl of equatiOns

associated、 vith that n1atrix(C丨Olub and\:an LOal1. 198∶ )), Lct ↑he

systeln(13)be rel)rese11ted in thc1ol`ll)

、f1(、 t· .y)=0、   ‘几(‘ r,〃 )=0      (lT)

、vhere r and v(lenote the coordinates of poh1t =d。 . The,Jacobian

of the t、vo f1tnctions at hand ca111)e expressed as

F≡
|浑t阝 l

、vhere V,∫ l denOtes the gradient of.f氵  、Ⅴith1espect to the t、 ⅤO tu1-

knownsli,e,,

v⒒ ≡Ia.∴ /a1.汐 .∴ /a″ lT

It is noted that l11ultil)lyh1g any Of thc t`ˇ O equations (lT) by a

scalar does nOt affect the conditioning Of the sOhltio11s.and11e11cc.

`ve、
Ⅴill assu111e11encefOrtll t11at each(〕 fthe t、 vO e(luatio11s 11a`丨 )een

l)reviously lllultil)hed l)):a factor lenderh1g its gradient a ll11it `· ec-

tor in the‘r-ly l)lane。  In Order to calculate the co11(htion llu11)bcr of

F.、、:llich deternli11es the conditionh)g ofthe sOh1tions.、ve Ca丨 culate

its singular、 氵alucs as the l)ositiⅤ e square roots Of the eige11Ⅴ alue、

of FFT,This matrix is gi、 ·en as

ⅢT=丨
v∴÷v儿 ī邗 |

and hence,its eigenvalues入 l and人 2are given l)y

入l=l_cOs。 . 入2=l+cos,

3

(8)

Equations(s)constitute a linear systel11Of four scalar equations

h1 six u11knOwns, nalnely, t‘ , tl, the two components of a。  and
the t、vo coⅡ1p° nents of b. T11ese four equatiOns are then used

to solve for four of the six unknowns, na1nely△ , 1,, and the t、vo

cOnll’ onents Of b,in ternls of aO . To this end,we introduce now

sonle denniti。 ns,nan1ely,the吐 ×娃rnatrix M and the4-dirnensional

ⅤectOrs X and c given as

_rT
·
r歹

_r歹

_rT

-r「 (Q1a。

—r了 (Q2a。
c≡

| ~r穸莒(Q3ao
—rT(Q4a。

T1111s,Ⅴ ector X is11ow Co1nPuted as

x=Mˉ
1c

RIo1· e°
`·

er.ecls,(6)can be rewritten in

Nx=0

、vhere N is a2× 4nlatrix a,nd O is the

h
豆

豆

豆
2

l
︱

︱

︱
L
+
+
+
+

M≡丨

b

ˉ c2  ˉ̄ s2

— C3  ˉ̄ s3

-1 0
0 -l

a。
T

a。
TE

glven

艹丨:

(10)

terrns Of vectOr x as

(11)

2-dirnensional zero、 `eCtor、

(12)

l)、 、Ⅴe

(13)

N≡

1Tpon substitution of x as

Ol)tai11

NˇΙ
1̄c=0

`Ⅴ

hicl) is the desired systel11 of t、 vo equations h1 t、 、·o unkno、Ⅴns.

Note t,hat t,hese txx?o equations are quadrat.ic i11 a。 , fOr n1atrix N

and vector c are h11ear in a。 , 、vhereas n1atrix ⒈压 and hence. its

inverse、 is cOnstant, Each of the t‘ Ⅵ
`O above equatiOns thus dennes

a cOnic section h1 the r-〃  pla11e^ the intersection of Ⅵ11ichs the11、

provides all real solutions of the problen1at hand,

Once a。 is avaⅡ able fron1the foregoh1g calculations, b can be

conll)tltecl h1One of twO ways∶  氵)by inversiOn of InatrixˇΙ.as

inchcatecl h1eq,(10)iw11icll produces not only b,but also t‘ and t9

`:alues that are not11eede(l;a11d9氵
)frOm eqs。 (3),which leads to an

°verdeterl△1i11ed lh1ear syste111of four equations in t、 vo unknOⅥ·
ns.

of d1e ft冫 rln

l
丨

丨
L
试

丨

)
丶

〓_
 
⒛

ο

1
I
l
I
L
 
n

Bb=d (14)

、
`·

11ere
where γ is the angle at 、、

·hich 1he contours intersect each other.

