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Abstract

Visual shape analysis plays a fundamental role in perception by man and by computer, al-
lowing for inferences about properties of objects and scenes in the physical world. Math-
ematical approaches to describing visual form can benefit from the use of representations
that simultaneously capture properties of an object’s outline as well as its interior. Mo-
tivated by the success of medial models, this doctoral thesis revisits a quantity related
to medial axis computations, the average outward flux of the gradient of the Euclidean
distance function from a boundary, and then addresses three distinct problems using this
measure. First, I consider the problem of view sphere partitioning for view-based object
recognition from sparse views. View-based 3D object recognition requires a selection of
model object views against which to match a query view. Ideally, for this to be computa-
tionally efficient, such a selection should be sparse. To address this problem, I introduce a
novel hierarchical partitioning of the view sphere into regions within which the silhouette
of a model object is qualitatively unchanged. To achieve this, I propose a part-based ab-
straction of a skeleton, as a graph, dubbed the Flux Graph, which allows for views to be
grouped. Next, I consider the problem of mapping an initially-unknown 2D environment
from possibly noisy sensed samples via an on-line procedure which robustly computes
a retraction of its boundaries to obtain a topological representation. Here I devise an al-
gorithm that allows for online map construction with loop closure. I demonstrate that
the proposed method allows the robot to localize itself on a partially constructed map to
calculate a path to unexplored parts of the environment (frontiers), to compute a robust
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terminating condition when the robot has fully explored the environment, and finally to
achieve loop closure detection. I also show that the resulting map is stable under per-
turbations to the sensed boundary, and to variations in starting locations for exploration.
Finally, I consider the problem of scene categorization from complex line drawings. In the
context of human vision, we show that local ribbon symmetry between neighboring pairs
of contours facilitates the categorization of complex real-world environments by human
observers. In the context of computer vision, I demonstrate a high level of performance
in the problem of convolutional neural network-based recognition of natural scenes from
line drawings, even in the absence of color, texture and shading information. I then show
that the inclusion of medial-axis based contour salience weights leads to a further boost in
recognition performance, adding useful information that does not appear to be exploited
when the neural networks are trained on contours alone.
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Abrégé

L’analyse de la forme visuelle joue un rôle fondamental dans la perception par l’humain
et par l’ordinateur, qui permet de déduire des propriétés d’objets et de scènes du monde
physique. Les approches mathématiques pour décrire la forme visuelle peuvent bénéficier
de l’utilisation de représentations qui capturent simultanément les propriétés du contour
d’un objet ainsi que son intérieur. Motivée par le succès des modèles médiaux, ma thèse
de doctorat revisite les calculs liés à l’axe médian et aux flux sortants moyens du gradient
de la fonction de distance euclidienne à partir d’une frontière, puis propose des solu-
tions à trois problèmes distincts en utilisant les résultats. En premier lieu, je considère le
problème du partitionnement d’un vue sphérique pour la reconnaissance d’objet basée sur
des vues fragmentées. La reconnaissance d’objet 3D basée sur un modèle, nécessite une
recherche dans une base de collection, d’un modèle de l’objet de la requête de compara-
ison. Idéalement, pour que cela soit efficace sur le plan informatique, une telle sélection
devrait être éparse. Pour résoudre ce problème, j’introduis un nouveau partitionnement
hiérarchique de la vue sphérique en régions dans lesquelles la silhouette d’un objet mod-
èle reste qualitativement inchangée. Pour ce faire, je propose une abstraction basée sur les
parties du squelette, sous forme de graph, appelé « Flux Graph », qui permet de regrouper
les vues. Ensuite, je considère le problème de la cartographie d’un environnement 2D
initialement inconnu, à partir d’échantillons images ayant du bruit, via une procédure en
temps réel qui calcule de manière robuste, une rétraction de ses limites pour en extraire
une représentation topologique. Ici, j’ai conçu un algorithme qui permet la construction
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de cartes en temps réel avec une fermeture de la boucle. Je démontre que la méthode pro-
posée permet au robot de se localiser sur une carte partiellement construite afin de calculer
un chemin vers des parties inexplorées de l’environnement (frontières) afin de calculer
une condition de fin robuste lorsque le robot a entièrement exploré l’environnement, puis
de réaliser une détection de fermeture de la boucle. Je démontre également que la carte
obtenue est stable en cas de perturbation des frontières détectées et des lieux de départ
de l’exploration. Enfin, je considère le problème de la catégorisation des scènes à partir
de dessins au trait complexes. Dans le contexte de la vision humaine, nous montrons que
la symétrie de lignes parallèles (rubans) entre des paires de contours voisins facilite la
catégorisation d’environnements complexes du monde réel par les observateurs humains.
Dans le contexte de la vision par ordinateur, je démontre un haut niveau de performance
dans le problème de la reconnaissance convolutive basée sur un réseau neuronal de dessins
au trait de scènes de la nature, même en l’absence d’informations de couleur, de texture
et d’ombrage. Je montre ensuite que l’inclusion de poids de saillance des contours basés
sur l’axe médian conduit à une amélioration supplémentaire des performances de recon-
naissance des scènes de la nature, en ajoutant des informations utiles qui ne semblent pas
être exploitées lorsque les réseaux de neurones sont formés uniquement sur les contours.
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Introduction, Background and

Geometry of the Medial Axis
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1
Introduction

From trying to draw the plan of our house at a young age to attempting more

difficult geometric problems in my high school years, I have always been fas-

cinated by our visual perception of objects and scenes in this world. Possibly

the most influential book I have ever read is Nathan Altshiller Court’s College

Geometry - An Introduction to the Modern Geometry of the Triangle and the

Circle [101]. Growing up in the computer age has since motivated me to work

on machine algorithms to solve geometric problems, as humans can do. What

you read here is a small effort in that direction.

Whereas present computer vision systems are competitive, they fail in situations where

humans succeed, and they are extremely data-hungry. As an example, while a computer

vision system may need to train on hundreds of images of a cat, a child can learn this ab-
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Introduction

stract category from a few example sketches of their outlines. Observations such as this,

highlight a role for visual shape analysis in computer vision-based systems, for abstrac-

tion, efficiency, robustness, and generalization.

Visual shape analysis plays a fundamental role in perception by man and by com-

puter and allows for inferences about properties of objects and scenes in the physical

world. Although the problem of form analysis is not always mathematically well defined,

researchers have tackled it by dividing it into more specific tasks. Once these tasks are

solved, the solutions can be put together to address more complex visual shape analysis

problems that arise in many important applications such as in robotics, biology, medicine,

and industry. It is no surprise that the range of applications can be very broad for this topic,

considering human vision capabilities. The reader is referred to Biederman [10], Edelman

[43], Leyton [84], Perrett and Oram [107], Kimia et al. [74] for further background on this

subject.

Of particular interest to the focus of this thesis are the problems of recognition or cate-

gorization in computer and human vision, and environment mapping in robotics. Humans

can rapidly spot a wide range of things when they look at an image or watch a video. Being

able to detect and differentiate between people, object or scene categories is one of the ca-

pabilities often sought. Advances in developing techniques that enable machines to tackle

such problems have played a prominent role in modern-day computer vision. Looking at

a known 3D object, humans can readily recognize both the object and the vantage point

from which it is viewed. For machines, one of the complexities of object recognition is to

deal with multiple views of 3D objects when projected in 2D. A 3D object can be seen
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Introduction

from an infinite number of viewpoints, but not all of them necessarily provide drastically

different perceptual information. For humans, the viewpoints can be interpreted in simple

terms most of the time, e.g., one can easily recognize the different views a car (top, front,

back, bottom, or sides). For machines, this ability is not instant, in fact, it is one of the very

challenging problems in the area of computer vision. This thesis explores a method that

could lead to a better understanding of view-based recognition problems. The robotics

community has also benefited from the application of visual shape analysis techniques in

different problems related to navigation and mapping. Being able to design robots that can

sense an environment autonomously and navigate through it safely is of key importance

in this field. Having environments mapped as visual shapes that could be interpreted by a

robot as a set of nodes and edges, this thesis uses a shared representation with that used in

view-based recognition problems and extends it to devise a proof of concept application

for autonomous environment mapping problems. Shapes can be thought of as words of

a visual language [33], and as a result, a visual scene can be viewed as a collection of

regions and the boundaries surrounding them. Taking this interpretation, this thesis inter-

prets and analyzes scenes in terms of these visual language words specifically, contours

in scenes, applying the same representation used in addressing the previous problems.

To be able to tackle these problems of object or scene categorization, or environment

mapping computationally, it is helpful to have a versatile representation for object shape.

In this thesis we will often refer to the projected contours of objects, onto an image plane,

but also to the more general layout of bounding contours in a scene (see Figure 1.1).

One may ask what features a reliable shape representation method should have. An
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Figure 1.1: This figure shows examples of photographs versus silhouettes or line drawings
of scenes. Human observers can just as easily recognize the objects and the underlying
scenes from the projected outlines as they can from the photographs.

ability to cover a large class of exemplars with a unified representation is often desirable.

Besides, it should be possible to extract parts and subparts from the shape representation.

In many applications, the shape model needs to deform to fit a different setting or a differ-

ent exemplar, which requires the description to preserve its fundamental elements in the

presence of some deformations. A shape representation method can be judged by several

criteria, including:

1. Completeness: It should apply to a large class of examples.

2. Hierarchy: Hierarchical relationships between visual entities including parts and

their sub-parts should be recoverable.
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3. Invariance: The representation should allow for common transformations including

Euclidean ones such as rotation and translation, as well as modest changes due to

scaling.

4. Stability: In that, the representation should be able to handle boundary deformations

that do not change the qualitative appearance of outline shape.

5. Similarity: In that, the representation should allow for measuring the degree to

which two exemplars are similar.

Contour based representations of object outlines are a popular choice for problems

of categorization and recognition. Such approaches use boundary information to extract

salient features. Representations that are sensitive to boundary details can suffer from

being unstable in the presence of boundary perturbations in the absence of an appropriate

notion of scale. Hence, defining the notion of a shape part is difficult with representations

that exploit just boundary data. In the region-based approaches, the interior of an object

is taken into account, which eases the task of describing underlying object parts.

Some information is lost when a 3D real-world object or scene is projected onto an

image plane. This makes the task of finding a robust image-based description of its pro-

jected outline, challenging. Medial representations have served as a popular choice for

this task because they take and combine assets from both contour-based and region-based

approaches. Blum [15] introduced the notion of medial loci for representing the projected

outlines of 3D objects in 2D images. He later suggested an extension of medial loci to the

objects in 3D themselves, which were later generalized to skeletons [18, 16, 17]. After

that, mathematicians and computer scientists developed these ideas and further extended
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them to describe shapes in 2D and 3D images.

The medial axis’s power in representing both object interiors and object boundaries

provides a unique strength for approaches that require the analysis of geometrical in-

formation of visual cues. The medial axis transform (MAT) provides simplified shape

representations that have several applications in shape analysis including shape matching,

computer animation, topology mapping, and path planning [133].

Motivated by the success of medial representations, my doctoral thesis revisits a quan-

tity related to medial axis computations, the average outward flux (AOF) through a shrink-

ing disk of the gradient of the Euclidean distance function to the boundary of a 2D object

[38, 135]. Broadly speaking, I investigate three distinct problems of interest to the com-

puter and human vision and robotics communities:

1. View-based object recognition from sparse views

2. The online abstraction of topological maps for 2D environments, and

3. Scene categorization from line drawings of natural images in both human and com-

puter vision.

I tackle aspects of these problems using visual shape analysis, and for all three I use a

shared shape representation which is based on medial axes computed using a notion of

average outward flux.
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1.1 Objectives of this Thesis

1.1 Objectives of this Thesis

There are three main objectives of this thesis:

1. To address view-based object recognition, with a focus on silhouette shape. To this

end I:

‚ Propose a simplified yet powerful silhouette representation that can be used to

disambiguate distinct views of 3D objects from each other, following projec-

tion onto an image plane.

‚ Design an effective strategy to learn suitable model views from images taken

of a 3D object and to select the best representative candidate views so that a

3D model object can be efficiently captured by a set of selective views.

2. To examine the role of contour geometry in scene perception and categorization

tasks, with a focus on:

‚ The development of algorithms for detecting relational perceptual measures

between contours of line drawings, including symmetry, parallelism, and prox-

imity.

‚ An examination of the efficacy of the developed measures for both human

observers and convolutional neural networks, by employing both in real-world

scene categorization tasks from line drawings of natural images.

‚ The creation of machine-generated line drawings of scenes from photographic

images to be able to train networks to use these line drawings, along with

8



1.2 Publications Arising from this Thesis

derived features, in scene recognition tasks.

3. To address the problem of effective online 2D environment mapping, where I de-

velop and evaluate a strategy for incremental construction of the Generalized Voronoi

Graph (GVG) using average outward flux-based skeletons.

1.2 Publications Arising from this Thesis

View Sphere Partitioning and Flux Graphs

1. (Book Chapter) M. Rezanejad and K. Siddiqi. Flux graphs for 2D shape analysis.

Chapter 3 in Shape Perception in Human and Computer Vision: An Interdisciplinary

Perspective. Editors: Sven Dickinson and Zygmunt Pizlo, Springer, 2013.

2. (Journal) M. Rezanejad and K. Siddiqi. View Sphere Partitioning via Flux Graphs

Boosts Recognition from Sparse Views. Frontiers in ICT: Computer Image Analy-

sis, 2 (2015) 24.

M. Rezanejad: Was the primary contributor to these articles.

K. Siddiqi: Collaborated on methodological development, algorithm design, and

writing of the manuscripts.

AOF Skeletons for Environment Mapping

3. (Conference) M. Rezanejad, B. Samari, I. Rekleitis, K. Siddiqi and G. Dudek. Ro-

bust environment mapping using flux skeletons. In 2015 IEEE/RSJ International

Conference on Intelligent Robots and Systems (IROS), pp. 5700-–5705.

9



1.2 Publications Arising from this Thesis

M. Rezanejad: Was the primary contributor to this article.

B. Samari: Assisted in algorithm design, experiments and writing.

I. Rekleitis, K. Siddiqi and G. Dudek: Collaborated on methodological develop-

ment, algorithm design, and writing of the manuscript.

Contour-Based Scene Categorization by Human Observers

4. (Journal) J. Wilder, M. Rezanejad, S. Dickinson, K. Siddiqi, A. Jepson, and D.

Bernhardt-Walther. Local contour symmetry facilitates scene categorization. Cog-

nition 182 (2019): 307-317.

5. (Conference) J. Wilder, M. Rezanejad, K. Siddiqi, A. Jepson, S. Dickinson, and D.

Bernhardt-Walther. Local contour symmetry facilitates the neural representation of

scene categories in the PPA. Conference on Cognitive Computational Neuroscience,

Berlin, Germany, September 2019.

6. (Abstract) J. Wilder, M. Rezanejad, K. Siddiqi, A. Jepson, S. Dickinson, and D.

Bernhardt-Walther. The neural basis of local contour symmetry in scene perception.

Vision Science Society, St. Pete Beach, United States, 2019.

7. (Abstract) J. Wilder, M. Rezanejad, S. Dickinson, A. Jepson, K. Siddiqi, and D.

Bernhardt-Walther. The Perceptual Advantage of Symmetry for Scene Perception.

In Journal of Vision, 17 (2017) 1091–1091.

8. (Abstract) J. Wilder, M. Rezanejad, S. Dickinson, A. Jepson, K. Siddiqi, and D.

Bernhardt-Walther. The role of symmetry in scene categorization by human ob-

servers. In Computational and Mathematical Models in Vision (MODVIS), St. Pete
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Beach, United States, 2017.

J. Wilder: Led the psychophysics aspect of the work, developed the details of the

human experiments and the theory, carried out all the human experiments, and did

the majority of writing for these papers.

M. Rezanejad: Developed the AOF medial axes, scores and algorithms for scene

symmetry, and also was primarily responsible for the preparation of the splits. Con-

tributed to the analysis along with many other aspects of this research project.

S. Dickinson, K. Siddiqi, A. Jepson, and D. Bernhardt-Walther: collaborated on

methodological development, algorithm development, interpretation of the results

and writing.

Medial Axis Based Salience Measures for Scene Categorization

9. (Conference) M. Rezanejad, G. Downs, J. Wilder, D. Bernhardt-Walther, A. Jep-

son, S. Dickinson, and K. Siddiqi. Medial Axis Based Contour Salience for Scene

Categorization. Computer Vision and Pattern Recognition (CVPR) Conference, June

2019.

10. (Conference) M. Rezanejad, G. Downs, J. Wilder, D. Bernhardt-Walther, A. Jep-

son, S. Dickinson, and K. Siddiqi. Gestalt-based Contour Weights Improve Scene

Categorization by CNNs. Conference on Cognitive Computational Neuroscience,

Berlin, Germany, September 2019.

11. (Abstract) M. Rezanejad, G. Downs, J. Wilder, D. Bernhardt-Walther, S. Dickin-

son, A. Jepson, and K. Siddiqi. Perceptual grouping aids recognition of line draw-

ings of scenes by CNNs. Vision Science Society, St. Pete Beach, United States,
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2019.

12. (Abstract) J. Wilder`, M. Rezanejad`, K. Siddiqi, S. Dickinson, A. Jepson, and D.

Bernhardt-Walther. Measuring Local Symmetry in Real-World Scenes. In Journal

of Vision, 18 (2018) 749-749.

`: Equal contribution.

13. (Abstract) M. Rezanejad, J. Wilder, K. Siddiqi, S. Dickinson, A. Jepson, and D.

Bernhardt-Walther. Measuring Local Symmetry in Real-World Scenes Using Deriva-

tives of the Medial Axis Radius Function. In Computational and Mathematical

Models in Vision (MODVIS), St. Pete Beach, United States, 2018.

14. (Abstract) M. Rezanejad, J. Wilder, S. Dickinson, A. Jepson, D. Bernhardt-Walther

and K. Siddiqi. Scoring Scene Symmetry. In Computational and Mathematical Mod-

els in Vision (MODVIS), St. Pete Beach, United States, 2017.

M. Rezanejad: Led the computer vision aspects of this work, developed the details

of the algorithms and the theory, carried out most of the machine vision experi-

ments, and did the majority of writing for these papers.

G. Downs: assisted with algorithm implementation, experimental design and in car-

rying out the CNN experiments.

