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Abstract— We are interested in the task of online summarization of the data observed by a mobile robot, with the goal
that these summaries could be then be used for applications
such as surveillance, identifying samples to be collected by a
planetary rover, and site inspections to detect anomalies. In this
paper, we pose the summarization problem as an instance of
the well known k-center problem, where the goal is to identify k
observations so that the maximum distance of any observation
from a summary sample is minimized. We focus on the online
version of the summarization problem, which requires that the
decision to add an incoming observation to the summary be
made instantaneously. Moreover, we add the constraint that
only a finite number of observed samples can be saved at any
time, which allows for applications where the selection of a
sample is linked to a physical action such as rock sample
collection by a planetary rover. We show that the proposed
online algorithm has performance comparable to the offline
algorithm when used with real world data.

I. I NTRODUCTION
This paper addresses the problem of producing a concise
summary of the set of observations collected by a robot during a mission. In particular, we are interested in image-based
summaries that recapitulate the statistically most distinctive
images seen or representative locations visited.
The summarization problem can be defined in different
ways, however, for applications such as surveillance and
exploration, we are interested in summaries which are representative of the full range observed measurements, and not
just focus on the mean. Popular clustering-based summarization techniques such as k-medoids or other clustering
based techniques are not useful in this context as they ignore
the outliers. This work poses the summarization problem
as a sampling problem, where we would like to identify
samples in a summary, which minimize the cost defined as
the maximum distance between any observation point and
the closest summary point. This corresponds to solving the
k-center problem, which like k-medoids is also known to be
NP hard [3]. Intuitively, this minimizes how surprised we
will be by the data set, once we have seen the summary.
An online algorithm which can approximate the solution
of the k-center problem, without saving all the observed
samples has many applications. Consider the surveillance
problem: we would like a robot to continuously monitor an
area, and maintain a summary of what has been observed.
This small summary of these observations could then be used
by a human to quickly analyze the current situation, instead
of having her continuously monitor what is being observed
by the robot. Another example is the sample collection
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Fig. 1. Extremum vs k-Medoids Summaries. The dataset consists of 200
points generated randomly around a circle in R2 . The summaries generated
by the two algorithms are shown in the first row. Since there are no outliers
in the dataset, the summaries seem similar. In the second row, we add 8 extra
samples from a different distribution, which are all outliers in the context of
the other points. Adding these outliers highlights the differences between the
two strategies. We see that extremum summary favors picking the outliers,
whereas the k-medoids summary ignores these outliers completely. In the
last row, we reduce the summary size and see the differences exaggerated
even more. The extremum summary is almost entirely made up of the
outliers, whereas the k-medoid summary is only representative of the mean.

problem: we would like a robot to collect k rock samples
for further analysis. We would like to have the k samples
be representative of all the diversity of rocks observed,
and include any outliers observed in the summary. Due to
physical restrictions, we might not be able to go back to
a previously visited location to pick a previously discarded
sample. The online algorithm proposed in this paper is
suitable for application in both the scenarios described above,
and many more.
An offline algorithm often outperforms an online algorithm, but use of an offline algorithm is often infeasible in
practice due to resource constraints and issues of timeliness.
Moreover, an online algorithm can provide an anytime solution. In this paper, we use the offline algorithm to define an
ideal result, and compare the performance of the proposed

