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Centre of a Hyperboloid of One Sheet via Line Geometry

1 Introduction

A unique hyperboloid of one sheet may be defined by ruling three given skew lines P,Q,R with a
one parameter set of lines that intersects all three. M, the centre point of this quadric, may be
found on the intersection of three planes p,q,r such that

M=pngnr, p=PNP,, q=2NQ,, r=RNR,

where Py, Q,p, Ry, are the respective “parallel partners” of P,Q,R. P, intersects Q and R. Q,,
intersects R and P. R,, intersects P and Q.
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Figure 1: Relation of Parallel Partner P, to Lines P, Q, R

The approach outlined below makes extensive use of radial Pliicker line coordinates. Axial coor-
dinates would serve just as well.

2 Parallel Partners

Direction numbers of parallel partner lines are immediately available. One needs only to determine
their moment vector.
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2.1 Homogeneous Constraints and Solutions

Parallel partners intersect on an absolute point. The partner in the opposite regulus intersects
the other two given skew lines on Euclidean points. Multipliers A, y and v appear in Eqgs. 1,2,3,4
because homogeneous, not direction vector normalized, Pliicker coordinates are being used.

(Po1q23 + Po2g31 + Po3qiz) A + qo1Pas + qo2p3; + qospiy = 0
(Por723 + Poars1 + Posri2) A + o153 4 To2p3) 4 Tosply =0
O + por1pss + po2psy + pospiy = 0 (1)
The first two of Eqgs. 1 represent the intersection of P, with Q and R, respectively. The third

represents the Pliicker condition imposed on P,,.. The solution of three simultaneous equations in

four homogeneous variables appears below as four determinants. A is not required but is included
to complete the solution.

do1 qo2 4o3 P01G23 + Po2g31 + Po3qiz  Go2  qo3
A=|Tor Toz To3 |, DPhs = —| DoiT23 + Poars1 + Po3Ti2 To2 To3
Po1 Po2 Po3 0 Po2  DPo3
P01G23 + Po2g31 + Po3qiz  Go1  qo3 DPo1G23 + Po2gs1 + Posqi2  Go1  qo2
qr qr
D31 = | Po1T23 + Po2T31 + Po3T12 Tor 7To3 |, Pia = — | PoiT23 + Po2731 + Po3T12 Tor 702 (2)
0 Po1  Pos 0 Po1  Po2

Similarly one may write the multipliers and moment vector elements for Q,, and R,,. Notice that
A=pu=r.

o1 To2 703 qo1723 + Q02731 + Go3T12  To2z 703

W= Po1 Po2 Po3 |, q;"f; = — | Qo1P23 + Qo2P31 + Go3P12 Poz Po3

do1 qo2 4o3 0 qo2 qo3

Go1723 + Qo2731 + Go3T12  To1 To3 Go1723 + Qo2T31 + Qo3T12 To1 To2

Tp Tp

G31 = | Qo1P23 + Qo2P31 + Qo3P12 Por Po3 | 12 = — | GoiP23 + Go2P31 + GosP12 Po1  Po2 (3)

0 do1  qo3 0 do1  qo2

Po1 Po2 Pos ro1P23 + To2P31 + To3P12 Po2  Po3

v=1|qun qo2 Qo3 |, Tha = —| To1q23 + To2qs1 + To3q12  Go2 o3

Tor To2 To3 0 To2 To3

ro1P23 + To2P31 + To3P12 Po1  Po3 r01P23 + To2P31 + To3P12 Por Po2
ré’if = | 701923 + 702931 + 70312 qo1 qo3 |, 7“}1”2] = — | To1q23 + T02¢31 + T03q12 qo1 Go2 (4)

0 Tor To3 0 o1 To2

3 Three Planes Intersect on the Centre

Planes p, q,r span points A, B,C on lines P, Q, R paired with lines P,.,Q,,,R,,, respectively.
A, B,C are on a, b, ¢, planes on origin O and normal to P, Q, R. If any of these lines are on O then



its point contribution is just O{1:0: 0 : 0}. Finding the first of three planes, p{ Py : Py : P> : P3},
will be done in detail. It is on point A{ag : a1 : ay : asz}, on plane a{Aq : A; :
Po1 : Po2 : Pos}, normal to P. Planes ¢, r are obtained by similarity. Point A is obtained with the

piercing point relation.

A = 7) N a, a; =
ap = pooAo +porAi
ap = —podo +p11ds
ay = —po2Ao —p12di
az = —po3Ao +ps1 i

Similarly
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Planes p, g, r are obtained with the spanning plan relation. Note that F;; are azial Pliicker coor-

dinates.
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By similarity one writes the coordinates of planes ¢ and r.
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Finally the centre point M {m, :
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ms : m3} is defined by the point equation on planes p, g, r.
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