J. Wilder: developed the details of the human experiments and helped with writing.

S. Dickinson, K. Siddiqi, A. Jepson, and D. Bernhardt-Walther: collaborated on

methodological development, algorithm development, interpretation of the results

and writing.
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1.3 Additional Contributions

1.3 Additional Contributions

In addition to the papers I have published with my co-authors on work arising from this

thesis, my contributions include:

1. Efficient implementations for computing 2D and 3D AOF skeletons, together with

code releases on GitHub:

‚ 2D implementation:

https://github.com/mrezanejad/AOFSkeletons

‚ 3D implementation::

https://github.com/mrezanejad/3DAOFSkeletons

2. The introduction of novel measures for skeletal branch simplification based on AOF

skeletons. The simplified skeletons are used to derive a directed graph-based repre-

sentation which we have termed the “Flux Graph”. Open-source implementations

are available at https://github.com/mrezanejad/IROS2015.

3. The development of an algorithm to partition the view sphere around an object

into regions within which its silhouette is qualitatively unchanged. We show that

hierarchical view sphere partitioning boosts 3D object recognition performance in

the scenario of matching against a sparse number of model views.

4. The introduction of a novel computational approach, based on the medial axis trans-

form, for measuring the degree of local ribbon symmetry in a line drawing. We show

that humans are better in categorizing scenes when shown the 50% more symmetric
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1.4 Organization of this Thesis

pixels and the 50% less symmetric ones.

5. The design of Gestalt-based contour weights, together with a demonstration that

such weights improve scene categorization by CNNs. We show that medial-axis

based contour salience methods can be used to select more informative subsets of

contour pixels and that the variation in CNN classification performance on var-

ious choices for these subsets is qualitatively similar to that observed in human

performance. Open-source implementations are available at the following GitHub

resources:

‚ https://github.com/mrezanejad/LineDrawingExtraction

‚ https://github.com/mrezanejad/DollarLineDrawing

‚ https://github.com/mrezanejad/SalienceScoresForScene.

1.4 Organization of this Thesis

This thesis is organized into three parts. Part I includes the Introduction and Background

chapters. Part II includes chapters that use flux graphs, for view sphere partitioning and

environment mapping. Finally, Part III includes work on scene categorization from line

drawings, both by human observers and CNN based systems. In more detail, Chapter 2

reviews the essential articles in the literature related to the work presented in this the-

sis. We also provide background on the geometry of the medial axis in 2D in Section 2.1.

Chapter 3 introduces a new shape representation approach based on AOF skeletons, which

we have termed the flux graph, along with an algorithm for view sphere partitioning using

this representation. Chapter 4 describes an online topology mapping algorithm, developed
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1.4 Organization of this Thesis

Chapter 1 
Introduction

Chapter 2 
Background

Chapter 6 
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Measures for Scene Categorization

Chapter 3 
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Chapter 4 
AOF Skeletons for 

Environment Mapping

Chapter 5 
Scene Categorization by Human 

Observers

Part II Part III

Part I

Chapter 7 
Conclusion and  
Future Work

Figure 1.2: Chapters that compose this thesis.

using AOF skeletons, and demonstrates its application to environment mapping. Chapter

5 presents a novel computational approach, based on AOF skeletons, for measuring the

degree of local ribbon symmetry in a line drawing and uses this measure in a scene cat-

egorization task by human observers. In Chapter 6, we introduce three novel measures

of local contour symmetry and local contour separation using AOF skeletons. We show

that CNN-based scene categorization systems, just like human observers, can benefit from

15



1.4 Organization of this Thesis

explicitly computed contour salience measures derived from such Gestalt grouping cues.

Finally, Chapter 7 reviews contributions of this thesis and its shortcomings and suggests

directions for future work. For most readers, we recommend reading the chapters in the

order prescribed in the flow chart in Figure 1.2.
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2
Background

In this chapter, we review the material that is relevant to the problems inves-

tigated in this thesis. We begin with an overview of the medial axis and aver-

age outward flux-based skeletons in Section 2.1. Section 2.2 discusses skele-

tal graph-based object matching approaches, followed by a brief discussion

of other shape and appearance matching methods. Section 2.3 discusses as-

pect graphs and their role in view-based recognition. Section 2.4 reviews the

robotics literature on environment mapping. Finally, Section 2.5 discusses the

role of contour geometry in scene categorization. The reader familiar with these

topics may choose to move directly to Chapter 3.
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2.1 Medial Representations

2.1 Medial Representations

In Blum’s grassfire analogy the medial axis is associated with the quench points of a fire

that is lit at the boundary of a field of grass [18]. An equivalent notion of the medial

axis is that of the locus of centres of maximal inscribed disks in the region enclosed

within a boundary, along with the radii of these disks. The geometry and methods for

computing the medial axis that we leverage are based on a notion of average outward

flux, as discussed in further detail in Section 2.1.1. Within an object, the loci of medial

points form curves about which its outline is locally mirror symmetric. Each point in

the interior of the object is the result of the collision of two distinct boundary points,

under the action of the grassfire flow. The application of the grassfire process to reveal its

quench points along with their radius values is called the Medial Axis Transform (MAT).

Since the grassfire process is applicable to all bounded shapes, as well as the regions

outside of closed shapes, the MAT gives a comprehensive representation in visual shape

problems. The medial axis thus consists of the set of points lying inside the boundary that

are equidistant to two more points on its boundary. In the following subsection, we will

discuss the geometry of the medial axis of an object and we will introduce some notation

for the medial representation which will be used frequently later in this thesis (see Figure

2.1).
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2.1 Medial Representations

(a) (b)

Figure 2.1: (a): Iterations of the grassfire process. (b): The resulting skeleton, computed
using an average outward flux based method [15].

2.1.1 Geometry of the Medial Axis and Average Outward Flux Skele-

tons

We begin by formalizing the notion of a skeleton.

Definition 1 Assume an n-dimensional open object Ω, with its boundary given by BΩ P

Rn such that Ω̄ “ Ω Y BΩ. A closed disk D P Rn is a maximal inscribed disk in Ω̄ if

D Ď Ω̄ but for any disk D1 such that D Ă D1, the relationship D1 Ď Ω̄ does not hold.

Definition 2 The Blum interior medial locus or skeleton, denoted by SkpΩq, is the locus

of centers of all maximal inscribed disks in BΩ.

The term Skeletal point is used to refer to a point on the skeleton of an object char-

acterized by a location p associated with radius of the maximal disk r, object angle θ,

direction of the unit tangent vector T, and corresponding boundary points b˘1 at that
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2.1 Medial Representations

point, where

θ “ arccos

ˆ

´
dr

ds

˙

(2.1)

with s being the arc length along the medial curve (see Figure 2.2). The points b˘1 are

referred to as the bi-tangent points.

r

p
T

b+1

b-1

!
Figure 2.2: Local geometry of a maximal inscribed disk centered at the skeletal point p
with radius r and the object angle θ. The maximal inscribed disk touches the boundary at
two points b˘1 (adapted from [133]).

Topologically SkpΩq consists of a set of branches that join at branch points to form

the complete skeleton. A skeletal branch is a set of contiguous regular points from the

skeleton that lie between a pair of junction points, a pair of end points or an end point

and a junction point. As shown by Dimitrov et al. [38] these three classes of points can be

analyzed by considering the behavior of the average outward flux (AOF) of the gradient of

the Euclidean distance function to the boundary of a 2D object through a shrinking disk,

where 9q “ ∇D [38], with D the Euclidean distance function to the object’s boundary. In

the following, we review this computation.

The Euclidean distance between two n-dimensional points p “ pp1,p2, ...,pnq and

m “ pm1,m2, ...,mnq is the length of the line segment that connects these two points,
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2.1 Medial Representations

and the Euclidean metric d : Rn ˆ Rn Ñ R is a function that represents this distance:

dpp,mq “
a

řn
r“1pmi ´ piq2. For each point p, and a given object Ω, a distance metric,

can be defined as follows dΩppq “ infmPBΩ dpp,mq. The distance transform DΩ of an

object Ω is a signed distance function that specifies how close a given point p is to the

boundary of that object BΩ. Formally, DΩppq “ dΩppq if p is inside Ω, DΩppq “ 0 if

p P BΩ and DΩppq “ ´dΩppq if p is outside Ω. In Chapters 5 and 6, we consider the

interior of regions bounded by contours and in such settings we can assume an unsigned

distance function for each region.

Let us define the projection Πppq as the set of closest points on the boundary BΩ to p,

i.e., Πppq
4
“ tp1 P BΩ : }p´p1} “ mint}p´p1}@ p1 P BΩuu. Assume that on the bound-

ary BΩ, there exists only one point m of minimum distance to p, such that ΠΩppq “ tmu.

We then define the distance function gradient vector for point p as: 9qΩppq “
m´p
||m´p||

. In

the case of |ΠΩppq| ą 1, one cannot define the closest boundary point uniquely, and there-

fore the distance function gradient vector is multivalued. Except for at skeletal points, 9q is

continuous everywhere on its domain and it satisfies the equation: | 9q| “ 1. Exploiting the

relationship of the integral of the divergence of a vector field within a simply-connected

region to the outward flux of that vector field through the boundary of that region leads to

a characterization of skeletal points. Let R be a region where its boundary BR is a simple

closed curve, and N be the outward normal at each point on the boundary BR [38].

Definition 3 The outward flux of 9q through BR is defined as

Fppq “

ż

BR

x 9q,Nyds.
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Definition 4 The average outward flux of 9q through BR is defined as

AOF “

ş

BR
x 9q,Nyds
ş

BR
ds

.

Using the divergence theorem, Dimitrov et al. [38] categorized points into classes

by considering the behavior of the average outward flux (AOF) of the gradient of the

Euclidean distance function to the boundary of a 2D object, through a shrinking disk. In

particular, the limiting AOF value of all points not located on the skeleton is equal to zero.

As discussed in [133], there are three classes of generic skeletal points, whereby

generic we mean stable under arbitrarily small perturbations of the boundary. These are

regular skeletal points, end points, and junction points. Assume that Fεppq represents the

outward flux of a skeletal point p through a shrinking disk with radius ε. Then:

1. p is a regular point if the maximal inscribed disk at p touches the boundary at two

corresponding boundary points, such that |ΠΩppq| “ 2. The computed AOF at a

regular point p is given by limεÑ0
Fεppq
2πε

“ ´ 2
π

sin θ.

2. p is an end point if there exists δ, with (0 ă δ ă r) such that for any ε (0 ă ε ă δ)

the circle centered at p with radius ε intersects SkpΩq just at a single point (r is the

radius of the maximal inscribed disk at p). The computed AOF at an end point p is

given by limεÑ0
Fεppq
2πε

“ ´ 1
π
psin θp ´ θpq.

3. p is a junction point if ΠΩppq has three or more corresponding closest bound-

ary points. Generically a junction point has degree 3. Branch points of degree

higher than 3 are non-generic. The computed AOF at a junction point p is given
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by limεÑ0
Fεppq
2πε

“ ´ 1
π

řn
i“1 sin θi.

These different classes of skeletal points are shown in Figure 2.3.

T 
Sk(Ω)

b+1

b-1

!
p ! !

p
Sk(Ω) p Sk3(Ω)

Sk1(Ω)

Sk2(Ω)

(a) regular point (b) end point (c) junction point

Figure 2.3: The three classes of skeletal points, shown for segments of the skeleton SkpΩq
of a given shape Ω (adapted from [38]).

In this thesis, we shall compute the skeleton by using the following numerical estimate

of the limiting AOF around each point p, and then locating those points with non-zero

AOF values.

AOF “

ş

x 9q
rp,Npsqyds

2πr
, (2.2)

where rp “ tp ` rNpsqu, and 9q is the distance function at point rp. By discretizing the

circular area’s boundary into n equal arcs, the numerator is approximated by:

ż

x 9q
rp,Npsqyds “

2πr

n

n´1
ÿ

k“0

x 9q
rp,Npkqy, (2.3)

where ds is approximated by division of the perimeter 2πr by n (2πr
n

), and Npkq “

pcosp2πk
n
q, sinp2πk

n
qq.
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2.1.2 The Shock Graph

Siddiqi et al. [136] classified skeletal points into different categories according to their

evolutionary appearance as singularities or shocks of the grassfire flow. These four levels

of shocks, originally introduced in [74], are defined below.

1. First-Order (Protrusion): A skeletal point is considered to be a first-order shock if

the medial axis radius function within a neighborhood around that skeletal point

changes monotonically.

2. Second-Order (Neck): A skeletal point is considered to be a second-order shock if

the medial axis radius function is a strict local minimum at it.

3. Third-Order (Bend): A skeletal point is considered to be a third-order shock if the

medial axis radius function within a neighborhood around that skeletal point does

not change.

4. Fourth-Order (Seed): A skeletal point is considered to be a fourth-order shock if the

medial axis radius function is a strict local maximum at it.

Figure 2.4 shows examples of the four different shock types.

Through a merging process, adjacent skeletal points of the same shock order are then

merged to make a node. Each node then is labeled based on the shock type of its skeletal

points. These nodes then comprise the set of vertices for the shock graph. For the set of

edges, connectivity between nodes is determined according to the order of shocks and

their topological structure in the skeleton [136]. Existing loops (without considering di-
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Fourth - Order 
Seed Third - Order 

Bend

Second - Order 
Neck

First - Order 
Protrusion

Figure 2.4: Different shock types shown on an arbitrary object. (Adapted from Rezanejad
[117])

.

rections over edges) in the shock graphs are eliminated by duplicating tips of loops. A

related but slightly different notion of the shock graph is used in [127], where the skeletal

points are associated with edges.

2.2 Object Recognition and Matching

Shape matching is the process of taking two or more shapes and comparing them with

one another. The evaluation of the quality of the match is typically is based on a similarity

or distance measure, computed by comparing primitives representing these shapes. In

the following section, we review some of the shape matching approaches in the literature

divided into two categories: a) Skeletal graph-based methods b) Non-skeletal graph-based

methods.
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2.2.1 Skeletal Graph-Based Shape Matching

There are a number of effective shape matching methods in the literature which rely on

algorithms to compare the underlying skeletal graphs. In this subsection, we review a

subset of these approaches.

Shock Graph Matching

The general aim in shock graph matching [136] is to match shock graphs extracted from

binary shapes. The matching algorithm computes two similarity measures as follows.

The first similarity measure is a topological structure similarity which captures how

much the derived graphs are similar to each other. Given two shock graphs, a bipartite

graph is made between nodes of their DAGs. The eigenvalue-value sum of a sub-DAG of

a given shock graph with computed eigenvalues of its corresponding submatrix is invari-

ant to any similarity transformation applied to the submatrix. In a DAG representation,

the TSV is defined as the vector of eigenvalue-sums derived from the corresponding ad-

jacency matrix for the sub-DAG of the considered node [136]. Each edge is weighted

based on the structural similarity between nodes; the weight is the normalized length of

the difference of their topological signature vectors

w “
|t1 ´ t2|

maxp|t1|, |t2|q

where t1 and t2 represent the corresponding TSV vectors of the two nodes of a considered

edge. The best matching of a maximum weighted bipartite matching is when the sum
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2.2 Object Recognition and Matching

of the values of the edges is maximized. Shock graphs are represented using a t0, 1u

adjacency matrix, with 1’s indicating adjacent nodes in the tree form of the DAG. The

matching algorithm used is a greedy algorithm that has the benefit of finding the largest

maximal matching in polynomial time. The similarity is computed by matching a query

with a model node and then normalizing by the number of matched nodes according to

the order of the model graph.

The second similarity measure captures the geometric between skeletal points on the

nodes of each given DAG. To determine the similarity between nodes, Siddiqi et al. [136]

uses nodes that represent curve segments of first-order and third-order shock points. Now,

given a query and a model, the algorithm tries to fit the query to the model by allowing

curve segments of the model to shrink or grow to include the query data points. The

main assumption here is that the derivative of the radius function can be related to the

object angle, which has a relationship to spoke vectors that connect the bi-tangents to

their associated skeletal point.

Treating shock graphs as directed acyclic graphs (DAGs), a DAG matcher is needed

to match a query shape with other shapes. Here, the DAG matcher receives two DAGs

as input and computes a value representing their similarity, as well as a list of corre-

sponding nodes in the two DAGs. This analysis considers both topological structure (Γ )

and geometric information (∆) associated with shock graphs’ vertices. Each of these two

measures return a value normalized in the interval r0 1s. The final similarity score is a
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weighted combination of these two

SpG1, G2q “ τΓ pG1, G2q ` p1´ τq∆pG1, G2q,

where SpG1, G2q represent the similarity between DAGs derived from two given shapes,

and τ is a tunning weight in the interval r0 1s. At the end of the process, a list of corre-

sponding nodes and a similarity measure are provided.

Editing Shock Graphs

Sebastian et al. [127] proposed a novel edit distance-based approach to shape matching

using shock graphs. Their method is based on an estimate of the distance between two

shapes by the cost of the least action path deforming one to the other. According to their

method, all shapes with the same shock graph topology belong to one equivalence class,

called a shape cell.

Deformations are made by a sequence of shock graph transitions, thus, all deforma-

tions with the same sequence of shock graph transitions are equivalent. Here, shock graph

transitions are edit operations on the shock graphs. In this approach, given two shapes

with their corresponding shock graphs, a globally optimal transition sequence between

their shock graphs is sought. The general approach follows a number of steps. First, a

set of shapes is considered, where each shape is a point in shape space. Then the shape

space is partitioned based on the shock graph topology. In this space, each deformation

sequence between two shapes is a path between their corresponding points (see Figures

2.5 and 2.6a).
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Figure 2.5: This figure illustrates two samples of shape cells, where shapes with same
shock graph topology are grouped within a box. Some shapes would lie along the border
of these cells, as shown above (Adapted from [127]).

The number of deformation paths between two shapes is infinite, and finding the op-

timal deformation path is intractable. In the second step of their approach, to make the

problem tractable, they discretize deformation paths (see Figure 2.6b).

The third step is to apply a graph edit distance algorithm to find the optimal transition

path among all the possibilities. The Levenshtein distance or edit-distance algorithm was

proposed originally to compare character strings. To apply the edit distance approach to

compare shock graphs, four groups of edit operations on shock graphs are used: a) Slice:

where a shock branch is deleted and the adjoining two are merged; b) Contract: where a

shock branch is deleted between degree-three nodes; c) Merge: where two branches are

combined at a degree-two node; and d) Deform: an edge is replaced by another, having

different attributes. By using a dynamic-programming based edit-distance algorithm, an

optimal deformation sequence is found in polynomial-time.
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A 

B 

A

B

(a) (b)

Figure 2.6: (a) There are an infinite number of deformation paths between shape A and
shape B, where these deformations can be characterized by a sequence of transitions. (b)
A set of deformation paths going through the same set of shape cells comprise a shape
deformation bundle (Adapted from Sebastian et al. [127]).

Path Similarity Approaches

In path similarity approaches, introduced by [163, 5, 6, 162], the general idea is to match

the shortest paths that connect skeletal endpoints. This is done by mapping the dissimilar-

ity between two given skeletons to the dissimilarity measures computed between each of

the two sets of nodes. For two given skeletal graphs G and G1 , with respectively m and n

nodes, a dissimilarity matrix CpG,G1q with mˆ n elements is constructed as follows.