online technique.
Although the techniques discussed in this paper are applicable to almost any kind of quantifiable observation data,
we primarily focus our efforts on image observations from
a camera, and location data from a GPS sensor.
The main research contributions of this work are the
following:
• A formulation of the offline summarization problem as
an instance of the k-centers problem, and present a 2approximation heuristic solution.
• An online strategy which approximates the offline solution, and analysis of upper bound on the number of
samples picked by the algorithm in a given amount of
time.
• Two different strategies to cull the samples in the
summary to keep them of desired size, and show the
difference between them.
• A novel way of combining multiple descriptors for
online comparison of an incoming observation with
the samples in the summary, even when the distance
function between them is of unknown scale.
• Experiments with several different real world datasets
which show that the performance of the online algorithm is comparable to the offline solutions.
II. R ELATED W ORK
Generating summaries with observed image data is related
to the problem of identifying landmark views in a view
based mapping system. Ranganathan and Dellaert [13], have
worked on the problem of identifying such set of landmark
locations, and then build a topological map using them. They
modelled each observed image using a SIFT bag of words
histogram, which they use to learn a Multivariate Polya
posterior and prior model. The KL diverence between these
two distributions gives us the “Bayesian Surprise” [10]. If
this surprise score is a local maxima above the mean, then the
images was selected. This algorithm is an offline algorithm
and hence not suitable for the online applications such as
surveillance and exploration.
Another example is the work on view based maps by
Konolige et al. [11]. In this work, the goal was to identify a
set of representative views and the spatial constraints among
them. These views are then used to localize the robot. One
could consider the views as a summary, however it is not
practical for online, life-long operation.
The seminal work by Cummins and Newman [2] on loop
closure involves the ability to identify common geographic
origins of images, which might not be completely similar;
thereby producing a meaningful clustering of images, which
could be used to generate summaries. This would indeed
produce very detailed summaries, however, our focus is on
producing a much sparser sampling of the observed data, and
do it online.
Methods for video summarization have generally put emphasis on summaries for video data created by humans where
significance is related to both temporal extent and audio
content. For example, in Gong and Liu [6] video summaries

were produced by exploiting a principal components representation of the color space of the video frames. They used a
set of local color histograms and computed a singular value
decomposition (SVD) of these local histograms to capture the
primary statistical properties (with respect to a linear model)
of how the color distribution varied. This allowed them
to detect frames whose color content deviated substantially
from the typical frame, as described by this model. Truong
and Venkatesh [15] review many of these summarization
strategies, and Valdes and Martinez[16] have presented a
taxonomy for classifying these different techniques.
In our previous work we have explored individually, the
idea of online summaries [4], and offline summaries [5];
however this work develops these ideas further and explores
the relation between these techniques.
III. T HE O FFLINE P ROBLEM
We are interested in generating our summaries online,
however, we first look at the offline version of the summarization problem. Although an offline summary is much
more costly to compute compared to an online algorithm,
and might not be feasible in many scenarios, we use these
offline summaries to measure the goodness of our online
summaries.
Let each observation be a point in a high dimensional
Euclidean space. We then pose the summarization problem
as a sampling problem, where we would like to identify
observations belonging to the summary set, which minimizes
the maximum distance of any observation to its closest
observation in the summary.
A. Cost Function
Given the set of all observations Z = {Zi }, and the
number of desired samples k in the summary set, we would
like to find the set S ⊆ Z, |S| = k, such that the
Cost(S) = max min d(Zi , Sj )
i

j

(1)

is minimized. This is like finding centers of k balls of
smallest (but equal) sizes, which cover all the points in Z.
This is essentially the k-centers problem.
B. Approximate Solution
If the distance function obeys the triangle inequality, then
not only is the k-center problem NP-hard, but Huse and
Nemhauser [9] showed that α-approximation of this problem
is also NP-hard for α < 2 (i.e. for any approximate that
guarantees an approximate this good).
Consider the greedy strategy presented in Algorithm 1,
which we refer to as the Extremum Summary algorithm. We
initialize the summary with an arbitrary observation, then in
each iteration, we choose an observation which is farthest
away from the observations in the current summary, and add
it to the summary set. This algorithm has an approximation
ratio of 2, and hence is likely the best we can do unless
P=NP [7].

