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Gram-Schmidt Orthogonalization
and Upper Triangularization

1 Orthogonalization

It is shown how a basis, represented by three column vectors in the 3 x 3 matrix A, is converted
to the three orthogonal vectors in A* that span the same three dimensional homogeneous vector
space. The first column aj; is taken as the first principal Cartesian axis direction numbers.
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The procedure is outlined below.

e Choose aj; = a;o.

(a;1-a40)

e Project a;; on aj; to obtain the component a; ;0 = 7" a.
0

e Subtract to obtain aj; = a;1140 = a;1 — a;1)o-

e Project a;; on &}, to obtain the component a9 = %aig.
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e Subtract to obtain aj, = a;21i0 = a;2 — a;9j0-

: / * : (ajy-aly) «
e Project ajy on ajj to obtain the component a;* = —2-aj.
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Subtract to obtain aj, = ajy 1, = aj; — Al

1.1 Numerical Example

To illustrate Gram-Schmidt orthogonalization consider the following example of an arbitrary 3 x 3
full rank numerical matrix.

Qoo Qo1 Qo2 5 9 6
A= aip Qi1 Q2 = 7T —4 -1
0 Q21 A2 2 3 =8



Although any of the three column vectors could have been chosen to provide (first) principal axis
direction numbers, vector aj, = a;p was selected and a;; will be conditioned to provide a};, the

next.
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To maintain vectors in integer form the following difference can be multiplied through by 78.
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This was a one step process because the component a’; = a;;1;0 was chosen to provide direction
numbers of the second principal Cartesian axis perpendicular to aj; = a;o. The next and final
process involves two steps because the third orthogonal basis vector is found by first subtracting
the component of a;» that is parallel to aj; to produce a}, = a;51 ;0 and then the component of a,
that is parallel to af; is subtracted from a}, to produce a}, that is normal to both a}, and a};.
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Dividing these direction numbers by 2340 yields
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Imposing a Euclidean norm produces the three unit column vectors in
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It is easy to show that
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1.2 Orthogonal Matrix as Rotational Operator

Examine Fig. 1.
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Figure 1: Representation of Matrices A* and A} along with Transformation of Point P(3,5,7)



At left, the orthogonal axis vector triad of the three column vectors in A* that radiates from a
common origin has been plotted after dividing the second column by 100 and the third by 10000.
Then a length of 10 units from the origin has been marked off on each axis. This “normalized”
frame is reproduced at the centre of the figure. Finally, via three auxiliary projections, two
conjugate views of the frame have been produced so that one may take the vector 1 as z-axis, 2
as y-axis and 3 as z-axis. The view at upper right is a “front” view and its partner at lower right
is an “under-side” view of this right handed Cartesian frame in which the point P(3,5,7) has
been plotted. When this point is projected back to the conjugate view pair in the middle of the
figure, where the three column vectors of A’ were plotted in top and front views, one measures
its coordinates as, approximately, P(7.784,—0.427, —4.715), the same result is obtained with the
following matrix multiplication.
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2 Upper Triangularization and Matrix Rank

The numerical matrix used in the orthogonalization example above will now be used to illustrate
that a full rank square matrix will contain no rows with all zero elements, i.e., the diagonal
elements are all non-zero, after all elements beneath the diagonal agi, ai2, ... an—1, have been
zeroed by Gaussian elimination.
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aipp a1 Q2 | — 0 aj; ai,
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The original 3 x 3 numerical example matrix was upper triangularized by the following sequence
of subtractions.
a’l'j = 5aoj — 781]‘

ai- = 5&2]' - Qan
ay; = —83af; — (—3aj;)

It is obvious that this is not an orthogonal matrix. It would be diagonal if it were. If normalized,
it would be a unitary matrix.

2.1 Upper Triangularization and Rank Deficiency

Counsider the matrix below.

1 2 3
4 5 6
5 —4 -3



Its third row has been deliberately constructed as
agj = 3a0j — 2a1j

Subtracting a;; — 4ag; and ag; — (—bay;) produces

1 2 3
0 -3 —6
0 6 12

It is now obvious that elements of the last row are in the same ration as those of the second. The
next elimination step produces

1 2 3
0 -3 —6
0O 0 O

so the rank of this matrix is two.
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