First, a matrix pdpv, v1q is computed for every two matching nodes, pv, v1q. Each ele-

ment of pdpv, v1q is a dissimilarity value, eij , measuring the distance between two paths,

one originating from v and ending at the node with index i from graph G and the other

one originating from v1 and ending at the node with index j from graph G1. The matrix

pdpv, v1q is a dissimilarity matrix from which the best candidate paths for the matching
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process can be found. The best matching path is a sequence of nodes matched along with

the matrix CpG,G1q with a matching score that is considered as a similarity measure. In

[5] this is accomplished using the optimal sequence bijection elastic matching algorithm,

which is in the spirit of other dynamic programming approaches.

To obtain a similarity measure between two shapes, these methods consider the short-

est path between the skeletal endpoints. These shortest paths are compared while consid-

ering that the structural graphs of different examples may vary. Although the shortest path

descriptors can result in precise matching for many examples, the approach is more of a

technically engineered system than a topologically justified method. It is unclear whether

such methods are capable of handling transformations which can change the topology of

the skeleton to a great extent. It is also not yet well established how these methods handle

the matching of skeletal graphs having different numbers of nodes.

2.2.2 Non-Skeletal Graph-Based Shape Matching

Having reviewed selected skeletal graph-based methods for shape matching we now dis-

cuss a selection of shape matching methods used for the problem of object recognition

and categorization that do not rely on skeletal graphs.

3D Object Categorization, Localization, and Pose Estimation

Savarese and Fei-Fei [124] proposed an approach for 3D class modeling of objects us-

ing appearance and 3D geometric shape information. In their approach, a given object

is decomposed into large parts, where each part is a collection of scale-invariant feature
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transform (SIFT) features [92]. Such features are qualitatively invariant to changes in

scale, in-plane rotation, and lighting and can be used as key points in the matching of dif-

ferent views of the same object. Canonical views are found, and parts are related by their

mutual appearances (see Figure 2.7). Similar to aspect graphs, this work also emphasizes

representing stable views rather than parts.

P3P2

P7

P1 P4

P8

P5

P6

P7

P3

P1

P2

P5

P6
P8

P4

Figure 2.7: LEFT: a hypothetical object category. CENTER: model visualization I
RIGHT: model visualization II. (Adapted from Savarese and Fei-Fei [124])

The decomposition process is applied to new images by recognizing parts and select-

ing a model that best accounts for their appearances. Then, for each pair of images of the

same example, first a set of shared SIFT features is found (as M ) and then the random

sample consensus (RANSAC) algorithm is executed to find a group of pairs that transform

together. Finally, close-together parts of M are grouped into candidate parts.

For a new query, the image recognition procedure follows four steps. First, SIFT fea-

tures are extracted. Second, the 5 best canonical part matches are obtained by using scan-

ning windows. Third, for all pairs of such parts, for each model, the algorithm scores how
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well the model accounts for their relative appearances. Finally, the model with the highest

score is selected.

Visual Learning and Recognition from Appearance

As discussed earlier, recognizing objects from images as well as estimating their 3D pose

is a problem of long-standing interest in computer vision. The hope here is that by learning

from distinct views one might be able to achieve recognition of nearby views efficiently.

Such methods must be trained systematically on these distinct views and the typical strat-

egy taken is to sample these views uniformly. Murase and Nayar [98] presented a method

based on this intuition. Their approach tries to recognize a given object in an image and

then estimate its pose in the 3D scene just by using appearance information.

Murase and Nayar [98] highlight four properties of the appearance of an object in an

image: 1) shape 2) reflectance 3) pose 4) illumination. Their learning process is parametrized

by pose and illumination since these vary with different views of the same object. This

leads to a set of images of an object, obtained by varying pose and illumination. After

obtaining such a set of images, and normalizing the scale and brightness, an eigenspace

is constructed by computing the most prominent eigenvectors, and all images are then

projected on to this subspace. The Euclidean distance in that eigenspace is counted as

a measure of the similarity between images. Afterward, the approach uses cubic-spline

interpolation to compute a manifold from these discrete points, and an object universal

eigenspaces are made. The object eigenspace considers only images of a specific object

and the universal eigenspace contains all images of all objects.
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The recognition phase involves a) segmenting the considered object b) normalizing

the segmented image as before c) projecting that onto the universal eigenspace, where the

closest manifold to the projected point identifies the object, and d) projecting that onto

the associated object eigenspace, where the closest point on that manifold can be used to

estimate the pose.

This has proved to be an effective method for appearance-based recognition from large

databases in real-time. It also does not require significant low-level processing and does

not compute geometric features. One of the drawbacks of this method though is that every

time that a new object is added to the database, the entire eigenspace must be re-computed.

Moreover, the approach requires that the objects to be recognized are seen in their entirety,

without occlusion. In general, the method is suited to controlled imaging conditions.

Shape Context

A general theme in shape matching is that of finding correspondences between two shapes.

To be able to find such correspondences one needs to have a matching framework that

measures the similarity between candidate point sets extracted from those shapes. To this

end, Belongie and Malik [8] proposed an approach based on a representation called the

Shape Context. In this method, a shape context descriptor is a local feature attached to

each point of the extracted contour of a given image. The shape context feature is defined

as a histogram that counts how many contour points are present in the neighborhood of a

considered central point.

Given a set of points P “ tp1,p2, ...,pNu which are extracted from a given object’s
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boundary, the shape context of a point pi is a coarse histogram hi of the relative coordi-

nates of the remaining N ´ 1 points (see Figure 2.8),

hipkq “ #tm ‰ pi : pm´ piq P binpkq and m P P u.

!

Count = 4 

Count = 5 

log r

θ
Figure 2.8: LEFT: Compact representation of the distribution of the points relative to
a candidate point, where the number of points inside each bin is counted. RIGHT: An
example diagram of log-polar histogram bins. (Adapted from Belongie and Malik [8]).

To be able to compare two points from two different shapes, the method suggests a

matching cost. Let us consider point pi from the first shape and point mj from the second

shape. The cost of matching between these two points, Cij “ Cppi,mjq, is defined as:

Cij “
1

2

K
ÿ

k“1

rhipkq ´ hjpkqs
2

hipkq ` hjpkq
,

where hipkq and hjpkq denote theK-bin normalized histogram at pi, and mj , respectively.

By this definition, finding the correspondences turns into a least cost assignment problem,
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where the goal is to minimize the total cost of matching

Hpπq “
ÿ

i

Cppi,mπpiqq,

subject to the constraint that the matching be one-to-one, i.e., π is a permutation. By

definition, the shape context is invariant to translation and scale, and by expressing point

locations with respect to a local tangent frame it can be made invariant to rotation also.

Shape Classification using Inner Distance

Ling and Jacobs [86] extended the shape context idea [8] by replacing the original Eu-

clidean distance in their work by a notion of inner distance. Considering some landmark

points within a given shape, inner distance is defined as the length of the shortest path

between these points. Inner distance is a shape descriptor that is robust to articulation

and can capture part structure to some extent. The shape is represented the same way

as with the shape context descriptor, with the difference that the bins are made using

inner-distance rather than Euclidean distance. The only landmarks used in this method

are boundary points. The tangential direction at the starting point of the shortest path be-

tween two points is assumed as the relative orientation between them and is called the

inner-angle. Let us assume a 2D shape O as a connected and closed subset of R2. Given

any two points, pp1,p2q, inside the considered shape the inner distance between these

two points, dpp1,p2,Oq, is defined as the length of the shortest path connecting p1 and

p2. When O is convex, the inner distance will reduce to the length of the connecting line

between the two considered points (the Euclidean distance).
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Such a graph is constructed as follows. For each contour point, a graph node is con-

sidered. For each pair of such nodes, an edge is added between them if the connecting

line between them lies entirely inside the shape O, or in other words, their inner distance

is equal to their Euclidean distance (see Figure 2.9). After that the connectivity graph is

made, inner distances are computed by a shortest-path algorithm. Since the shape bound-

!

x
y

Figure 2.9: LEFT: An example of an inner-distance path between points x and ys are con-
sidered from the boundary of the hole itself. In case there is more than one shortest path,
one of them is selected. RIGHT: Holes are considered when computing inner distances,
but no sample points are considered from the boundary of the hole itself. (Adapted from
Ling and Jacobs [86]).

ary is sensitive to the noise,the contour is smoothed using a Gaussian weighted average

of points in a small neighborhood. The rest of the matching, algorithm is similar to shape

context matching and is carried out using bipartite graph matching.

2.3 Aspect Graphs and View-based Object Recognition

Recognizing a 3D object’s class and its pose are challenging tasks in computer vision.

Strategies to deal with the problem of object recognition fall into two categories. The first

assumes a 3D object model as a whole and attempts to recognize the object from it. The

other strategy is to consider 2D projections of a 3D object model from particular view-

37



2.3 Aspect Graphs and View-based Object Recognition

points and then carry out recognition based on these projections. The second approach has

received a lot of attention and many systems have been developed based on this strategy

in the past decades.

The problem of understanding the pose of an object from a particular viewpoint dates

back to Koenderink’s notion of singularities of the visual mapping, where the term “as-

pect” was introduced [75]. An aspect refers to a region of viewpoints from which the same

set of singularities are visible for a specific object. Assuming that each of these regions is

represented as a node, these nodes form a graph where neighboring regions are connected

by an edge, leading to an “aspect graph” [76]. The main goal of the aspect graph is to

capture changes in appearance with viewpoint changes. Aspect graphs can be used to de-

termine the “characteristic views” of an object, to provide a language for visual inspection

(e.g. guiding a robot to a particular side of an object), to help sample views of objects for

recognition and reconstruction, and for other view-based problems. Several approaches

were developed in the late 80s and early 90s to compute aspect graphs [111, 58, 110, 23].

Eggert et al. [44] argue that the aspect graphs should be able to deal with different resolu-

tions of a 3D object model.

While aspect graphs attracted a lot of attention in the community initially, they grad-

ually lost their favor due to a variety of reasons, including the lack of available practical

implementations. In a workshop panel report [48], several drawbacks of aspect graphs are

discussed. These include the dependence on object part complexity, the overall size of

the representation and finally the challenges of computing them from projections in the

presence of noise.
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One way to address the problems with aspect graphs is to create viewpoint space

partitions, where aspect regions are formed using a notion of similarity between views

rather than using singularities of the visual mapping [34], as illustrated in Figure 2.10. In
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Figure 2.10: Assuming a view sphere around a 3D object model, as in the hand example
here, viewpoints can be clustered into regions where similar views fall into the same
partition.

[34] a new view-based technique to recognize 3D objects from 2D views is introduced,

where each view on the view sphere is an aspect. Adjacent views are then merged if the

projections are similar enough, using a similarity measure based on both an edit distance

between shock graphs and a distance based on curve matching. To compare two regions,

the algorithm specifically considers average pairwise similarities between their centroids

and merges them if this value is below a certain threshold. This is an iterative process

which stops when no two neighboring regions that can be merged exist anymore. At the

matching time, given a query view, that view is matched against the centroid of each

aspect region and those regions which are distant are discarded. The query is then matched

exhaustively against all the views in each surviving region.
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2.4 Environment Mapping and Topological Matching

Computer vision has made important contributions to robotics, where one of the major

goals is to make machines that perceive their environments and can understand their sur-

roundings. Computing a robot’s pose and the map of the environment it is exploring at the

same time, or simultaneous localization and mapping (SLAM), is one of the most funda-

mental problems in robotics. The two important components of SLAM are localization,

which is the estimation of the robot’s location and mapping, which is the task of gener-

ating a map by deploying suitable algorithms. During mapping, the robot must estimate

the landmarks given its poses and for localization, the robot must estimate its poses given

the landmarks. This makes SLAM a chicken and egg problem as a map is needed for

localization and a pose estimate is needed for mapping. Several constraints can exist in

the environment mapping problem that could make the problem quite challenging, such

as not knowing the environment that a robot wants to explore in advance, or not having a

distance orientation metric. These constraints add difficulties to achieving an executable

solution unless one augments the robot with disambiguation capabilities, such as by using

makers. Other than augmentation, exploration also provides important places and paths

and from the exploration patterns, and one can create an abstract representation of the

explored environment in the format of a topological representation. A topological map

represents the environment as a graph of nodes and edges. Nodes in this graph represent

places, landmarks or goals, and edges represent a path between two nodes that the robot

can use for navigation. To implement control laws that are simple and have a correlation

with human behavior, several roboticists have suggested topological representations for
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task [82, 25, 41].

In topological environment mapping, the key idea is to maintain a currently known

sub-graph of the environment that a robot is exploring. The basic operation here is to

select an unvisited node (or path) from a known graph at every time step and to then send

the robot to explore the novel territory. This is a simplistic scenario as the hard part is

to distinguish between visited and unvisited nodes. To solve this difficult problem, the

system should be able to track the robot motion accurately according to its environmental

setting to reduce the positioning error.

One common approach in topological mapping approaches is to guide the robot to-

wards the mid-path between walls and/or obstacles. This ensures that the robot stays at

maximally distant locations from sensed obstacles. Choset [31] proposed an incremental

map construction algorithm that used the Generalized Voronoi Graph (GVG) represen-

tation to find the locus of points equidistant to two obstacles. This algorithm, when pre-

sented, was one of the first planning approaches that relied only on line-of-sight sensor

information and offered completeness guarantees. At each time step, the robot generates

a part of the roadmap edge and then follows that edge to explore the next segment. In this

procedure, the robot traces an edge until it gets to a new branching node that brings new

edges to explore for the mapping algorithm. As the motivation for this work is based upon

sensor-based planning for robots, the algorithm considers a set of distance functions where

each is between the robot and one particular single obstacle. This set is then formalized in

the form of the distance between a point that represents the robot position and the set of all

obstacles in the environment. Based upon this formalization, points that make the path for
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the robot to explore are characterized and obtained in the form of either a two-equidistant

edge point or a three-equidistant branch point. The use of a GVG in this approach makes

it possible to have a concise representation of the workspace or configuration space. The

algorithm presented in this work uses just sensor data to compute the GVG in the process

of map-making.

Positioning error is one the intrinsic challenges in the task of SLAM, where the as-

sumption is that the robot does not have an external positioning device, nor the luxury of

engineered landmarks placed in its free space. This is where localization ideas could come

to help and rescue the algorithm. One of the strategies for localization is to find points with

a similar topology, which is the process of bringing sensed-data into alignment. To gain

further intuition about this problem, consider an unknown environment with three differ-

ent possible scan outcomes from three different scan poses, as illustrated in Figure 2.11.

In the ideal world, we want these three scans to be exactly the same as the ground truth

map, but this is not the case here. Clearly, when the sensor-based data is not aligned, we

want to have an algorithm that can find the corresponding matching point from one scan

to another, i. e., when matching the maps from each of these scans, S1, S2, and S3 map to

each other.

S1

S3

S2
S1

S3

S2

S1

S3

S2

(a) Scan from pose 1 (b) Scan from pose 2 (c) Scan pose 3

Figure 2.11: Three scans of the same unkown environment, each obtained from a different
starting pose.
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Choset and Nagatani [30] included metric information in the GVG topological rep-

resentation of the environment, to be able to localize the robot on a partially constructed

map. Again, as the topological representation makes it possible, a simple control law

guides the robot to unseen areas, and the robot gradually explores the environment and

completes the topological map. The main contribution here is the use of a GVG represen-

tation in the form of a graph structure that makes it possible to do graph matching for the

task of localization. One of the other localization tasks in topological mapping is to dis-

ambiguate places that appear indistinguishable. To achieve this goal, Werner et al. [153]

suggested using neighborhood information extracted from the sequence of observations

along with the use of a particle filtering technique to detect loop-closures. Using neigh-

borhood information is particularly helpful if the robot visits a physically different place

which appears to be the same as a previously explored environment.

Figure 2.12: An example environment broken into submaps by spectral clustering
(adapted from [20]). Each shade shows a different submap obtained by the algorithm.

Brunskill et al. [20] proposed a spectral clustering-based method to break a sensed
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grid map into sub-map segments and then train a classifier to recognize graph submaps

from laser signatures. The algorithm uses a spectral clustering algorithm, which is a graph

partitioning algorithm [164], to subdivide the environment that robot is exploring into a

set of submaps of points that are spatially correlated. In this method, each grid map is

considered a graph node in the graph that is going to be clustered and edges are placed

between all pairs of mutually visible locations. The clustering algorithm is applied at

each time step of the map creation. As the robot explores more unvisited areas the map

grows and the whole process is repeated (see Figure 2.12). To detect when the robot is re-

visiting a submap, the process learns to label each visited submap by using the Adaboost

algorithm, whereby when there are two submaps with associated classifiers that overlap

sufficiently, the algorithm merges those submaps.

As reviewed earlier, medial axes are prominent geometric structures in computer vi-

sion and robotics since they relate to local axes of mirror symmetry. There are several

methods that use Voronoi diagrams for skeleton computation [103, 129, 130] due to the

theoretical relationship between them [47]. In particular, the vertices of the Voronoi dia-

gram of a set of boundary points converge to the exact skeleton as the sampling rate in-

creases under some appropriate smoothness conditions [126]. As a result, one can use the

medial axis in mapping and planning problems. Xu et al. [161] proposed a motion plan-

ning algorithm of a polygonal object through a set of planar obstacles. Their algorithm

involved a two-disk motion planning strategy to guide the robot within its free space be-

tween the obstacles from a starting point to an endpoint. Masehian et al. [97] offered an

online motion planning algorithm whereby a medial axis of the workspace of the robot

is incrementally constructed as the robot explores the unknown environment. This the-
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sis also presents an online environment mapping algorithm based on AOF skeletons that

shows robustness in both real environments and simulated ones. We also provide a point

matching approach for topology mapping and finding loop closures that are based on the

spectral point correspondences algorithm of Lombaert et al. [90]. These developments are

discussed in Chapter 4.

2.5 Contour Geometry in Scene Categorization

Vision feels natural and effortless: light hits our eyes, and we appear to understand our

real-world environment almost instantly. Yet, the neural computations underlying visual

perception are not fully understood. As an example, scene categorization is still a chal-

lenging task for vision systems. Due to its numerous applications in photo search and

surveillance, scene classification has become one of the hot topics in computer vision in

recent years, and several visual descriptors have been developed to solve the problem of

scene classification in computer vision in the past decades. The first step in most of these

algorithms is that of extracting visual features from some input training images. Those fea-

tures can then be fed to a classifier to categorize new input data and produce semantic class

label predictions. This makes the role of feature extraction crucial for scene categoriza-

tion tasks. Researchers have developed a range of computational algorithms to replicate

the gist recognition ability of human vision for image classification. Great progress has

been made in identifying the basic visual features that are extracted from the visual input,

such as oriented edges [67], corners [87], spatial frequency content [121, 105], and dispar-

ity [14]. At the other end of the processing pipeline, brain areas have been identified that
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are dedicated to the processing of objects [95], faces [70], or places [46]. The processes

involved in the intermediate-level grouping of visual features is less well understood.