S ← {Zrandom }
Z ← Z \ Zrandom
repeat
m ← argmaxi minj d(Zi , Sj )
S ← S ∪ {Zm }
Z ← Z \ Zm
until |S| ≥ k
return S
Algorithm 1: E XTREMUM S UMMARY (Z, k). Computes
a summary as a subset of input samples Z, by greedily
picking the samples farthest away from samples in the
current summary.
C. k-Center Summaries Favor Outliers
Figure 1 highlights the characteristic difference in summaries generated by the extremum summary algorithm, and
the k-Medoids algorithm. The dataset consists of 200 points
generated randomly around a circle in R2 . The summaries
generated by the two algorithms are shown in the first row.
Since there are no outliers in the dataset, the summaries seem
similar.
In the second row of Figure 1, we add 8 extra samples
from a different distribution, which are all outliers in the
context of the other points. Adding these outliers highlights
the differences between the two strategies. We see that
extremum summary favors picking the outliers, whereas the
k-medoids summary ignores these outliers completely.
In the last row of Figure 1, we reduce the summary size
and see the differences exaggerated even more. The extremum summary is almost entirely made up of the outliers,
whereas the k-medoid summary is still only representative
of the mean.
Although a k-medoids summary might be useful when
we want to model the mean properties of an environment, if
however we are interested in identifying the range of what
was observed, then an extremum summary is more useful
since its objective function ensures that each observations is
close to at least one of the summary samples.
IV. O NLINE S UMMARIES
Consider the task of deciding whether to include an incoming observation into the summary or not, immediately after
its arrival. Broder et. al. [1] named the strategy of picking
samples above the mean or median score of the previous
picks as “Lake Wobegon” hiring strategies 1 . Variation of
such a strategy have supposedly been used by companies like
Google and GE to hire a continuous stream of employees. We
take inspiration from this idea to pick our summary samples.
A. Picking Above the Mean
Given the current summary S = {Si }, we define the score
of an observation Zt , observed at time t as:
Score(Zt ) = min d(Zt , Si ).
i

1 Named

(2)

after the fictional town “Lake Wobegon”, where according to the
Garrison Keillor “all the women are strong, the men are good looking, and
all the children are above average.”[1]

Similarly, we can define the picking threshold γ as the
mean score of the samples currently in the summary:
1 X
min d(Si , Sj )
(3)
γ=
|S| i j,j6=i
Now for each incoming observation, we compute its score
given the current summary, and then if the score is above
the current picking threshold γ, we add it to the current
summary. Algorithm 2 summarizes one iteration of this
algorithm.
P
1
threshold ← |S|
i minj,j6=i d(Si , Sj )
if minj d(Zt , Sj ) > threshold then
S ← S ∪ {Zt }
end
return S
Algorithm 2: O NLINE S UMMARY U PDATE (S, Zt ). Updates the summary S by picking the incoming observation Zt if its score is above the mean score of
observations already in the summary.

Number of Picks
40
UpperBound
Real
30

20

10

0

0

20

40

60

80

100

Time

Fig. 2. Upper Bound on Picking Rate. The plot shows number of picks by
Algorithm 2 over time for 10 random starting locations in the street view
dataset. The upper bound defined in Equation 11 is shown in thick red.

B. Analysis of Picking Rate
To simplify our exposition and analysis without loss of
generality, we assume that all observations lie on a high
dimensional grid, and two consecutive observations only
differ by one step on this grid, which corresponds to a
distance of 1 unit.
Let the threshold after k picks be γk . Then, the score
of the observation which leads to the next pick must be
γk + 1. Using this, we can define the threshold after k picks
recursively as:
γk

=
=
≈

(k − 1) ∗ γk−1 + γk−1 + 1
k
1
γk−1 +
k
log k.

(4)
(5)
(6)

Hence, the threshold grows as Θ(log k) with the number
of picks, and as a result the picking rate should slow down
with time.

Given a threshold γk , it will take us at least γk time to
pick a new sample, since in each time step the observation
changes only by 1 unit. Hence, the expected time for the
next pick is greater than γk .
Let Tk be the expected time for k picks. We then know
that
Tk

≥ Tk−1 + γk
k
X
=
γi
≈

i=1
k
X

(7)
(8)

log k = log k!.