培羽94翳到㈣̈ ¨̈ ¨谰"

ηm鼠 ub“11g               N=√

:F=瓦再亻÷丌巧
(18)

the second approachl b can be calculated fronl ll:11ich lneans that.the closer氵 is tO± 90° .the l)etter the111"lFrical
eq. (11) as its least,-square approxilllation givel11Dy

b=(BTB)ˉ1Brd                  c°
n(litio11i11g of the associated sOlutio11.C(leal`l`1i1· the1、

`·

O cOl】 t()llr`

(16) are tal1gent to eaCh other. l = 0 an(l N -→  × . 、、·lli(、 ll l】 1ealls ll、 at

NOte that, bv l1si!1g a least-square approach、 rather thau Pickh1g   F is sh1gular。  In this case. sn1all perturbatiOns in thc (lala ca11

11l)any t、 vO of the fOur of eqs,(5),roundofF errors are sltered a11d    produce either a double real solutiOn or11o real soh"iO1l at aH.a

a robust solutio11is poss"〕 le.
rather uncol11fo1· table situation!
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Table l∶ Prescribed positi° ns for Exalnple

φJ (deg)
-57

169
-69

s1

(deg)

(l,5,0,s)

(1.6,1,5)

(2· 0,3.0)

(2.3,3,5)

-3 -2

t

Fig11re4∶ C∶ ontOurs C1&C2for ExaInple1

Exan△ple1:

Exan1ple2:

—⒈548+s,503、r+0.6023r2-⒐ 6715″

-0.6398ry-⒍6342y2=0

0.5989-+7,9304:t· +1,0Ss3。 r2-2,2329v

-⒈ 2365ry+1,7281〃 2=0

-3,0217+1.0359a· -0.s857、 t·

2+5,lJs3″ +
1.0496ryˉ 0,9866〃

2=0

5,6722+6.7042a· +1.0149、 氵·2-0.373T〃

-0,1009a· yˉ ⒍0346v2=0

(J.s,-7.8)

(-6.4,-7,9)

(-s.0,0.5)

(巧 ,0,2,5)

(I9)

(20)

(2⊥
)

(22)

Table2∶ Prescribed positions for example2

10

20

60

90

4  Numerical Examples

、、诒 `vill use t、Ⅴo11un1erical examples to illustrate our method of

solution.The srst exan11)le is taken f1· om(Angeles,197s)i while
d1e seco11d examl)le is taken f1· oln(Sandor and Erc11nan.1984)。
Thc prescrⅡ)ed l)ositions are given in Tables 1 and2,the contour

equat,iol1s taking o11the sh11ple for1us displayed l)elo、 v:

3.5

3.0

2.5

2.0

-0.8

钌

Figure5∶ COntours C1芯 JC2for Exanll)le2

The overlay Of the t、 vo contOurs thus obtai11ed is dislaIˇ ed in
Figs,吐 and5.The calculated condition number of d1e丿 th so111tion

of the扌 th exalnple is denoted by村 氵丿 l)elo、v∶

Ⅳ11 =23,2494、    Ⅳ12=24.6⊥ 82

Ⅳ21 =22s,8696,  H22= 155,7128

、vhich correspond to the angles。 ∴
`calculated f1·

on1eq.(18).tlanlely.