Humans have the ability to classify a photograph of a natural scene after a brief ex-

posure [113, 142, 146]. In spite of a sizable literature studying this phenomenon [104,

144, 36, 155], there is no consensus on what accounts for this ability. Even if we replace

photographs of natural scenes with line drawings of the same content, experiments show

that observers can rapidly recognize the class label of line drawing [12, 150]. This pro-

vides strong evidence that the information stored in the contours that make outlines of the

regions of a natural scene is quite rich and can be used for scene categorization. Further-

more, Berman et al. [9] demonstrates that scene content is carried primarily in the high

spatial frequencies. In fact, the high-pass images used in the latter study closely resemble

line drawings. Walther et al. [151] find that the neural patterns in photographs and line

drawings are very similar, which results in similar underlying category-specific represen-

tations. As line drawing contours of natural scenes appear to have a lot of information

compared to scene photographs, we choose to review algorithms for scene recognition

that are layout based and use contour-based representations in their proposed approaches,

but not color or texture.

One of the very first studies on the informational aspects of visual perception goes

back to Attneave [3]. This study on the most important Gestalt perceptual principles con-

cludes that information along visual outlines of shapes is not necessarily distributed uni-

formly, but rather, the regions with higher magnitude curvature contain more information

than the rest. Feldman and Singh [50] bring this suggestion into a formal derivation by
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presenting an expression for information as a function of contour curvature. By consider-

ing the signed curvature function along closed contours of object boundaries, Feldman and

Singh [50] drive an equation that relates the information magnitude and the signed curva-

ture along with the contour points. According to this equation, the information quantity is

minimized when the curvature is zero and it is greater along negatively curved (concave)

portions of the contour than along positively curved (convex) portions (see Figure 2.13).

Negative extrema

Positive extrema

(a) (b)

Figure 2.13: (a): A shape with curvature extrema marked, including both positive (con-
vex) extrema and negative (concave) extrema (i.e., minima of signed curvature). (b): The
same shape with contour information (surprisal) plotted (adapted from Feldman and Singh
[50]).

The role of negative curvature extrema has also been prominent in discussions of pro-

posals for the part decomposition of silhouettes. For examples, Hoffman and Richard’s

use a transversality argument to associate negative curvature extrema with part bound-

aries [64]. Siddiqi et al. derive grouping principles for such extrema based on how they

interact through the interior of an object via the notion of part-lines and smooth contin-
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uation on one side [132, 134]. Finally, Singh and Hoffman further examine perceptual

aspects of parts related to interactions between negative curvature extrema, based on a

related notion of part cuts [65, 138].

Inspired to further study perception of line drawings of natural scenes, Walther and

Shen [150] looked at structural characteristics of contours (orientation, length, curvature)

and contour intersection (types and angles) specifically those which were computationally

obtainable, and could contain data about the class of scenes. In a six-alternative forced-

choice scene categorization experiment by human observers, they found that spatially

related measures that describe non-accidental junctions and curvature in line drawings of

real scenes have a higher impact on outcomes of visual image categorization to human

behavior than properties like direction or contour length.

Principles of grouping [77] for the perceptual organization have inspired many stud-

ies in human vision, psychophysics, and computer vision to examine which visual cues

contribute to the perception of objects and scenes. In addition to the structure properties

listed in [150], other visual perception characteristics such as symmetry could be investi-

gated to analyze their role in perception. Symmetry can be viewed in two ways. The first

is when all the points involved in the description of an object or scene are considered, and

a global notion of symmetry is explored. The second is where a subset of the image that

locally contributes to a set of symmetric elements, is considered. Often, by this subset, we

shall refer to a continuous section of a shape’s contour on either side of a symmetry axis.

Local symmetry is widely used for shape description, as it provides a compact coding and

a useful tool for recognition and categorization.
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Figure 2.14: Comparing the Smoothed Local Symmetry (SLS) method of Brady and
Asada [19] and the Medial Axis Transform (MAT) (see Section 2.1) for three common
shapes.

Brady and Asada [19] introduce Smoothed Local Symmetries (SLS) as a representa-

tion of two-dimensional shape that is both contour and region-based and can provide a

description of objects in terms of parts and sub-parts and their links to each other. The

computation of SLS is carried out in two stages. First, local symmetry is determined by

finding locally symmetric points on the shape border (two points are locally symmetric if

both angles of the segment that connects them and the normals to the boundary at those

points are the same). Second, a notion of a skeleton is formed by considering the union

of all symmetry axes, where an axis corresponds to the formation of maximal smoothed

loci of local symmetries. In Figure 2.14, we compare the SLS approach with the Medial

Axis Transform (MAT). One problem with the smoothed local symmetry method is that

it may end up creating redundant spines for the shapes which do not exhibit perfect local

symmetry. Furthermore, computing SLS can be expensive since one must test all pairs of
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border points.

As both symmetry and curvature extrema provide geometric descriptors for shape,

Leyton [83] focused on the duality between these two entities. He provided a duality

theorem, which reads as follows:

If we say that curvature extrema are of two opposite types, either maxima

or minima, then the theorem states: Any segment of a smooth planar curve,

bounded by two consecutive curvature extrema of the same type, has a unique

symmetry axis, and the axis terminates at the curvature extremum of the op-

posite type [83, page 327].

This theorem glues the information driven from extrema of curvature [3] to that of sym-

metry, one of the crucial Gestalt-based organizing principles of shape [154] (see Figure

2.15).

Later, in [84], Leyton develops a formal grammar to infer the relationship between any

two smooth shapes. This process-based grammar uses symmetry axes (MAT and SLS)

along with curvature extrema [83] to develop inference rules that are then put together to

make a process-diagram. Specifically, the grammar includes six operations to generate all

possible process extrapolations between two shapes in which the process-diagram of one

shape could be transformed into the other one. The process grammar for shape provides a

psychologically meaningful expression for the relationship between shapes.

Although Blum’s MAT provides an appealing representation for visual form prob-

lems, this tool suffers from the fact that a tiny protrusion on the boundary can dramati-
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Figure 2.15: An illustration of Leyton’s Symmetry-Curvature Duality Theorem [83]. Ev-
ery pair of consecutive curvature extrema of the same type on the boundary leads to a
symmetry axis between. The interior symmetries are shown in blue and the exterior ones
in orange.

cally change the MAT’s structure. Current methods to compute the medial axis can deal

with small boundary perturbations, but these methods are typically used in conjunction

with salience measures for medial points, in applications. Examples of popular salience

measures include the object angle [102], the AOF itself [38], the boundary to axis ratio

[17] and more recently, work by Katz and Pizer on a notion of visual conductance [71].

In particular, Katz and Pizer propose a perceptual part-decomposition approach which is

based on calculating a measure of the amount of “substance” information at each medial

point.
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3
Flux Graphs for View Sphere Partitioning

The contents of this chapter are largely based on the article “View sphere parti-

tioning via flux graphs boosts recognition from sparse views” [118]. This work

was carried out prior to the current wave of deep learning approaches to ob-

ject recognition, and its specific goal was to explore silhouette based 3D object

recognition from 2D views. With the advances that have been made in the pro-

duction of vision sensors in recent years, the recognition of real 3D objects

seems more possible than ever. Using the algorithm presented in this chapter,

one could apply these ideas to recognize 3D real-world objects from their out-

lines. With the rich information contained in the silhouette of a 3D object, en-

terprise systems that process large datasets can take advantage of view-based

recognition strategies to handle sparse views.
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View-based 3D object recognition requires a selection of model object views against

which to match a query view. Ideally, for this to be computationally efficient, such a

selection should be sparse. To address this problem, we partition the view sphere into

regions within which the silhouette of a model object is qualitatively unchanged. This is

accomplished using a flux-based skeletal representation and skeletal matching to compute

the pairwise similarity between two views. Associating each view with a node of a view

sphere graph, with the similarity between a pair of views as an edge weight, a clustering

algorithm is used to partition the view sphere. Our experiments on exemplar level recogni-

tion using 19 models from the Toronto Database and category-level recognition using 150

models from the McGill Shape Benchmark demonstrate that in a scenario of recognition

from sparse views, sampling model views from such partitions consistently boosts recog-

nition performance when compared against queries sampled randomly or uniformly from

the view sphere. We demonstrate the improvement in recognition accuracy for a variety

of popular 2D shape similarity approaches: shock graph matching, flux graph matching,

shape context-based matching, and inner distance-based matching.

3.1 Introduction

View-based object recognition has seen many recent advances with the current state of

the art systems achieving promising category-level recognition results on large databases

of real images. An effective strategy here is to learn suitable models from images taken in

a controlled fashion of several exemplars from a particular category [52, 124, 160]. The

hope here is that by learning from distinct views, one might be able to achieve recognition
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of nearby views efficiently. Such methods must be trained systematically on these distinct

views and the typical strategy taken is to sample these views uniformly, as in the orig-

inal principal component-based method of Murase and Nayar [99]. As our community

attempts to grapple with the full complexity of object recognition from arbitrary views,

we face the challenge that such methods may not easily generalize to views that have not

been seen before, at least not without a prohibitive amount of training.

To gain further intuition about this problem consider the sample silhouettes of a dog

seen along two different trajectories in Figure 3.1. In the first trajectory, we move from

a top rear view to a top front view (views 1-5) and in the second we rotate around the

dog showing side views (views 6-10). Qualitatively views 6 through 10 are those from

which the dog is most easily recognizable in that prominent parts (the head, limbs, and

tail) remain visible. On the other hand views in the first trajectory are more challenging to

recognize because parts are foreshortened or occluded. This example points to the need

for judicious view sphere sampling to achieve recognition from sparse views. Approaches

which train on views sampled uniformly on the view sphere do not reflect the complex

relationship between view stability and surface area on the view sphere.

The problem of defining regions on the view sphere with qualitatively similar views

of a 3D object has a long history in the computer vision community, dating back to Koen-

derink’s notion of transitions on the view sphere as one moves from one location to an-

other, as signaled by the appearance or disappearance of singularities of the visual map-

ping [76]. This lead to a tremendous interest in the computer vision community in com-

puting aspect graphs designed to capture changes in appearance with viewpoint changes,
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Figure 3.1: Silhouettes of a dog are shown for viewpoints along two trajectories on the
view sphere: (1,2,3,4,5) and (6,7,8,9,10).

as reviewed in Chapter 2. A great deal of conceptual progress was made in the late ’80s

and early ’90s with techniques developed for computing aspect graphs of polyhedra [23],

of curved surfaces described algebraically [108] along with considerations for the role

of scale [44]. Whereas aspect graphs had intuitive appeal, they lost favor for a variety of

reasons [48]. These included the fragility of the concept itself for facilitating object recog-

nition (e.g. not all singularities of the visual mapping are visually salient) and the diffi-

culty of computing it for general 3D object classes. The object recognition community

in computer vision has since shifted to appearance-based representations for category-

level recognition from natural images of objects, see for example [112] and [37]. Current

approaches typically combine robust feature detection, the modeling of local geometric

relations between derived “parts” and advanced statistical machine learning methods for

classification [91, 49, 52, 53, 160]. The underlying representations are viewpoint depen-

dent and thus careful training is required for them to handle arbitrary views of 3D objects.

As these methods advance, from both computational efficiency and storage efficiency

considerations, judicious sampling of the view sphere resurges as a problem of interest.
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One way to approach this problem is to focus on the appearance of 2D silhouette shape

as the viewpoint changes. Promising steps were taken in this direction by Cyr and Kimia

[34]. In their approach, the views on the view sphere are treated as nodes of a graph, with

the similarity between two views providing an edge weight. Their similarity measure uses

both an edit distance between shock graphs and a distance based on curve matching. Each

node on the view sphere is initially a cluster (region), and clusters get merged when they

are geographical neighbors and the average pairwise similarities between their centroids

are below a certain threshold. This process is iterated until it converges. Once the regions

have been obtained, at matching time, a query view is matched against the centroid (char-

acteristic view) of each region for a particular model. Those regions whose centroids are

distant from the query are discarded. The model is then matched exhaustively against all

the views in each surviving region.

Motivated by the success of medial representations for computing part-based repre-

sentations of silhouettes for matching [127, 5, 133] and the promise of silhouette-based

similarity for 3D recognition in [34], we consider the problem of recognition from sparse

views using skeletal graphs. The specific question we look at is that of generating view

sphere partitions from which to efficiently (and not necessarily exhaustively) sample

model views when faced with a new query. As such our goal is complementary to that of

[34], but our methods are different. Specifically, we employ an average outward flux-based

skeleton [38] together with a novel measure for simplification which leads to a directed

flux graph. In our work, we employ a hierarchical clustering algorithm to obtain a view

sphere partition where views in each partition are similar. Unlike the region-growing ap-

proach of [34], our partitions are based on a spectral decomposition strategy, which leads
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to partitions whose nodes are not necessarily geographical neighbors. More importantly,

the context of our experiments is different and somewhat complementary to that of [34].

Specifically, we evaluate the benefit of selecting model views from the partitions when

only a sparse number of model view queries are allowed, whereas, in [34], the matching

experiments use all the model views in each surviving cluster. Our main contribution is to

show that hierarchical view sphere partitioning boosts 3D object recognition performance

in the scenario of matching against a sparse number of model views. Our experiments also

demonstrate the importance of selecting centroids of the clusters during matching time for

the four shape matching algorithms we have evaluated: shape context-based matching, in-

ner distance-based matching, flux graph matching, and shock graph matching.

This chapter is organized as follows. We discuss flux graphs for 2D shape representa-

tion in Section 3.2. We then develop the view sphere partitioning strategy in Section 3.3,

where a clustering algorithm is employed on a graph whose nodes are views and whose

edge weights are pairwise similarities between flux graphs. This leads to partitions within

which the model silhouettes are qualitatively similar. We demonstrate the utility of these

partitions for selecting model views in Section 3.4 by comparing this to the alternatives

of random or uniform sampling. We conclude with a discussion in Section 3.5.

3.2 Flux Graphs

We adopt the AOF approach of [38] to compute the flux-based skeleton (see Section 2.1).

We then consider the degree to which the area reconstructed by the maximal disk associ-

ated with a skeletal point is unique. Specifically, for each skeletal point, we compute the
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fraction of area of its maximal disk that does not overlap with the disk of a skeletal point

on any other branch. This relative area contribution measure is novel to the literature and

is particularly simple to compute while being effective. The measure decreases monoton-

ically as one approaches a branch point, as illustrated by the three sample calculations in

Figure 3.2 (left). Numerous other salience measures for medial loci have been proposed

[133] but most combine a notion of boundary-to-axis ratio, which can be delicate to com-

pute, with the object angle, and require choices of thresholds and parameters to be tuned.

The monotonic decrease in the relative area measure as one approaches a branch point

suggests a more robust simplification procedure, which is to move in the direction away

from a branch point and retain only those skeletal points with relative area measure above

a threshold. This process is illustrated for the dog shape in Figure 3.2 (right). The thresh-

old can be chosen adaptively to ensure that the desired percentage of the original shape’s

area is captured, as illustrated in Figure 3.3 (left). For all the experiments and examples

in this chapter, we require at least 95% area coverage. The parts reconstructed by each

black skeletal segment are shown in distinct colors, with skeletal segments which have

been removed by the simplification process shown in light pink.

Any skeletal branch includes two ends, each of which can either be a branch point

or an end point. If we assume our boundary is a C1 curv, we can assum that the spoke

end points associated with maximal inscribed disks are different for each skeletal point.

Using this assumption, we can prove that the uniqueness of area measure will not have a

strict local maximum along a medial axis branch. First of all, the uniqueness of maximal

inscribed disk measure for all branch points is always zero, and this is due to the fact the

maximal inscribed disk at a branch point is shared by different branches. Now to prove this
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Figure 3.2: LEFT: For three skeletal points, c1, c2, c3, we calculate the fractional area of
the maximal inscribed disk that does not overlap with that of a skeletal point on any other
branch. This relative area measure decreases monotonically as one approaches a branch
point. RIGHT: The skeletal points with fractional maximal disk area above a threshold
are shown in black, with other flux-based skeletal points shown in grey. The threshold is
chosen so that the black skeletal segments reconstruct at least 95% of the shape’s area (see
Figure 3.3 (left)).
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Figure 3.3: LEFT: The nodes corresponding to the retained skeletal segments (black) are
shown in different colors, each representing a union of medial disks. RIGHT: The corre-
sponding flux graph. The dummy node 7 carries no geometrical information but serves as
a parent to all the top level nodes.

monotonicity property, we will prove that as one follows a medial axis branch towards a

branch point, the uniqueness of maximal inscribed disk measure can either monotonically
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decrease/increase or or reach a local maximum, but never a local minimum. To prove

this, we just consider two neighboring medial axis points where one of them is closer

to a considered branch point on that medial branch. Without loss of generality, let us

consider two neighboring medial axis points, A and B with their corresponding maximal

inscribed disks that touch the boundary on unique spoke points pS1
A,S

2
Aq and pS1

B,S
2
Bq

respectively. We also assume that by walking through the medial branch, we can get to

the point B sooner than the point A from branch point C (as shown in Figure 3.4).
 

A 

B 

C 

SA
1 

SA
2 

SB
2 

SB
1 

Figure 3.4: An example of how a disk from another branch can intersect with neighboring
disks from a considered branch.

Now, we can observe that any maximal disk from other branches that connects to C

will intersect more with the maximal inscribed disk at B (relative to the area of B) than

with the maximal inscribed disk at A (relative to the area of A). In fact, if a disk from

another branch intersects more with the disk at A than the disk at B, it should intersect

with either of the lines S1
A to S1

B or S2
A to S2

B which is not possible due to the definition
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of the medial axis (that disk would no longer be a maximal inscribed disk).

The monotonicity property ensures that for each original skeletal branch at most one

skeletal segment is retained. We can, therefore, associate each retained skeletal segment

with the node of a graph. Then, using the topology of the original skeleton, for any set of

adjacent nodes edges are placed in the direction from the node having the largest average

maximal inscribed disk radius to the others. The one with larger magnitude is chosen as

the parent and the other as the child. The resulting directed acyclic graph represents a

hierarchy of parts, as illustrated for the dog shape in Figure 3.3 (right), which we dub the

Flux Graph. As it turns out, this simplification procedure, based on relative area alone, is

more robust than the strategy first proposed in [117].

3.2.1 Qualitative Stability with Viewpoint Changes

We provide a qualitative demonstration that flux graphs remain stable under small changes

in viewpoint while providing an intuitive part structure. We consider the views in the

second trajectory in Figure 3.1, and represent their respective flux graphs in Figure 3.5.