(9)

i=1

Using Sterling’s approximation, we get,
Tk

≥

k log k − k

(10)

If we solve the above equation for equality, we can get an
upper bound on the number of picks in a given time:
k(T ) ≤

T
ProductLog

T
e

.

C. Finite Summaries
Given infinite time, Algorithm 2 will give us a summary
of infinite size. To make the summary size tractable, we can
trim the summary when its size exceeds a desired size by
removing a sample. We would like to do this in a way which
ensure that the cost of the summary stays low.
P
1
threshold ← |S|
i minj,j6=i d(Si , Sj )
if minj d(Zt , Sj ) > threshold then
S ← S ∪ {Zt }
end
if |S| > k then
TrimSummary(S)
end
return S
Algorithm 3: k-O NLINE S UMMARY U PDATE (S, Zt , k).
Updates the summary S of size k by picking the incoming observation Zt if its score is above the mean score
of observations already in the summary. If the summary
size exceeds k, then we trim the summary.

(11)

Figure 2 shows a plot of this upper bound along with
plots of number of picks over time for the street view dataset
described in Section VI-B, with 10 random starting times.

Two simple strategies for identifying the sample to be
discarded are the following:
Strategy 1: We can discard sample Si if it has the lowest
score defined as:
Score(Si ) = min d(Si , Sj ).

Time

j,j6=i

(a) Strategy 1

(b) Strategy 2

Fig. 3. Discarding Strategies. There are 400 points in the dataset, distributed
randomly over (0,1), and presented sequentially to the algorithm in monotonically increasing order of x axis values. The red ’+’ sign corresponds
to the location of samples in the current summary. The successive state of
the summary as time progresses is shown by successive rows. With strategy
1, we see that after a few time steps, the summary splits into two groups,
and stays split for rest of the duration. This is because the minimum score
sample to be discarded is always the 1st sample in the right group. Strategy
2 does not have this problem, and clearly has lower cost as defined by
Equation 1. See text for more details.

(12)

This identifies sample with the smallest nearest neighbour
distance.
Although this strategy seems reasonable, it fails in the
simplest of cases as demonstrated in Figure 3(a). There are
400 points in the dataset, distributed randomly over (0,1),
and presented sequentially to the algorithm in monotonically
increasing order of x axis values. The red ’+’ sign corresponds to the location of samples in the current summary.
The successive state of the summary as time progresses is
shown by successive rows. We see that after a few time steps,
the summary splits into two groups, and stays split for rest
of the duration. This is because the minimum score sample
to be discarded is always the 1st sample in the right group.
Hence, this is not a good strategy.
Strategy 2: Summary trimming can also be modeled as
summarization problem. The current summary is of size
k + 1, from which we would like to select k representative samples. We can hence run the extremum summary
algorithm, with S initialized using the last selected sample.
This technique is immune to problem faced by strategy 1
described above.
Figure 3(b) shows progression of the summary on the same
dataset, using strategy 2. Using this strategy clearly produces
lower cost summaries as defined by Equation 1, and hence
is the recommended strategy.
V. D ISTANCE F UNCTIONS
Although the techniques described in this paper are generic
enough to be used with almost any kind of sensor measurements, we keep our focus only on images, and gps readings.