。11=23Ⅱ 3° . 112〓 夕 ,T9°

121=T,56° .122=9,6J°

very llluch in agreenlcnt 、vith the intersectiOn angles of F’ igs. 4

anc15, T11e ab° ve results s11o、 v that the clata ofthe second(亠 xa1111)le

lea‘dto al冫r0blen1that is、 rOoughlyq° 11e order of111agnitude lnore

Ⅱl-conditioned thall the second probleln. It is `vOrth noti∶ lg 111a11

t11e1· esults Obtailled with At1toC.AD、 br d1es1· st exallll冫 le.are ver)ˉ

n1uch in agreen1ent、vith thOse rePorted ill (Angeles, 1θ T8) usillg

the Nel1· tOn-Raphson n1ethod。  IIOl1· ever、 for the sccol1d eXal1】
I,le。

V

o

V -1

-2

-3

-4

-5 -1-4
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the results sho、 vn h1 
′
Γables 4 and 5, sho、 v noticeable diferences

that Π1av l)e due to the condition nunnber involved, :Γ he morale

of these examples is that, if possible, the data should be chosen

so as to yield contours that intersect at angles that are as close as

possⅡ)le to90° ,

a·

Figure6∶  Four-bar linkage for Exaluple l

Table3∶  solutions for Exa1uple1

So1, no,         a。

R2(1,6,!5)

o

1  (J.191s,硐 ,3± 11) (△ .60t2,

2  (-2,J156,-2.S161) (-7,6050q

-1。 o

Figure T∶ Four-bar lh1kage for Exanll)le2

6rst exanlple。  the(lata are giⅤ cn in cOordh1ate axes nOt passh】 g

through RO. IIcnce.a change of cOordi11ates `Ⅴ as intrΘ dl1ced he1(、

in order to!· ender the flata in the required ft)1· ll】 at,

5  Conclusions

飞Λ∴e deriⅤ ed a n1ethod for the(leternlinatiOn of all real solutiol1`of

the Burnlester Problen1associated l1· id1t卜e synd1esis of a l)lanar

four-l)ar linkage lnea11t tO guide a rigid l)ody through hⅤ e H11itely-

separated pOses in a plane。  The l11ethod reduces the origh1al four

bihnear equations in four u11k11o、 911s to only tll9o(luadratic equa-

tions in t、Ⅴo t111kno`Ⅴ ns、 w11ile avoiding the introductio11of spuriou`

roots. The111ethod is`· ery fast ifin1ple111ented on l11odern、 vorkstaˉ

tions11sh1g advanced l11atheluatical soft、 vare. As al)yProduct.the

1uethod produces inforl11ation On the nulllerical conditioniIlg of t he

solutions. λIOreover。 the n1ethod can l)e used interactiⅤ elⅤ fOr lhll<-

age opti111ization. if a 、vorkstation l11th】 llultil)le-Ⅵ indo、·
fac"itiF,s

is a、 `ailable,Tll11s、 WhⅡe o11e、、̌indow can display onc cal1(li‘ lat e

hnkage、 another one can disl)lalˇ the contours llnder changes il1the

prescrⅡ〕ed rigid丬冫ody poses。 for exan1ple,
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Table4∶  Solutions for Exan1ple2

Sol。 no。         a。

1

9

(ˉ 0,7676,2,8167)

(-0,s49s,1,9s47)

(-0.3713,3.3417)

(ˉ 0.4142,2.57吐 7)

Table5∶ solutions obtained by sandor and Erdn1an

so1. no.

1

9

(-0.760s2,s37)

(J.931,1,936)

(J,36士、3· 335)

(硐 .4s4.2· 515)

sho、 vn in Figs。 6and
linkages,for Examples

7are the given poses

1 and 2, respectively。

and the calculated

Note thati for the

∶|∶∶∶∶:i∶∶∶∶!i∶∶∶∶∶|∶∶∶∶∶∶∶∶∶∶
} 

刀4(594)
|刀

4(5’

i)  |R。
(10,|廴  |

}—

—̄-{--            i
R3(2,2)

|\′``、

'亻

首:i∶;l;∶ Il;ll)|
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