For each view, the top row depicts the parts represented by each node of the flux graph,

the second row the flux graph and the bottom row the shock graph. Changes to the flux

graph typically occur when new parts, such as the leg, come into view (or disappear) but

the overall graph structure is much simpler than that of the shock graph. This is expected

because the shock graph utilizes and hence represents the entire skeleton, without any

simplification.
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Figure 3.5: Top row: Side views of a dog, along a trajectory on a view sphere surrounding
it. Middle row: The flux graph corresponding to the view in the top row. Bottom row: The
shock graph corresponding to the view in the top row.

3.2.2 Flux Graph Matching

In the present chapter, we use the established method for matching directed acyclic graphs

(DAGs) in [136] for flux graph matching. Given two flux graphs, a bipartite graph is hier-

archically constructed between their nodes. Each edge of the bipartite graph is weighted

based on the structural similarity between the nodes. This weight is based on the normal-

ized difference between the topological signature vectors (TSVs) introduced in [136]. A

maximum weighted bipartite matching is then carried out such that the sum of the values

of the edges is maximized. In a DAG representation, the TSV is defined as the vector of

eigenvalue-sums derived from the corresponding adjacency matrix for the sub-DAG of

the considered node. The matching algorithm used is a greedy algorithm by Macrini et al.
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[94], which has the benefit of finding the largest maximal matching in polynomial time.

The similarity is computed by matching a query with a model node and then normalizing

that by the number of matched nodes according to the cardinality of the model graph.

The above structural similarity measure (Γ ) is combined with a notion of the geomet-

ric similarity (∆) between the parts corresponding to two nodes, where for the latter we

use the elastic matching approach in [94]. Here line segments are fit through the skeletal

points of a given node and then, for a given query and a given model, the algorithm tries

to fit the query to the model by allowing line segments of the model to shrink or grow to

include the query data points. The data points themselves encapsulate both positions along

a skeletal branch and the radius of the maximal inscribed disk. The main assumption here

is that the pattern of velocities and acceleration is invariant to small changes in viewpoint,

where velocity and acceleration are defined as first and second derivatives of the radius

along the medial axis.

Putting these measures of similarity together, a DAG matcher receives two DAGs G1

and G2 as input and computes a value SpG1, G2q representing the similarity between

them, as well as a list of corresponding nodes. Both Γ and ∆ are in the interval r0 1s and

SpG1, G2q is given by a weighted combination: ωΓ pG1, G2q ` p1 ´ ωq∆pG1, G2q. Here

ω is a tuning weight in the interval r0 1s.

As presented here, flux graphs are computable for all 2D bounded shapes and they lead

to a hierarchy of parts. Moreover, the representation allows for common transformations

and is stable to some boundary purturbations. Finally, being able to compare flux graphs,

both with geometric similarity and structural similarity measures, provides us a notion
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of scale in a coarse to fine sense. Therefore, flux graphs are excellent candidates for the

problem we are addressing in this chapter, i.e., they satisfy a number of the desirable

criteria of a good representation, as discussed in Chapter 1.

3.3 View Sphere Partitioning

We use the flux graph to represent the silhouette seen from each view on the view sphere

of an object. We then create a dense view sphere graph by associating each view with a

node and placing an edge between each pair of nodes. To each edge, we associate a weight

based on the similarity between the views using the DAG matcher described above. The

problem of view sphere clustering can now be treated as a clustering problem on the view

sphere graph. Our goal is to find clusters of view sphere points with high within-cluster

similarity. Such clusters should, in principle, correspond to regions of the view sphere

within which the silhouette shapes are similar. To this end, we employ a clustering algo-

rithm but in a hierarchical fashion. Intuitively, the idea is to recursively partition clusters

until a particular derived cluster has a high enough within-cluster similarity and is then

treated as a leaf node of a view sphere graph. The final set of clusters then correspond to

the set of leaf nodes.

Within cluster similarity is, of course, maximized when the clusters are very small,

so we impose a minimum cluster size for partitioning. Given a view sphere Γ, we find

a suitable number of clusters for decomposition (Algorithm 2) and then the hierarchical

clustering algorithm is applied recursively (Algorithm 1). A stopping condition (Algo-

rithm 3) is imposed whereby a cluster is no longer divided if it is small (in practice, its
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Algorithm 1 Hierarchical view sphere clustering
1: Declaration of variables
2: Γ: View Sphere
3: Ci “ tpi1, ..., piku: a cluster which includes a set of points on the view sphere
4: procedure PERFORM_HIERARCHICAL_CLUSTERING(Ci,n)
5: if SHOULD_CLUSTERING_BE_STOPPED(Ci) == false then
6: nÐFIND_NUMBER_OF_CLUSTERS(Ci)
7: tC 11, ..., C

1
nu “CLUSTERINGALGORITHM(Γ,n)

8: for 1 :“ 1 to n do
9: PERFORM_HIERARCHICAL_CLUSTERING(C 1i,n)

10: end for
11: else
12: return Ci as a leaf
13: end if
14: end procedure

Ź Note that clusteringAlgorithm is a choice here. In this work, as mentioned
in the text, we chose the Normalized Cuts algorithm.

Algorithm 2 Find the number of clusters for decomposition
1: procedure FIND_NUMBER_OF_CLUSTERS(Ci)
2: MÐ maximum number of branches per level
3: µÐ threshold on average similarity for branching
4: for t :“ 2 to M do
5: tC 11, ..., C

1
tu “CLUSTERINGALGORITHM(Ci,t)

6: mÐ weighted average of the average pairwise similarities between all nodes
in the C 1js.

7: if m ą µ then
8: return t
9: end if

10: end for
11: return 0
12: end procedure

Ź Note that each cluster is weighted by the number of nodes on that cluster, divided
by the total number of nodes on the view sphere.
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size is already ă 10% of the view sphere) or if the average of the pairwise similarities

within that cluster is above a threshold.

Algorithm 3 Determine whether a cluster is a leaf node
1: procedure SHOULD_CLUSTERING_BE_STOPPED(Ci)
2: τ Ð a threshold on the cluster size
3: ρÐ a threshold on the average similarities
4: mÐ average similarity between all pairs of nodes in Ci
5: if sizepCiq ă τ then
6: return true
7: else if m ą ρ then
8: return true
9: end if

10: return false
11: end procedure

Figure 3.6: LEFT: Views of the dog on the view sphere belonging to the same cluster are
shown as colored regions with distinct colors in panels (1 ´ 6). RIGHT: Silhouettes are
shown for views sampled from each of the clusters on the left. See text for a discussion.

Using 128 equispaced viewing directions, Figure 3.6 (left) illustrates the view sphere

clusters obtained for the dog using the method above. Regions of the view sphere belong-

ing to the same cluster are shown in the same color, in separate panels (1 ´ 6). For this
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example, there is an inherent symmetry to the clusters, such that each is composed of

two diametrically opposed regions on the view sphere. To give a sense of how the views

within a particular cluster are similar with regard to part structure and part shape, Figure

3.6 (right) depicts sample silhouettes for trajectories taken within each cluster. Cluster 1

contains views from above or below such that the body is elongated and the tail is visible

but the limbs are occluded. In contrast, clusters 3 and 4 depict side views in which the

limbs are visible and are extended.

3.4 Experiments

We evaluate the efficacy of using our view sphere partitions for recognition from sparse

views. In our recognition experiments, we consider a query view and compare match-

ing it with model views chosen from the view sphere clusters proportional to their size,

versus matching it against model views chosen randomly from a uniform distribution of

views on the view sphere. We have also conducted experiments where the model views

were chosen to spread across the view sphere evenly, by using a particle repulsion method

such that the distance between all pairs of neighboring closest model views was approx-

imately the same. However, we found that in all cases, random sampling from a uniform

distribution outperforms this particle repulsion strategy. This is likely because spread-

ing the views across the view sphere leads to a higher probability of selecting model

views that are ambiguous in that they are less representative of a particular object. We

compare four different silhouette matching approaches: flux graph matching, shock graph

matching, shape context-based matching, and inner distance-based matching. The skele-
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tal graph-based matching experiments are carried out using Macrini’s publicly available

directed acyclic graph (DAG) matching package: http://www.cs.toronto.edu/

~dmac/download.html, which contains an implementation of the approach in [136].

For shape context-based matching [8], we use the original implementation by Belongie et

al., available at https://www.eecs.berkeley.edu/Research/Projects/

CS/vision/shape/sc_digits.html, and for inner distance-based matching [86],

we used Ling and Jacobs’ implementation, available at http://www.dabi.temple.

edu/~hbling/code_data.htm.

Both shape context-based matching and inner distance-based matching rely on finding

correspondences between sample points from the boundaries of the two silhouettes. In the

former, the shape context descriptor is based on a histogram of the contour points present

in a local polar neighborhood of each sample point, considering both Euclidean distance

and relative position. Two silhouettes are then matched using the Hungarian algorithm for

finding the lowest cost matching between the two sets of histograms. This approach is

extended in [86] by replacing the Euclidean distance by a notion of inner distance. The

inner distance is defined as the length of the shortest path within the silhouette between

two boundary points, and it provides some robustness to part articulation. A silhouette

is represented in the same way as when using the shape context descriptor but with the

difference that the bins in the histogram are constructed using inner distance in place

of Euclidean distance. The tangential direction at the starting point of the shortest path

between two points is treated as the relative orientation between them and is called the

inner angle. Two silhouettes are matched by finding the lowest cost matching between

the two histograms, but allowing for boundary sample points to be skipped but with an
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associated penalty.

3.4.1 Recognition Performance

Airplane

Bird

Chair

Cup

Dinosaur

Dolphin

Fish

Four Limbs

Table

Wine Glass

Figure 3.7: LEFT: The 19 object models in the Toronto database which we use for our
experiments in exemplar level recognition. RIGHT: A selection of the 150 models from
the McGill 3D Shape Benchmark which we use for our experiments in category level
recognition. In total we have 10 object classes with approximately 15 models in each.

Exemplar Level Recognition

We begin with the exemplar level Toronto database of 19 models (Figure 3.7 left) because

of the available published experimental results on skeletal graph-based recognition in [94]
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as views are successively removed for these objects. In that work, Macrini et al. remove up

to 75% of the views on the view sphere for a subset of 13 object models from this database,

with 128 views of each. They report a graceful degradation in performance with occlusion,

achieving 87% correct recognition with the shock graph as the representation. We carry

out similar experiments evaluating flux graph matching, shock graph matching, shape

context based matching, and inner distance-based matching. Our goal is to demonstrate

that in a sparse model view selection scenario, sampling these views from our view sphere

partitions can boost recognition performance in all cases.

The 19 Toronto database models are scaled to fit in a view sphere having radius 1.

On this sphere, we sample 128 views using a particle repulsion based approach for node

placement [122]. For each object, we construct a view sphere tree with the following

choices of parameters. First, the minimum cluster size for partitioning is chosen to be

12 viewpoints. Thus, any cluster smaller than this size is not further partitioned. Sec-

ond, the average within-cluster pairwise similarity threshold, where the pairwise similar-

ities are obtained using the DAG matcher, is set to 0.65 (on a scale from 0 to 1). Thus

any cluster with an average pairwise similarity higher than this threshold is not further

subdivided. These view sphere partitions are computed offline. In our experiments, we

have evaluated both the Normalized Cuts clustering algorithm of Shi and Malik [131] us-

ing the package at http://www.cis.upenn.edu/~jshi/software/ and the K-

medoids algorithm based on the implementation at http://www.mathworks.com/

help/stats/kmedoids.html for clustering. Both lead to very similar recognition

performance for all four shape matching methods; so both here and for category-level

recognition we present results based on the Normalized Cuts algorithm.
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At recognition time, we match a query view against a sparse set of 8 sample views for

each model, representing about a 94% reduction in view sphere nodes. These samples are

chosen proportional to cluster size, i.e., the number of samples taken from each cluster

depends on the area of that cluster relative to the entire view sphere. The first sample from

a cluster is chosen to be its centroid, while the rest are picked randomly. The centroid of

a cluster is defined as that view whose average pairwise similarity with all other views

in the cluster is maximum. In what follows, we refer to this geographical area-weighted

view selection strategy as partition sampling.

In the first set of experiments, we match all 19 ˆ 128 views from the database to the

19 ˆ 8 sample views, taking care not to ever match a silhouette with itself. We find the

best match and define it to be correct if it corresponds to a view of the same object. We

then repeat this experiment and define the best match as the one with the majority vote

among n closest samples, with n varying from 1 to 30. In the second set of experiments,

we match all 19 ˆ 128 views from the database to 8 views of each of the 19 objects that

are now chosen at random. The results of random sampling (dashed lines) versus parti-

tion sampling (solid lines) are reported in Figure 3.8 for shape context matching (green),

inner distance matching (purple), flux graph matching (blue), and shock graph matching

(red). It is striking that partition sampling consistently boosts recognition performance

over random sampling, i.e., the solid lines are above the dashed counterparts. There is

also strong evidence that in a scenario of recognition from sparse model views, skeletal

(flux graph or shock graph) matching out performances shape context based matching and

inner distance-based matching. The results for shock graph matching are slightly better

than those for flux graph matching because the elastic matching approach to the geometric
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similarity between nodes in Macrini’s DAG matcher is optimized for shock graphs.
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Figure 3.8: We compare view sphere partition sampling (solid lines) of model views
against random sampling (dashed lines) of model views for four shape matching meth-
ods applied to an exemplar level recognition task. See text for a discussion.

Category-Level Recognition

We now carry out a more ambitious set of recognition experiments at the category level

using a selection of 150 models from the McGill 3D Shape Benchmark. The process is
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exactly the same as that used for exemplar level recognition above, except that we now

have 150 ˆ 128 query views to match. A recognition trial is assumed to be correct when

the best match is with a model within the same category. This task is inherently more chal-

lenging than the exemplar level recognition task, due to the similarity in shape between

some of the object categories (e.g. four-limbed and dinosaur, as well as fish and dolphin)

and also due to the significant variation in shape within an object class (e.g. four-limbed).

The results of random sampling (dashed lines) versus partition sampling (solid lines) are

reported in Figure 3.9 for shape context matching (green), inner distance matching (pur-

ple), flux graph matching (blue), and shock graph matching (red). Once again, it is striking

that partition sampling boosts recognition performance over random sampling. Averaging

over all the 150 ˆ 128 queries the improvement is from 59.60% to 71.70%, using shape

context matching, from 67.04% to 77.52% using inner distance matching, from 85.52%

to 89.18%, using flux graph matching and from 86.56% to 91.20%, using shock graph

matching. The relative performance of the four matching methods is similar to that for

exemplar level recognition, except that flux graph matching is now almost on par with

shock graph matching.

Exploring Different Sampling Strategies

We now consider alternate model view sampling strategies for both the exemplar and

category level recognition experiments, under the same sparse view scenario as before.

We compare four different approaches. In the first (VS1), the model views are selected

randomly from a uniform distribution on the view sphere. In the second (VS2), the model

views are selected randomly from our view sphere partitions, but with the number of views
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Figure 3.9: We compare view sphere partition sampling of model views against random
sampling of model views for four shape matching methods applied to a category level
recognition task. See text for a discussion.

from each partition being proportional to its size. The third approach (VS3) is similar

to the second, with the exception that the first view from a partition is chosen to be its

centroid. The fourth approach (VS4) is similar to the third except that now additional

views from a partition, when required, are now selected in decreasing order of average

pairwise similarity to the other views in that partition. As such the view sphere sampling

strategies VS1 and VS3 are those used earlier in this section, but VS2 and VS4 are new.

The results, averaged over all the objects, are presented in Figure 3.10 for the four shape
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matching strategies at the exemplar level (left) and the category level (right). These results

demonstrate the importance of choosing the centroid as the first sample view. Notably, as

we move from random sampling (VS1) to random sampling from partitions but with the

number of views proportional to partition size (VS2) the improvement is slight. However,

when moving to VS3, where the first view from a partition is its centroid, we see a boost in

performance of up to 10% in some cases. The additional benefit of selecting subsequent

views from a partition in decreasing order of average pairwise similarity to the other

views in that partition (VS4) is only slight. This is likely because in our sparse model

view scenario not many partitions end up having more than one model view.
Rezanejad and Siddiqi View Sphere Partitioning via Flux Graphs

FIGURE 8 | We compare recognition performance under different sampling strategies, with the results averaged over all the objects in the database
at the exemplar level (left) and the category level (right). See the text for a discussion.

FIGURE 9 | We plot the ratio of several complexity measures between flux graphs and shock graphs, as percentages, for the Toronto database of
19 models with 1000 views of each (19,000 silhouettes in total) and for 110 models from the McGill 3D Shape Benchmark with 1000 views of each
(110,000 silhouettes in total). See the text for a discussion.

Figure 9, show similar trends for both databases: flux graphs have
40% or fewer edges and nodes than shock graphs and 30% fewer
skeletal points.

4.3. Running Time Complexity
We now consider how the matching methods evaluated in this
paper stand against one another in terms of running time com-
plexity. The task of recognition is divided into two parts: repre-
sentation creation and matching a query representation against
another one. For both flux graphs and shock graphs, a skeletal
graph is constructed for each view and is stored in memory.
For shape context and inner distance, we extended the original
implementations to avoid repetition during the matching phase.
In particular, for each silhouette, we compute the representation
histograms first and store these in memory. Since each query
silhouette is matched against a very large database of views, this
preliminary step of precomputing and storing the histograms
speeds up the matching phase considerably.

To measure the running time of these algorithms, we consid-
ered the following set up: 3 different views were selected randomly

FIGURE 10 | Running time complexity for the four shape matching
algorithms. See the text for a discussion.

from each of the 150 models from the McGill 3D Shape Bench-
mark. One of these views was added to the query set and the other
two to the model set. Thus, we had a total of 450 silhouettes. For
each of the four methods, we then measured the time to (a) create
the representations and (b) match the query against the model
views. During the matching phase, we matched the 150 queries
views to each of the 300 model views. The total running time,
in seconds, is listed in Figure 10. All the experiments were per-
formed on a PC with a 2.4-GHz Intel(R) Core(TM) i7-4700MQ
CPU, 8GB RAM, an NVIDIA GeForce GT 750M graphics card,
and a 250-GB SSD disk. For these measurements, we used

Frontiers in ICT | www.frontiersin.org November 2015 | Volume 2 | Article 249

Figure 3.10: We compare recognition performance under different sampling strategies,
with the results averaged over all the objects in the database at the exemplar level (left)
and the category level (right). See the text for a discussion.