Defining a distance function over GPS readings is trivial.
One can simply take the Euclidean distance between the
latitude/longitude measurements, which should work at most
places on earth except the poles. It is however not so easy
to define a distance function for images.
A. Visual Bag of Words
Coming up with a distance function over images is a nontrivial task, with an application dependent answer. For our
experiments we use the bag-of-words representation of an
image [14], where each image is represented by a histogram
of frequency counts of visual words appearing in the image.
This technique is known to work well in image matching and
location recognition. Visual words are typically generated by
clustering SIFT [12] features extracted from all images which
we need to compare.
To compute the distance between two histograms h1 , h2 ,
we use KL divergence. KL divergence is not symmetric and
hence is not a true distance metric, however, it can be made
into a distance metric if we define the distance as
d(h1 , h2 ) = dKL (h1 ||h2 ) + dKL (h2 ||h1),

(13)

where the function dKL (.||.) computes the KL divergence
between the two distributions.
B. Combining Multiple Descriptions
Computing summaries by combining multiple descriptors
requires that we must come up with a normalization strategy
so that different descriptors can be given equal weight. For
offline summarization, this can be done trivially by normalizing the distance matrix to ensure all distances are between
(0,1]. However it is not possible to do this normalization
in the online case since the maximum distance between
two samples is not known. Instead, we propose to use the
maximum distance between two samples in the summary as
the normalization constant. This ensures that sample scores
for all descriptor are of similar scale. Finally, we use of L∞
norm to combine these different distances.
VI. E XPERIMENTS
A. Location Based Summaries
Consider the task of collecting k samples such that no
visited location is very far from one of the locations from
which a sample was taken. We would like to do this even
when the path taken by the robot is not known in advance.
These samples for example could be rocks collected by a
planetary rover as it is exploring a cave like environment,
and we would like to have a good representation of the kind
of rocks present in that area. Also due to energy, physical
or logistics constraints, we might not able to come back to
a previously visited location.
In such a scenario one can use Algorithm 3 to maintain a summary computed using location information. Each
pick will corresponds to collecting the rock sample at that
location, and removing a sample from the summary will
correspond to dropping the rock. Figure 5 shows an example
of such a summary. The subsampled dataset contains 1255
geo-tagged images taken by a car as it goes around a city
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Fig. 4.
Summarizing Images in the Street View Dataset. The dataset
contains 1255 geo-tagged images taken by a car as it goes around a city
centre. The bottom summary in (a) shows images selected by the offline
extremum summary algorithm, and the top summary in (a) shows images
selected by the online summarization algorithm described in Algorithm 3.
Large number of matches indicated by the arrows suggest the effectiveness
of the online algorithm in picking the same outliers as the offline algorithm,
even in high dimensional spaces.

centre. The points in the dataset are shown using grey dots,
and the points in the summary are shown using a red ’+’
sign. Figure 5(b) shows the extremum summary of these
points. We see that the points are well distributed, and every
point in the dataset is close to at least one of the summary
point, whereas in the summary generated by the k-medoids
algorithm shown in Figure 5(c), the points in the long tail of
the dataset are very far from the closest summary point.
Figure 5(a) shows the evolution of the online summary
generated using Algorithm 3. Points in blue correspond to
portion of the path already traversed at that time. We start
with all 8 summary points as the first 8 observed points. This
is represented by the first column of Figure 5(a). Column 7
shows the final summary, which is similar to the extremum
summary.
Figure 5(d) shows quantitatively the difference in performance of the different algorithms. The summary cost of
the three summaries, was computed using Equation 1. We
see that the online summary performs similar to the offline
summary, and both are much better than the k-medoids
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Fig. 5. Location Based Summaries. The street view dataset contains 1255 geo-tagged images taken by a car as it goes around a city centre. The points
in the dataset are shown using grey dots, and the points in the summary are shown using a red ’+’ sign. The summaries shown are generated using only
the GPS data. (b) shows the extremum summary of these points. We see that the points are well distributed, and every point in the dataset is close to a
summary point, whereas in the summary generated by k-medoids algorithm shown in (c), the points in the long tail of the dataset are much farther from
the closest summary point. Figure (a) shows the evolution of the online summary generated using Algorithm 3. Points in blue correspond to portion of the
path covered at that time. We start with all 8 summary points as the first 8 observed points. This is represented by the first column of (a). In the subsequent
columns we see the evolution of the summary points as time progresses. Column 7 shows the final summary, which is similar to the extremum summary.
(d) shows the summary cost of the three summaries, computed using Equation 1. Online summary performs similar to the offline summary, and both are
much better than the k-medoids summary.