3.4.2 Flux Graphs versus Shock Graphs

Whereas shock graphs outperform flux graphs for exemplar level recognition, in part be-

cause of the optimization of the matcher for them, the narrowing of this gap for category-

level recognition combined with the simplicity of flux graphs offers certain advantages.
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Using the 19 models in the Toronto database, but now with 1000 views of each, and using

a subset of 110 objects of the 150 used for category-level recognition from the McGill

Shape Benchmark, but now with 1000 views of each, we compare shock graphs using the

publicly available code at http://www.cs.toronto.edu/~dmac/download.

html with flux graphs using a number of complexity measures: the average number of

nodes, the average number of edges, the average depth, the average number of skeletal

points, and the average TSV (topological signature vector) component values. The results

presented as fluxgraph
shockgraph

ratios in Figure 3.11, show similar trends for both databases: flux

graphs have 40% or fewer edges and nodes than shock graphs and 30% fewer skeletal

points.

23.9042 9.5976 Nodes 0.4015026648 1 Nodes 40.15026648
25.2214 8.5976 Edges 0.3408851214 1 Edges 34.088512137
5.0904 2.4906 Depth 0.4892739274 1 Depth 48.927392739
527.6138 369.7082 Skeletal Points 0.7007174566 1 Skeletal Points 70.071745659
49.3142 15.9564 TSV 0.3235660317 1 TSV 32.356603169
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Figure 3.11: We plot the ratio of several complexity measures between flux graphs and
shock graphs, as percentages, for the Toronto database of 19 models with 1000 views of
each (19000 silhouettes in total) and for 110 models from the McGill 3D Shape Bench-
mark with 1000 views of each (110000 silhouettes in total). See the text for a discussion.

3.4.3 Running Time Complexity

We now consider how the matching methods evaluated in this chapter stand against one

another in terms of running time complexity. The task of recognition is divided into two

parts: representation creation and matching a query representation against another one.
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For both flux graphs and shock graphs, a skeletal graph is constructed for each view and

is stored in memory. For shape context and inner distance, we extended the original imple-

mentations to avoid repetition during the matching phase. In particular, for each silhou-

ette, we compute the representation histograms first and store these in memory. Since each

query silhouette is matched against a very large database of views, this preliminary step

of precomputing and storing the histograms speeds up the matching phase considerably.

To measure the running time of these algorithms, we considered the following set up:

3 different views were selected randomly from each of the 150 models from the McGill

3D Shape Benchmark. One of these views was added to the query set and the other two to

the model set. Thus, we had a total of 450 silhouettes. For each of the four methods, we

then measured the time to (a) create the representations and (b) match the query against

the model views. During the matching phase, we matched the 150 queries views to each

of the 300 model views. The total running time, in seconds, is listed in Figure 3.12. All

the experiments were performed on a PC with a 2.4-GHz Intel(R) Core(TM) i7-4700MQ

CPU, 8 GB RAM, an NVIDIA GeForce GT 750M graphics card, and a 250-GB SSD disk.

For these measurements, we used Windows 8.1 Pro. To generate a fair comparison, the

input silhouettes were normalized to have the same resolution and an initial number of

boundary points.

These results show that flux graphs and shock graphs are slower to compute than repre-

sentations based on shape context or inner distance. However, flux graph and shock graph

matching, using Macrini’s DAG matcher, are significantly faster than inner distance-based

matching or shape context based matching. This may in part due to the actual complexity
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Representation Matching
Creation

Shape Context 250.91s 12915s
Inner Distance 887.30s 61650s

Flux Graph 4241.25s 134.58s
Shock Graph 2942.67s 277.40s

Figure 3.12: Running time complexity for the four shape matching algorithms. See text
for a discussion.

of the associated algorithms in terms of the number of operations but also in part due to

the fact that the DAG matcher package is implemented in C/C++, while the others are

designed to be user-friendly and use non-optimized code, e.g., based on Matlab.

3.5 Discussion

In the present chapter, we have demonstrated the promise of view sphere partitioning for

3D recognition from sparse views, by the hierarchical application of a clustering algorithm

on pairwise similarities computed between flux graphs. Our experiments at the exemplar

level on the Toronto model database (19 ˆ 128 silhouettes) and at the category level on a

selection of objects from the McGill 3D Shape Benchmark (150ˆ128 silhouettes) demon-

strate the consistent improvement possible by partition sampling of model views during

the recognition phase, using the generated view sphere partitions. This improvement ap-

plies to each of the four shape matching algorithms we have evaluated: shape context

based matching, inner-distance based matching, flux graph matching, and shock graph

matching.

Our work suggests a number of fruitful directions for further research, having to
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3.5 Discussion

do with the use of precomputed view sphere partitions in online recognition scenarios.

Clearly, there is rich information contained in the silhouette of an object by which to fa-

cilitate 3D recognition and with 3D point cloud data of real 3D objects now within reach of

computer vision researchers via Kinect type sensors, offline computation of view sphere

partitions is becoming feasible. We conjecture that as the object recognition community

seeks to advance view-based recognition strategies to handle arbitrary but sparse views of

objects, we will see a return to the application of the many good ideas that were alive two

decades ago in the aspect graph literature.
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4
Average Outward Flux Skeletons for

Environment Mapping

The contents of this chapter are largely based on the article “Robust Environ-

ment Mapping Using Flux Skeletons” [116] which grew out of a collaboration

with colleagues in the robotics groups at McGill University and the University

of South Carolina. This work has been extended to include new experimental

results on more complex environments, as well as a method based on spectral

signatures for topological environment matching.

We consider how to directly extract a road map (also known as a topological repre-

sentation) of an initially-unknown 2-dimensional environment via an on-line procedure

which robustly computes a retraction of its boundaries. While such approaches are well
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Average Outward Flux Skeletons for Environment Mapping

known for their theoretical elegance, computing such representations in practice is com-

plicated when the data is sparse and noisy (see Section 2.4).

In this chapter, we first present the online construction of a topological map and the

implementation of a control law for guiding the robot to the nearest unexplored area,

first presented in [116]. The proposed method operates by allowing the robot to local-

ize itself on a partially constructed map, calculate a path to unexplored parts of the en-

vironment (frontiers), compute a robust terminating condition when the robot has fully

explored the environment, and achieve loop closure detection. The proposed algorithm

results in smooth safe paths for the robot’s navigation needs. The presented approach is

an any-time-algorithm which has the advantage that it allows for the active creation of

topological maps from laser-scan data, as it is being acquired. The resulting map is stable

under variations to noise and the initial conditions. We also propose a navigation strategy

based on a heuristic where the robot is directed towards nodes in the topological map that

open to empty space. The method is evaluated on both synthetic data and in the context

of active exploration using a Turtlebot 2. Our results demonstrate a complete mapping of

different environments with smooth topological abstraction without spurious edges.

We then extend the work in [116] by presenting a topology matching algorithm which

leverages the strengths of a particular spectral correspondence method, FOCUSR [90], to

match the mapped environments generated from our topology making algorithm. Here,

we concentrated on implementing a system that could be used to match the topologies

of the mapped environment by using AOF Skeletons. In topology matching between two

given maps and their AOF skeletons, we first finding correspondences between points on
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4.1 Introduction

the AOF skeletons of two different environments. We then align the (2D) points of the

environments themselves. We also compute a distance measure between two given envi-

ronments, based on their extracted AOF skeletons and their topology, as the sum of the

matching errors between corresponding points. We evaluate our topology matching algo-

rithm and demonstrate promising results on a few environments of increasing complexity,

with simulated sensor noise.

4.1 Introduction

Our approach is based on AOF skeletons from two dimensional, dense, laser data. This

fundamentally one-dimensional structure (embedded in 2D) constitutes a robust, efficient

elegant representation that can be used for a range of navigation and localization tasks.

Topological representations have been proposed and employed in robotics for over 25

years [81, 25, 41] because of the potentially simple ensuing control laws, their relevance

to human cognitive mapping, and their simplicity. At the core of many approaches to

extracting topological representations from real environments is the calculation of points

that are locally maximally distant from, sensed obstacles, yielding the medial axis. Such

topological structures result in safe areas where robots can navigate without collisions.

Indoor environments with long corridors, like those found in malls and office buildings

and underground mines, are ideal candidates for using a topological representation.

The major weakness of traditional skeletonization algorithms is that they suffer from

high sensitivity to noise (perturbations of the boundary data). A small perturbation in the

sensed data can drastically change the skeleton structure and its abstraction. This has led to
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4.1 Introduction

Figure 4.1: The experimental platform used, a Turtlebot 2, with a Hokuyo laser range
finder.

several different results on the stability of medial axis, including approaches which try to

remove those skeletal branches that are likely to be generated due to boundary [27, 2, 26].

In the present work, we opt for AOF skeletons because they yield a rather direct and robust

manner for finding skeletal points since the computation of AOF involves integrals rather

than derivatives (see Figure 4.2). Here skeletal points are associated with locations where

the average outward flux of the gradient of the Euclidean distance function through a

shrinking circular neighborhood is non-zero. We shall later deal with changes to the topo-

logical structure of the skeleton due to boundary noise not by altering the representation

itself, but by using a matching algorithm that employs spectral signatures.

The appeal of topological representations for mapping, exploration and human-robot

interaction has been noted by several authors who suggested they be used directly, com-

puted from 2D data [81, 25]. The Voronoi diagram, a classic structure in computational

geometry that has appeared in many fields, and the Generalized Voronoi Graph (GVG)

have been exploited in robotics as a mechanism for computing topological maps [29, 31].
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4.1 Introduction

Figure 4.2: An illustration of the Euclidean distance function gradient vector field 9q for
a sample environment where the black regions represent obstacles. Computation of AOF
which is based on the integral of the Euclidean distance function gradient vector field 9q
provides a stable skeleton computation (see Section 2.1).

Pure topological results have been studied in [40, 41, 42] for mapping a graph-like world

with minimal sensor input. More recent work includes [152] on exploration strategies on

a graph-like world.

The full employment of the GVG in a SLAM framework was proposed in [30], and

extended for use in a hybrid metric/topological maps in [143, 88]. Tully et al. [145] rec-

ommend a hypothesis tree method for loop-closure where the branches that are considered

to be unlikely based on topological and metric GVG information are pruned. Among the

pruning tests, it is worth mentioning the planarity test which ensures that when a loop-clo-

sure has been decided, the resulting GVG graph remains planar. The utility of this test has

been examined extensively in [125]. The purely topological variant of these approaches

had been previously examined in [42].

Kuipers et al. [82] recommend the use of a framework, termed a hybrid spatial se-

mantic hierarchy, where the incremental construction of topological large-scale maps is
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4.2 Mapping Environments using Average Outward Flux Skeletons

employed in conjunction with metric SLAM methods for the creation of maps of small-

scale. No use of a global frame of reference is made and a multi-hypothesis approach is

used to represent potential loop-closures.

4.2 Mapping Environments using Average Outward Flux

Skeletons

Our system takes laser scanned data from a 2D laser line scanner and generates an ab-

straction of the scanned environment. This is done through a number of modules: GMap-

ping/binarization, average outward flux skeleton computation, pruning and simplification,

and path planning for further exploration; see Figure 4.3. These modules are executed in

a serial pipeline where the output of each module is the input to the next module.

A. GMapping /

Figure 4.3: System overview. The system consists of four independently running mod-
ules along with a robot which is exploring the environment. Each of these modules is a
component of a feedback chain system.
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4.2 Mapping Environments using Average Outward Flux Skeletons

4.2.1 GMapping and Binarization

The system first receives 2D laser scan data in a format where each scan is a single line

containing range measurements. These laser scan data serve as input to the GMapping

module. GMapping is one of the most used laser-based SLAM algorithms [61]. It takes

raw laser scan range data and odometry and produces gridmaps of the considered environ-

ment, where each gridmap is a probability distribution of cells (regions) being covered by

the laser scan. The algorithm uses a highly efficient Rao-Blackwellized particle filter in

which each particle has an individual map of the environment. The generated gridmap at

the end of this stage is an intensity image where higher intensities show higher probabili-

ties of being covered by the laser scanner (white regions), grey cells with lower intensities

representing points which have not been covered yet by the robot, and where black cells

usually represent walls where the range scanner has faced a physical obstacle. Figure

4.4(b) shows an example of a gridmap obtained after a certain amount of scanning.

Gridmaps must be binarized before they can be fed as input to our average outward

flux-based skeletonization algorithm. To do this we apply the following sequence of steps:

a) all pixels on gridmaps that are not scanned (gray regions) are set to background regions.

Pixels that have a high probability of being obstacles (e.g. walls - black pixels) are stored

as the foreground regions. b) Gaussian blurring is applied to smooth the structure that

remains. c) The resulting image is then thresholded to give a binary one. d) The contours

of all foreground regions in this image are extracted and sorted according to their area;

regions having very small area are considered outliers. During this process, we keep track

of the transformation needed to translate the final output to world coordinates. The second
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4.2 Mapping Environments using Average Outward Flux Skeletons

row in Figure 4.4 depicts a binarized version of the grid map in the top row.

(a) (b)

(c) (d)
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Figure 4.4: (a): An example map on an environment (b): The grid map of the environment.
(c): the binarization of the grid map in the top row. (d): the full skeletonization process
applied to the binarization of the environment. Although, the skeleton is very smooth,
there are still branches that can be removed without altering its topology. (e): the skeleton
in (d) is pruned and simplified in a way that makes robot navigation safe. Safe navigation
means that robot does not go to an endpoint that is too close to a wall or an obstacle. (f):
the topological map resulting from the abstraction in row four. Here, nodes are branch
points or end points in the skeleton that are not removed by our pruning approach.

4.2.2 Pruning the Skeleton

As illustrated in Figure 4.4 (third row), the skeletonization process yields some branches

that can be pruned without altering the topology of the skeleton. To prune such branches

with the goal of topological mapping, we suggest a fairly simple but effective algorithm
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4.2 Mapping Environments using Average Outward Flux Skeletons

Algorithm 4 Pruning Algorithm
1: procedure ITERATIVE_PRUNING(Skeleton S, BinaryImage I)
2: list: source_nodeÐH

3: sizeÐ S.nodes.SIZE

4: for @ EndPoint E P S do
5: if IS_FEASIBLE(S,E) == false then
6: S.nodes.REMOVE_END_POINT(E)
7: end if
8: end for
9: if S.nodes.SIZE ““ size then Ź No reduction has been made

10: return
11: end if
12: ITERATIVE_PRUNING(S,I)
13: end procedure
14:
15: procedure IS_FEASIBLE(EndPoint E, BinaryImage I)
16: T Ð EmptyImage
17: τ Ð a particular safety distance value for the robot
18: τ 1 Ð a particular threshold on the area coverage
19: for @ ContourPoint P P I do
20: if !P .IS_OBSTACLE & E.DISTANCE_TO(P ) ă τ then
21: T.ADD_POINT(P )
22: end if
23: end for
24: C Ð T.GET_ALL_CONTOURS

25: for @ c P C do
26: if c.AREA ą τ 1 then
27: return true
28: end if
29: end for
30: return false
31: end procedure

where the robot explores unseen regions and avoids getting too close to obstacles. Algo-

rithm 4 summarizes this process which works as follows: it looks for all branches that

have one branch point connected to an endpoint. If that endpoint is surrounded by walls
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4.3 Path Planning

of obstacles then there is no possibility for further exploration in that direction. In such a

case, the branch connecting the branch point to the endpoint is removed and the skeleton

is simplified.

4.3 Path Planning

Figure 4.5: The environment has been partially explored and the robot now selects an edge
(green) leading into unexplored space. The Pacman shape represents the current position
and direction of the heading of the exploring robot.

The last step of this process is to guide the robot through the environment to explore

new territory. As we showed in subsection 4.2.2, at each time, there is a partial abstraction

of the environment generated by utilizing the GMapping package, discretizing the output

map of GMapping, and then extracting the AOF skeleton. These steps produce an up to

date topological map of the environment at each time step. The system keeps track of the

visited nodes in a list. This enables the system to explore novel territory for its next move.

As mentioned before, at each time step the robot moves from one of the visited nodes

to a frontier node; the new nodes traversed on-route to the frontier node are added to the

list of visited nodes. Each connecting edge is weighted by the length of the path through

the skeleton. This weighting strategy results in a selection of good candidates for future

exploration. In the algorithm, the nearest frontier node to the current node is selected. To
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Figure 4.6: The exploring robot situated at one of the corridors of the McConnell En-
gineering Building at McGill University. This image is taken at the junction next to the
triangular obstacle in the center of the map; see Figure 4.4.

find the nearest node, we use the Bellman Ford algorithm [7] which computes shortest

paths from a single node to all of the other nodes in a weighted directed graph; see Figure

4.5.

4.4 Environment Mapping Experiments

Several experiments were performed, both in simulation and with a real robot. The pro-

posed methodology was implemented under the ROS framework1.

4.4.1 Experiments with a Real Robot

During the non-simulation experiments the Turtlebot 2 platform was used with a Hokuyo

laser range finder; see Figure 4.6. The laser sensor has a range of 30 meters and has a 270˝

field of view, returning a dense cloud of 1080 coplanar points.

1http://www.ros.org/

91



4.4 Environment Mapping Experiments

Figure 4.7 presents the proposed algorithm in action using the Turtlebot 2 robot within

the corridors of a floor in the McConnell Engineering building of McGill University. We

emphasize that the scale of the map changes as the explored environment grows. The robot

starts with a very limited view of the environment and the resulting skeleton is a simple

curve, the concave part results from the limited field of view of the laser sensor; see Figure

4.7a. The robot identifies one side as a dead-end and proceeds down the corridor; see

Figure 4.7b, until it detects a junction; see Figure 4.7c where the robot decides to follow

the right side. Figure 4.7d shows the robot closing a loop, and then continuing down the

corridor selecting the left edge, based on proximity; see Figure 4.7e. Finally Figure 4.7f

presents the completed map of the environment.

4.4.2 Experiments with a Simulator

During the simulated experiments, the Stage simulator was used with a different environ-

ment, the cave world, as illustrated in Figure 4.8. The robot started at the middle of the

environment, and created a skeleton based on the current information it had (Figure 4.8a);

after moving to the nearest frontier node, more of the environment became visible and

the topological map was updated; see Figure 4.8b. The lower left obstacle was not fully

mapped, however, enough information was available to produce a loop. In Figure 4.8c the

robot proceeded to explore the top left corner and then continue the exploration toward

the branching nodes at the right side of the environment; see Figure 4.8d,e. Finally, the

robot finished with a complete topological map of the environment in Figure 4.8f. The

robot determines when the navigation through the environment is complete by checking

the list of all visited nodes and unexplored nodes on the skeleton.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.7: Six snapshots from an exploration in the corridors of the McConnell Engineer-
ing Building at McGill University’s buildings. The experiment was conducted using the
Turtlebot 2 robot. Similar to Figure 4.8, the green disk indicates the position of the robot
and the red line the selected trajectory. The blue disk indicates successful construction of
the skeleton-based map which shows when all the nodes in the topology map are visited.

4.5 Topology Matching

There are several scenarios which require the matching of two topological maps that are

extracted from the same environment in robotics, including map merging, place detection,

and map evaluation. One of the ways to evaluate the robustness of an autonomous envi-

ronment mapping algorithm is to start from different locations on the same environment

and then compare the topology maps with each other. If the resulting topology maps are
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(a) (b)

(c) (d)

(e) (f)

Figure 4.8: Six steps of the exploration algorithm, using the Stage cave simulated world,
are shown here. At each step, the robot’s position, the skeleton of the mapped environ-
ment, obstacles, and the future path is shown. The green disk represents the robot, and the
red path is where the robot will traverse next. (f) The pose of the robot is drawn in blue to
indicate that the robot has now fully explored the map.

not similar enough, the environment mapping algorithm needs to be revisited in terms

of stability of the representation. Sometimes, an instability in an autonomous algorithm,

like ours, can arise from an outside module that has been used in the system. In our case,
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our environment mapping algorithm can fail if the GMapping module fails. The question

of whether our algorithm can recover from these challenging situations then arises. To

analyze such failures cases, we evaluate how well areas from one map partially match

to areas of another map, i.e., how well the robot can know it has successfully visited an

explored area. For these cases, we develop a method that can match two topological maps

using the AOF skeleton of their environment, while permitting structural alterations due

to perturbations in the sensed boundary.

To design a matching algorithm for topology maps, we propose using the spectral cor-

respondence algorithm of Lombaert et al. [90], designed originally for the task of dense

vertex correspondence between two surface meshes. In their work, they present an ap-

proach to dense vertex-to-vertex correspondence that uses direct matching of features

defined on a surface, and then improve it by using spectral correspondence as a regular-

ization. Applications include finding correspondences between meshes undergoing non-

rigid transformations and articulated meshes. The algorithm can also be used for precise

and accurate correspondence in medical imaging. Representing a structure like a topol-

ogy map as a graph, a spectral correspondence algorithm tries to characterize that graph

via its spectrum, which is the set of eigenvalues and eigenvectors of either the adjacency

matrix or the closely related Laplacian matrix. We can think of different ways to represent

a matching task as a spectral correspondence process.

In the following, we will discuss how topology maps are arranged in the form of

graph representations and used for spectral correspondence. First, let us assume we have

two topology maps and nodes and their connectivities in these maps are represented in the
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form of a graph. Each skeletal point on the AOF skeleton can be represented by a 3-tuple

px, y, rq where px, yq represents the skeletal point location and r represents the radius of

the corresponding inscribed disk at that particular point. Assume that these two graphs are

G1 “ tV1, E1u and G2 “ tV2, E2u. Note that the correspondence algorithm of Lombaert

et al. [90] does not require that |V1| “ |V2| or |E1| “ |E2|. The mapping of environments

using the FOCUSR algorithm can be described via a four-stage process. What is different

here is that rather than choose as an input graph the nodes of a mesh representing the

boundary of a 2D or 3D surface, in the current context we shall use the graph based on

the AOF skeleton as an input.

1. Computing spectra: In our first configuration setup, a graph is made from the

topology map extracted from AOF skeletal points and the connectivity of the nodes

is based on whether the medial points are neighboring (in which case we place a

value of 1 in the corresponding entry in the adjacency matrix) or not (in which case

we place a value of 0 in the adjacency matrix). Having the graph, its adjacency ma-

trix is derived based on the connectivity of nodes in the topology map. In a discrete

version of the medial axis as a set of pixels on a grid, two nodes are neighbors if

they share either an edge or a corner point. Grady et al. [60] formulated the general

Laplacian operator as:

L “ G´1
pD ´W q, (4.1)

where W is a weighted adjacency matrix of the graph with affinity weights (see

[60]). We can consider different metrics for the weighted adjacency matrix W . In

our implementation, we have considered two different metrics for each entry of W ,

96
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wij: a) , wij “ 1
distpi,jq

, where this value is also multiplied by the connectivity link

value between nodes i and j (1 when they are neighbors and 0 when they are not),

and b)wij “ e
´distpi,jq2

2˚σ2 where like case a) we consider the connectivity link between

nodes also. In our first configuration, the distance between two nodes vi and vj is

computed as:

distpi, jq “ ‖ppi, γFiq ´ ppj, γFjq‖2 (4.2)

where pp, γF q is the concatenation of the 2D coordinate values p “ px, yqT with

the K feature values F “ pf p1q, ..., f pKqqT . γ is a K ˆ K diagonal matrix which

contains theK weights controlling the influence of each feature. When there is only

one feature, the matrix γ reduces to a single number. In our configuration, for every

medial point, we consider the radius of the maximal inscribed disk. This feature can

play a very important role in matching because thicker (wider) regions get a larger

weight in terms of their influence on the matching score. The degree matrix, D, is a

diagonal matrix, where Dii “ ΣjWij , andG can be any meaningful node weighting

matrix where nodes with significant features are more heavily favored in the match.

2. Reorder and align spectra: When spectra are computed, two situations are pos-

sible that make the direct comparison of spectral coordinates challenging. First,

computing eigenvectors may generate a sign ambiguity. Second, it is possible that

when eigenvectors are being computed for the same value in two maps they might

be computed in opposite orders due to the fact that the ordering of the lowest eigen-

vector may change. Lombaert et al. [90] suggest mitigating the effects of the flipping

problem by favoring three factors: 1) pairs of eigenvectors that are most likely to
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match based on the similarity between their eigenvalues 2) histograms 3) the spatial

distributions of their spectral coordinate value. The process of reordering is sped

up by downsampling all eigenvectors. In our experiments, since we are considering

points of a 2D medial axis in our configuration (which are far fewer in number than

the number of points on a typical 3D surface mesh) we can consider most of the

eigenvectors without worrying about the cost of reordering.

3. Find matches: After reordering and aligning the spectra, two points which are clos-

est in the embedded representations could be treated as corresponding points in both

topology maps. This is achieved by using the Coherent Point Drift (CPD) method

[100].

4.6 Experiments with Topology Mapping and Matching

For this project, historically, the initial implementation of the AOF skeleton code was

written in C and the stage simulator was used to test the autonomous navigation of the en-

vironment. These implementations were the basis of the results published in [116]. For the

topology matching extension, we used a different setup. First, a virtual machine with ROS

Hydro and Gazebo for the Robotics System ToolboxTM was installed on our system. This

allowed us to have a ROS Hydro Desktop installation, a Gazebo robot simulator 1.9.6,

and some sample Gazebo worlds for a simulated TurtleBot. This allowed us to connect to

the virtual machine through its network IP address. This turned out to be extremely useful

because we could implement all the other steps in Matlab (see Figure 4.9).

To be able to carry out experiments, we ran examples of simulated maps using Gazebo
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Figure 4.9: A screenshot of the virtual machine environment with the Gazebo simulator
installed.

and the Turtlebot robot. For each environment map, we made a launch file with a specific

map and a Turtlebot that has a laser scanner range finder installed on it.

Once the GMapping module was working, we carried out an online binarization of

images captured from the occupancy grid by writing code in Matlab. We first cropped

the occupancy grid map to the area that cells were occupied by values other than the

background. Then the image intensities were placed into three categories: 1) scanned

pixels 2) obstacles and walls, and 3) background. To lower the effect of the noise generated

by the laser scan and GMapping(e.g. sharp rays), Gaussian blurring with a dynamically

chosen smoothing scale was applied (see Figure 4.10). The occupancy grid image was

then thresholded to give us a binary image (see Figure 4.11).
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Figure 4.10: This figure shows two scans of a single environment where for each scan the
robot started from a different location. As it can be seen, the left example was deliberately
scanned carelessly just to test how robust the algorithm would be in such a circumstance.

Figure 4.11: These two images show the result of the binarization process for the occu-
pancy grids shown in Figure 4.10.

As illustrated in Figure 4.12, the skeletonization process produces branches that should

be pruned without altering the skeleton’s topology. To prune such branches with the goal
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Figure 4.12: This figure shows the result of the skeletonization process on the binary im-
ages computed in Figure 4.11. The skeletal points are shown in blue here. Branch points
are represented by red stars and endpoints are shown by yellow stars. The green disk in
each image shows the location where the robot has started the environment mapping. As
can be seen, it is not immediately obvious how these two different environment maps
could be aligned. To be able to compare these environments, one must work at an appro-
priate level of abstraction of the skeleton, which is in effect the capability that spectral
correspondence provides.

of topological mapping, we suggest a fairly simple but effective algorithm where the robot

explores unseen regions and avoids getting too close to obstacles. Algorithm 4 summa-

rizes this process.

4.6.1 FOCUSR Setup

To apply the FOCUSR algorithm, we used the MATLAB implementation for matching

surfaces introduced in [90]. This method matches the meshes of 3D surfaces. We re-

coded the package for 2D medial axes by devising 2D medial graphs as follows. We

consider G “ pV,Eq, where V represents all medial axis points and E represents their
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connectivity based on their original connectivity in the skeleton of the environment. Each

vertex of V is represented by a quadruple pi “ pxi, yi, ri, θiq, representing the position in

x-axis, the position in y-axis, the radius value at that point (which is the closest distance to

the boundary point), and the object angle respectively. Notice that θ represents the object

angle, which is expressed for the unit tangent in the direction of decreasing radius along

the medial branch curve.

4.6.2 Results and Discussion

We tested the implemented algorithm on two environment maps and we achieved promis-

ing results. The visualization shows results that are plausible, i.e., qualitatively similar

regions of the maps in terms of spatial layout and local width, seem to align (see Figure

4.13). In addition to the previous example, where the robot starts from 2 different loca-

Matched points 1
Matched points 2

Figure 4.13: This figure shows the correspondence map between two computed topology
graphs, based on their spectral correspondences, with corresponding points shown with
similar colors.

tions on the map (Figure 4.12), we tried other environments where the GMapping module
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partially fails in mapping the environment, resulting occupancy in grid maps that do match

exactly to the scenario where the environment is correctly sensed. To see if the maps gen-

erated from these situations can still be matched, we present the result of our topology

mapping for two additional environments in Figure 4.14. The results show qualitatively

plausible matches in terms of the correspondences found between branches of the main

(the widest) regions. One of these examples, the one to in Figure 4.14 (a), is considerably

more complex in terms of size and topology than the other examples considered in this

chapter.

(a) (b)

Figure 4.14: Same environments mapped differently matched against each other.

Although our algorithm provides some plausible examples of how two environments
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that are mapped differently can match to each other, we acknowledge that there exists

a challenge in evaluating this method quantitatively, and we provide some numbers that

put this to perspective. One potential way to quantify this matching is to look at the path

similarity between endpoints of the graphs computed from each environment. When cor-

respondences are found between two mapped environments, we can compare each path

that connects each two endpoints from one environment to their corresponding ones from

another environment. Let us assume we have two explored environments and their medial

axes are represented as G and G1, and the mapping function that maps the correspon-

dences between them is represented by T ppiq “ p1j , where pi P G and p1j P G
1. If we

let E “ te1, . . . , enu and E1 “ te11, . . . , e
1
mu represent the end points in G and G1 respec-

tively, we may then present the following distance measure between these environments

as:

dpG,G1q “

n
ř

i“1

n
ř

j“i`1

pdpppei, ejq, ppT peiq, T pejq

npn´ 1q
`

m
ř

i“1

m
ř

j“i`1

pdpppe1i, e
1
jq, ppT pe1iq, T pe1jq

mpm´ 1q

(4.3)

where, ppei, ejq represents the path between two endpoints ei and ej in the respective

graph (where those nodes belong to) and pdppath1, path2q represents an elastic matching

between two paths. To compute an elastic matching between two paths, we can use the

Optimal Subsequence Bijection method, first presented in [162], that accepts two finite

sequences of end nodes of skeletons and finds the best possible correspondences between
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them by using a cost function that measures how much those end to end points paths are

similar to each other.

4.7 Discussion

A new methodology for the exploration and mapping of an unknown 2D environment was

presented in this chapter. The algorithm belongs to the family of sensor-based topological

maps. It would be useful to carry out a comparison between the use of AOF skeletons,

and the use of Voronoi skeletons, as is popular in the literature on environment mapping

([55],[31], and [32]). Carrying out a detailed analysis is beyond the current scope of the

work reported here. But it is worth pointing out that the AOF skeletons demonstrate some

robustness to a degree of boundary perturbation, an issue that can plague topological rep-

resentations computed using traditional Voronoi approaches. Utilizing all the recorded

data up to the current step results in efficient loop closures and the elimination of the side

effects of noise. Experimental results from synthetic as well as live data from an exploring

robot demonstrated the efficiency and robustness of the proposed framework. In addition,

we proposed a novel spectral correspondence based matching algorithm between topol-

ogy maps of environments using AOF skeletons. Experiments show that our algorithm

produces promising results, in terms of finding correspondences between similar regions,

despite alterations to the graph structures themselves due to simulated sensor noise.

Future extensions of this work could consider the adaptation of the motion planning

technique to deploy on aerial vehicles, such as quadrotors, where the smoothness of the

trajectory would be of paramount importance.

105



Part III

Scene Categorization : Medial

Axis Based Measures
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5
Scene Categorization by Human Observers

The contents of this chapter are largely based on the article “Local contour

symmetry facilitates scene categorization” [159] which grew out of a collabora-

tion with colleagues in the human and computer vision groups at the University

of Toronto. I was solely responsible for the average outward flux-based medial

axes, scores, and algorithms for scene symmetry. In addition, I was primar-

ily responsible for the preparation of the splits and contributed to the analysis

along with many other aspects of this research project. This work was carried

out under the academic supervision of Prof. Siddiqi.

People are able to rapidly categorize briefly flashed images of real-world environ-

ments, even when they are reduced to line drawings. This setting allows for the study of

time-limited perceptual grouping processes in the human visual system that are applicable
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to line drawings. Previous work [158] showed that standard local features of individual

contours, or junctions between contours, do not account for this rapid classification abil-

ity but, rather, the relative placement of these contours appeared to be important. Here we

provide strong support for this observation by demonstrating that local ribbon symmetry

between neighboring pairs of contours facilitates the categorization of complex real-world

environments. To this end, we introduce a novel computational approach, based on the me-

dial axis transform, for measuring the degree of local ribbon symmetry in a line drawing.

We use this measure to separate the contour pixels for a given scene into the most ribbon

symmetric half and the least ribbon symmetric half. We then show human observers the

resulting half-images in a rapid-categorization experiment. Our results demonstrate that

local ribbon symmetry facilitates the categorization of complex real-world environments.

This is the first study of the role of local symmetry in inter-contour grouping for human

scene classification. We conclude that local ribbon symmetry appears to play an important

role in jump-starting the grouping of image content into meaningful units, even in flashed

presentations.

5.1 Introduction

Gestalt grouping rules, such as good continuation, symmetry, or similarity, were proposed

as a qualitative account for how edge segments or shape parts are grouped into larger

structures [77, 154, 79, 78]. However, there is so far no mechanistic, quantitative model of

how Gestalt rules are implemented and used to facilitate the visual perception of complex

real-world scenes.
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Following its postulation as one of the Gestalt laws of perceptual organization, sym-

metry has been investigated as a grouping principle in both human and computer vision

[78, 69, 147, 51, 140, 89, 149, 109]. We define symmetry as a redundancy in the shape of

an object or its projection onto the image plane due to a similarity between sub-pieces of

a larger part. In the context of an image, this can include mirror-symmetry, where part of

the image is reflected across an axis, rotational symmetry, where a section of the image

is a copy of another section but at a different orientation, as well as translational symme-

try, where a section of an image is a translated copy of another section. These forms of

symmetry can either apply to part of an image (local symmetries) or to the entire image

(global symmetry). Local symmetries do not need to apply to an entire object. In fact, a

single part of an object may be locally symmetric. For example, consider a building with

Greek columns. If the building is viewed from an oblique angle, the projection of the

building onto the image plane does not necessarily result in a symmetric image. However,

the projection of a single pillar in this view may still be locally symmetric.

We can consider many different types of local symmetry. Medial symmetry applies to

those types of local symmetry that are the result of a reflection across a curved axis. This

is a type of mirror-symmetry on a local scale. The medial axis transform provides a way

to capture medial symmetry [18]. The intuitive idea behind medial symmetry is that the

boundary of a shape can be formed by sweeping a disk along a suitable path (the medial

axis).1 As a special case of medial symmetry, ribbon symmetry occurs when the radii of

the medial disks remain constant along the axis. Parallel lines are one example of ribbon

1A closely related representation in 3-D is Binford’s generalized cylinder which sweeps a 2-D cross-
section along a 3-D space curve [13].
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symmetry. Another example is a river of constant width, which winds through a field. In

this chapter, we restrict our consideration to ribbon symmetry.

Since first theorized as a grouping principle by the Gestalt psychologists, there has

been a long history of research on symmetry (global symmetry) and its influence on hu-

man vision (for reviews, see [148] and [149]). In addition to global symmetry, local sym-

metry influences several aspects of human vision [96, 80, 21, 51, 24, 85, 54]. Machilsen

et al. [93] showed that mirror-symmetric shapes are easier to detect than asymmetric

shapes when embedded in a noise field. Wilder et al. [157] showed that medial symme-

try also plays a role in object detection, where shapes with a simpler medial axis structure

were more easily detected. The medial axis also helps explain human shape categorization

[156]. This work is important for the current study as it demonstrates that symmetry has

an influence on visual processing both prior to object detection and post-detection dur-

ing classification. As images of real-world scenes are rarely globally symmetric, we will

focus on local symmetry in the current study. Specifically, we will base our approach on

the medial axis. While some previous work computes medial axes only on closed object

silhouettes, we here apply our consideration of local symmetry beyond individual objects

through a computational approach which is applicable to entire scenes.

Rapid scene perception does not require color photographs; observers can rapidly clas-

sify line drawings of real-world scenes [12, 150]. Furthermore, recent work demonstrates

that scene content is carried primarily in the high spatial frequencies [9]. In fact, the

high-pass images used in the latter study closely resemble line drawings. Additionally,

Walther et al. [151] found that photographs and line drawings result in similar neural pat-
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terns, showing that the underlying category-specific representations are similar. Thus, we

choose to use line drawings, without fear of loss of generality of our results, in order to

allow us to study the influence of shape alone, without the confounds introduced by color

and texture.

Various properties of the contours that are preserved in line drawings have been as-

sessed for their role in scene perception. In a recent study, using an experimental design

similar to the present study, the role of contour junctions in rapid scene classification was

directly tested [158]. The results showed that scenes from which the junctions were re-

moved were more easily classified than scenes form which the middle sections, between

junctions, were removed. The local relationships between elongated sections play at least

as important of a role in scene perception, as opposed to the intersection between con-

tours, hinting at the importance of local symmetry relationships. Since symmetry was not

directly measured or manipulated in [158], conclusions about its importance for scene

classification were not able to be drawn. Here we explicitly measure local ribbon symme-

try in complex, real-world scenes and test for its importance for scene categorization.