summary. Both the online and the offline extremum summary
have a cost of about 0.004, whereas the k-medoids summary
has a much higher cost of about 0.009.
B. Visual Summaries
Figure 4 shows the summaries generated for the same
street view dataset described in the previous section, however, instead of summarizing over GPS readings, we generate
summaries using the image data. Each image was described
using a bag of words histogram. We used a static vocabulary
of size 1000, computed by clustering SURF[8] features
extracted from all the images.
The bottom summary in Figure 4(a) shows the images
selected by the extremum summary algorithm. Many of
the images selected by the extremum summary algorithm
correspond to images of building with different repetitive
patterns, occupying large portions of the camera’s field of
view. Such images would be represented by histograms with
a sharp peaks at different locations when using the bagof-words representation of an image. As a result, the KL
divergence between these images is very high, and hence
they are favored by the extremum summary algorithm.

Fig. 6. Mean Summary Cost of Street View Dataset. We took 20 random
subsequences of length 100 from the street view dataset, and then computed
the summary cost as defined in Equation 1. Mean cost of both the offline(Ex)
and the online(On) summaries is shown for summaries of size 4 and 8. Error
bars corresponds to 1 stddev. For comparison, we also show performance
of a random algorithm(Rnd), which just chooses the summary samples
randomly. We see that performance of the online algorithm is similar to the
offline algorithm, and both perform much better than the random algorithm.
Increasing the summary size decreases the cost, which is expected.

The top summary in Figure 4(a) shows images selected by
the online summarization algorithm described in Algorithm
3. We see that 9 out of 16 images in the online summary also
exists in the offline summary. This indicates that the online
algorithm is able to identify many of the same summary
samples as the offline algorithm, even in the extremely
high dimensional spaces corresponding to the bag of words
histogram descriptions.
To quantify the measure of goodness of the online summaries, we took 20 random subsequences of length 100 from
the street view dataset, and then computed the summary
cost as defined in Equation 1 for each of them. Mean cost
of both; the offline, and the online summaries for these
sequences is shown in Figure 6. For comparison, we also
show performance of a random algorithm, which randomly
chooses its summary samples. We see that for a summary
size of 4, performance of the online algorithm is similar to
the offline algorithm, and both have an average cost of about
0.106, whereas the random algorithm has a much higher
mean cost of about 0.155. For a summary size of 8, we
see that the costs are lower for all the algorithms, which
is expected since more summary points imply less distance
between a sample and the closest summary point. Mean cost
of the offline extremum summary for k=8 is about 0.068,
and the online algorithm is slightly higher at about 0.071,
and random is almost twice at about 0.137.
One of the fundamental difference between the offline
and online algorithm is also the memory and computation
cost. Offline algorithm requires the entire dataset to be in
the memory, and hence as new data is added, it becomes
slower linearly with time. The online algorithm does not
have this problem, and has a constant memory footprint,
proportional to the size of the desired summary, and a
constant computation cost as new samples arrive.
VII. C ONCLUSION
We have presented a novel online algorithm which approximates the solution of the k-centers problem. We use this
algorithm to produce summaries which minimize the maximum distance of an observation from the closest summary
sample. These summaries ensure that no observation is far
from at least of one the observation samples in the summary,
and hence are useful for applications such as surveillance,
exploration and sample collection by a planetary rover
We have shown that the proposed online algorithm
matches the performance of the near ideal but impractical-inpractice offline solution, when dealing with real world data
consisting of images and location data.

In future we hope to explore other other variants of the
online problem, such as one where we are allowed some
amount of back-tracking, and see how that improves the
quality of the summaries. Also we would like to explore other
applications which might result from applying the proposed
algorithm to other kinds of sensor data.
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