We measure local ribbon symmetry by extracting the symmetric axes from line draw-

ings of entire real-world scenes. Symmetric axis representations are often defined mainly

for individual object silhouettes [18, 136, for example]. Here we apply the concept of a

symmetric axis to entire scenes. We use the symmetric axis to assign a symmetry score to

each contour pixel in an image. We then split the image into two halves, one containing

the high-symmetry half and the other containing the low-symmetry half of the pixels. The

two half-images have no contour pixels in common and, when combined, result in the
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original, intact line drawing. We use both versions, along with the intact line drawings,

in a categorization experiment. If symmetry is indeed a strong cue for scene process-

ing, then the symmetric half-images should be more easily classified than the asymmetric

half-images.

5.2 Methods

5.2.1 Scoring Symmetry

In order to measure the degree of ribbon symmetry present along individual contours in a

line drawing of a scene, we have devised a measure of symmetry-based upon AOF skele-

tons (see Section 2.1). The method described in the present section is the first measure

used in our work to characterize ribbon symmetry using medial axes. Later, in Chapter 6,

we shall introduce other ratio-based medial axis measures for describing contour ribbon

symmetry, taper symmetry and local contour separation.

To begin, we explain how the AOF Skeletonization approach is applied in our pipeline.

Our illustrative example is based upon the line drawing in Figure 5.1 (top right). We

consider the line drawing of a scene as a binary image with contour (black) pixels and

non-contour (white) pixels. Each region inscribed by a subset of line drawings segments

and/or the boundary of the image is considered an input shape for our AOF skeletonization

approach. As discussed in Chapter 2.1, each non-contour point in the scene is assigned its

Euclidean distance to the closest contour point (see Figure 5.1 (c), here, color represents

the distance to the nearest contour: blue is a small distance, and red is a large distance), and
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(a) (b)

(c) (d)

A. B.

C. D.

E. F.

(e) (f)

Figure 5.1: A photograph of an office scene (a), along with its artist-traced line drawing
(b), outward distance transform (v), average outward flux (AOF) map (d), flux skeletons
(e), and symmetry score at each contour pixel (f).
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once we have the Euclidean distance function, we compute its gradient, and the outward

flux of the gradient, through a shrinking disk placed at each non-contour point normalized

by the perimeter of the disk. By thresholding the AOF (see Figure 5.1 (d)) at each point, a

set of skeletal branches for each region in the image is obtained (see Figure 5.1(e), here,

the color simply denotes skeletons for different closed regions).

The next step is to assign a score of symmetry to each point on the line drawing. This

is done by first scoring points on the medial axes, and then transferring these scores to

the contour pixels. A medial axis point is given a symmetry score related to the degree

of local parallelism between the contours on either side of the medial point. The specific

score we use is equal to the fraction of medial points in a local neighborhood for which

the derivative of the radius function is below a set threshold. This process is illustrated for

the medial point m shown in Figure 5.2, where neighboring medial points are illustrated

with lightly shaded circles. The radii of these circles are a slowly varying function of the

position along this medial branch and therefore (depending on the threshold used for the

derivative) we might expect m to have a high symmetry score.

Once the scores have been computed for all medial axis points, we then map these

scores to points on the boundary contours by noting that each point on the boundary is

associated with two skeletal points, one on each side of the contour. This is illustrated at

the boundary point p in Figure 5.2, which is associated with the two medial axis points m,

and n on either side (that is, the boundary point p provides an active constraint on the size

of the disks centered on the medial axis points m and n). The score at p is then defined to

be the maximum of the scores at the two associated medial axis points m and n. Taking
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the maximum makes intuitive sense because the boundaries belonging to an object are

non-accidentally related and are more likely to be in a ribbon symmetric relationship than

are the boundaries of that object with other structures. An object boundary and a bound-

ary in the background (or the boundary of a different object) are only parallel if they are

accidentally aligned. In our example, we would expect the score at m to be larger than the

score at n, since the radius function at n is changing more rapidly, and this process would

assign the symmetry score at m to the boundary point p. This provides a measure of the

local parallelism of the boundary in the neighborhood of p with neighboring boundary

points on one or the other side of that contour fragment (see Figure 5.1 (f), here, blue rep-

resents a weaker symmetry score and red represents a stronger symmetry score). Note that

pairs of long smooth parallel contours, such as down the side of the chair, receive a large

symmetry score. Non-parallel regions receive low scores. Square regions also receive low

scores, because the medial axis is influenced by all four sides of the region, not just two

parallel sides. This procedure is detailed in Algorithms 5 and 6.

Algorithm 5 Scoring Skeletal Points
1: procedure SYMMETRYSCOREFORSKELETALPOINT(Skeletal Point m)
2: Consider a window of 2K ` 1 skeletal points centered at m.
3: Let us assume these 2K ` 1 points are m´K , ....,mK , where m0 “m
4: rpmiq Ð the radius value of the maximal inscribed disk centered at mi

5: τ Ð a particular marginal threshold
6: Assign the score of symmetry as:

7: Spmq “
#tmi|@i“t´K,...,K´1u where |rpmiq´rpmi`1q|

maxprpmiq,rpmi`1qq
ă“τu

2K

8: return Spmq
9: end procedure
Ź Intuitively, Spmq represents the fraction differences between of adjacent disk radii
that are small, i.e., their boundaries on either side are close to parallel.
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p

n

m

(a) (b)

Figure 5.2: (a) Using a portion of the office scene in Figure 1, around the back of the
chair, (b) we illustrate the manner in which a contour point p is given a symmetry rating.
The boundary point is associated with two skeletal points on either side, m and n. In
the vicinity of each such skeletal point, the variation of the radius function is used to
assign a symmetry score, as described in Algorithm 5. The grey circles depict the maximal
inscribed disks along with the interval under consideration around m. The point p receives
the larger of its two symmetry scores.

Having designed a method for scoring symmetry of line drawings, we can apply it to

our database of lines drawings. The line drawings we used were first described in [151].

Each line drawing was obtained by having a photograph traced by an artist, who was given

the instruction:

For every image, please annotate all important and salient lines, including

closed loops (e.g., the boundary of a monitor) and open lines (e.g., bound-
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Algorithm 6 Scoring Contour Points
1: procedure SYMMETRYSCOREFORALLLINEDRAWINGPOINTS

2: for each line drawing point p do
3: Find the centers of the inscribed disks that touch point p
4: Let us assume these centers are called m and n
5: Sppq “ maxpSpmq,Spnqq
6: return Sppq
7: end for
8: end procedure

Ź In the generic case two maximal disks touch point p, one disk from each side
of p, however there are cases in which more than two disks touch p. In those cases,
take the max score over all disks.

aries of a road). Our requirement is that, by looking only at the annotated

line drawings, a human observer can recognize the scene and salient objects

within the image.

We used 72 images from each of the six categories (beaches, forests, mountains, city

streets, highways, and offices). After scoring the symmetry in each image, we analyzed the

distribution of symmetry scores by category. For each category, the distribution is skewed

toward low-symmetry pixels. Some categories (e.g., beaches) have relatively more low

symmetry scores than others (e.g., mountains), which have few low symmetry scores. Cat-

egory differences are most easily apparent in the distributions of mean symmetry scores,

see Figure 5.3. Here, we compute the average symmetry score for an image and record the

distributions of averages for each category. These distributions reveal that the symmetry

ratings do differ by category, and thus the symmetry values could be potentially used in

the categorization of a scene. Cities and offices have the lowest average mean symmetry

score (0.0725 and 0.102). Next are forests, with an average of 0.129. Then, mountains and
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highways both have means of 0.141. Finally, beaches have the highest average symmetry

(0.166). This may seem surprising, given that we think of human-made buildings and ob-

jects to be symmetric, but recall that we are specifically measuring ribbon symmetry. Our

measure gives high scores to elongated regions. For example, in a beach scene, as waves

roll in they tend to create pairs of ribbon symmetric lines. Many objects in an office or

city, while symmetric in the real world, are not ribbon symmetric in a 2D image due to

perspective foreshortening.

5.2.2 Stimuli

Having established a new method for scoring ribbon symmetry, we selectively removed

either the most or the least symmetric contour pixels of line drawings of natural scenes.

The line drawings were the same drawings used in the study by Walther et al. [151], who

obtained them by having artists trace photographs. We either showed the original line

drawing (the intact condition), a line drawing with the most symmetric 50% of the contour

pixels retained (the symmetric condition), or a line drawing with the least symmetric 50%

of the contour pixels retained (the asymmetric condition). Example stimuli are shown in

Figure 5.4 and 5.5. If ribbon symmetry is influential in scene processing, then we should

expect performance to be better in the symmetric than the asymmetric condition.

5.2.3 Participants

Twenty-six undergraduate students in an introductory psychology course at the University

of Toronto (19 female, 7 male, mean age 18.3) participated in the experiment for course
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Figure 5.3: Distributions of average symmetry scores. Each distribution is composed of
the mean symmetry score for each of the 72 images in that category. The distributions
shown are fit using a log-normal distribution. The means are shown as the ’*’ symbol.
Two distributions, Mountain and Highway, overlap, which is why it may appear as if there
are only five distributions in the figure. To assess which distributions are different, we per-
formed two-sample Kolmogorov-Smirnoff tests on each pair, using Bonferroni correction
for multiple comparisons, resulting in an alpha level of 0.0033. Cities are significantly
different from all other distributions (all p ă 0.00001). Offices are significantly different
from all others (all p ă 0.001) except for forests (p “ 0.048). The remaining pairs are not
significantly different from one another (all p ą 0.07).

credit. Five participants’ data were excluded from the analysis due to floor performance.

The number of participants was chosen based upon a previous study with a similar stim-
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Figure 5.4: Examples for each natural scene category and condition. Rows denote cat-
egory (Beaches, Forests, and Mountains), and columns denote image condition (Intact,
Symmetric, Asymmetric). Note that for scenes with many contour pixels participating in
strong local symmetries (e.g., the forest scene in the second row above), even the least
symmetric 50% of the contour pixels can include pixels with relatively large symmetry
scores.

ulus set and design [150]. All participants gave written informed consent prior to the ex-

periment, and all procedures were approved by the University of Toronto Research Ethics

Board and adhere to the tenets of the Declaration of Helsinki.
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Figure 5.5: Examples for each man-made scene category and condition. Rows denote
category (Cities, Highways, and Offices), and columns denote image condition (Intact,
Symmetric, Asymmetric). Note that for scenes with many contour pixels participating in
strong local symmetries (e.g., the forest scene in the second row above), even the least
symmetric 50% of the contour pixels can include pixels with relatively large symmetry
scores.

5.2.4 Design and Procedure

Participants were seated approximately 57 cm away from the monitor. The head position

was not constrained. The experiment room was dark for the duration of the experiment.

The experiment had three phases: Training, Ramping, and Testing.
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On each trial, regardless of phase, participants were shown a line drawing of a scene.

They were asked to respond with the category of the scene. The key mapping was ran-

domized for each participant. At the start of each phase, participants were shown which

key was mapped to which category. The possible keys were s, d, f, j, k, and l. The map-

ping was identical in the three phases but was shown at the beginning of each phase as a

reminder.

Each trial started with the presentation of a scene image; the duration was depen-

dent upon the current phase (see below). Immediately following the scene, a perceptual

mask was displayed for 500 ms. The mask was a line drawing image composed of con-

tour segments which are randomly drawn from the pool of all contours, from all scenes,

from all categories. After the mask disappeared, the screen was blank until the participant

responded with a key-press. After the response, the next trial began.

The training phase lasted until the participant responded correctly in 17 of the last 18

trials or 72 trials in total, whichever came first. Scene images were presented for 233 ms.

On an incorrect trial, a low tone was played to provide feedback. All stimuli were intact

line drawings.

The ramping phase (54 trials) started with four trials of 200 ms, followed by a linear

decrease in stimulus duration from 200 ms to 33 ms. As in the training phase, participants

received feedback, and only intact line drawings were shown.

The testing phase lasted for 360 trials (20 line drawings per category ˆ 3 conditions

ˆ 6 categories). No feedback was given after the participant’s response. The stimulus

duration was fixed to 53 ms, which led to a performance of 70% for intact line drawings
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Figure 5.6: A schematic of the experiment. Stimuli (intact, symmetric, or asymmetric
versions of a line drawing) were presented for 53 ms, followed by a perceptual mask for
500 ms. A blank screen was displayed until the participant responded. A total of 360 trials
were presented in the testing phase.

in a pilot experiment with a different set of participants. This would result in some errors

in the intact case, which allows for a comparison of the error patterns between intact and

the other conditions. Each scene was only shown in one condition, and none of the test

scenes were used in the previous phases so that scenes were novel on each presentation.

Participants could pause between trials if they needed a break. A schematic of the test

phase of the experiment can be seen in Figure 5.6.
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5.3 Results

Participants most easily classified the intact line drawings (76.6 percent correct). Symmet-

ric scenes were classified at 60.9 percent correct, and asymmetric scenes were classified at

53.3 percent correct. All conditions were well above chance performance of 16.7 percent

(Figure 5.7 A). Removing any image content clearly hindered performance; performance

in the symmetric condition was significantly worse than in the intact condition (paired-

sample t-test, tp20q “ 13.80, p “ 1.10 ˆ 10´11). Categorization of the intact scenes was

also significantly better than asymmetric scenes (paired-sample t-test, tp20q “ 22.13, p “

1.56 ˆ 10´15). Crucially, the performance for symmetric scenes was significantly better

than for asymmetric scenes, even though both versions of the stimuli contained the same

number of contour pixels (paired-sample t-test, tp20q “ 6.21, p “ 4.56ˆ 10´6).

We further break down performance into the different categories (see the confusion

matrices in Figure 5.8). The row labels of the confusion matrix denote the ground-truth

response, and the column labels denote the response of the observers. Each cell shows the

proportion of observer responses for the given ground truth category, and each row sums

to 1. The diagonal elements are correct answers, and off-diagonal elements are errors. We

computed correlations between the off-diagonal elements of the confusion matrices (only

off-diagonal elements were used so that the overall proportion correct does not affect the

correlation). The confusion matrices do not show any obvious difference in the pattern

of errors in the different image conditions; all correlations between error patterns were

significant: intact vs symmetric (ρ “ 0.57, p ă 0.018), intact vs asymmetric (ρ “ 0.74,

p ă 1.0ˆ 10´5), and symmetric vs asymmetric (ρ “ 0.65, p ă 1.0ˆ 10´5).
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Comparing performance separately by category reveals variations in the performance

for symmetric and asymmetric images. Four of the six categories showed better perfor-

mance in the symmetric condition than in the asymmetric condition, leading to better

average performance across all conditions. For office scenes, for instance, participants

performed considerably better when seeing symmetric than asymmetric images (repeated-

measures t-test, tp20q “ 4.21, p “ 4.08ˆ 10´4). For mountain scenes, on the other hand,

performance is equal in the symmetric and asymmetric conditions (tp20q “ ´0.08, p “

0.93).

Presumably, this is due to different types of contour relationships present in the moun-

tain scenes than in other scenes where the symmetry effect is present. For example, some

objects tend to be symmetric, but very few are present in our mountain scenes. Addi-

tionally, symmetries between scene elements, such as the symmetry present between

neighboring tree trunks (in a forest) or between the windows in a building (in a city)

are not present in a mountain scene. Since mountain scenes lack these sorts of symme-

tries, removing symmetric contours leads to different distortions in mountain scenes than

for other categories. Highway scenes also showed a significant performance difference

(tp20q “ 4.28, p “ 3.6 ˆ 10´4). Forest scenes showed a large performance difference

between symmetric and asymmetric (tp20q “ 3.86, p “ 9.78 ˆ 10´4). Tree trunks, with

their high degree of ribbon symmetry, are prone to be distorted disproportionately when

symmetric content is removed, whereas the highly irregular foliage will be present, but

less recognizable, in the asymmetric images. Beach scenes also showed a modest effect

(tp20q “ 2.86, p “ 0.0097), slightly smaller than that present in human-made scenes.
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While there was a large effect in all human-made scenes, the direction of the effect

was reversed for city scenes, relative to the direction found for all other scene categories

(tp20q “ ´3.31, p “ 0.004). With build environments exhibiting a high degree of struc-

tural symmetry, smaller, isolated objects, such as people and cars, frequently show com-

parably weaker 2D ribbon symmetry than buildings, even though they are 3D symmetric.

As a result, such objects are almost entirely contained in the asymmetric image and maybe

a strong cue to scene category. Finally, the scale of symmetry we measure may not match

the scale of the symmetry that exists in a city. For example, neighboring contours may

not be object boundaries but instead boundaries of regions/parts inside a single object. We

will consider this in more detail when we discuss possible limitations of our symmetry

scoring method.

5.4 Discussion

What drives the large difference in performance between the ribbon symmetric and ribbon

asymmetric scenes? One possibility is that participants use local symmetry content as a

summary statistic, either computing a single symmetry summary score for each scene or

the entire distribution of symmetry content. Wilder et al. [158] demonstrated that contour

cotermination at junctions had a weaker influence on scene perception than what appeared

to be a longer-ranged relationship. Here we concretely measure and control parallelism in

the image, and we demonstrate that local ribbon symmetry does indeed influence scene

perception. Even though the symmetry measured here represents a relationship between

contours, once the symmetry is measured, this information could be ignored and only the
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Figure 5.7: Proportion correct for each image condition. The boxplots are centered at the
mean, with a line at the median. The box extends to the 25th and 75th percentiles. The
lines extending from the box show the extent of all the data points. Intact categorization
performance was better than either symmetric or asymmetric categorization performance
(p ă 0.001). Symmetric scenes were categorized more easily than asymmetric scenes
(p ă 0.001).

distribution of symmetry in the image used for classification. We believe this is unlikely.

The distributions for a given scene category are very different in the three different con-

ditions. Thus, participants would need to learn the distribution for each condition without

prior experience with these manipulations and in the absence of feedback. Moreover, a

participant’s visual system would need to know which condition they are seeing in order

to accurately use this information. If this were the case, we would expect different error
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Figure 5.8: Confusion matrices for the different conditions. Rows are the true category
labels, and the columns are the subject responses. Correct answers lie on the diagonal, so
a strong diagonal represents good performance.

patterns in the asymmetric condition (without strong symmetry content) than in either the

intact or symmetric conditions (with strong symmetry content), but the confusion matrices

show no obvious difference in error patterns (Figure 5.8). We hypothesize that the visual

system uses symmetry to jump-start the grouping of image information into meaningful

units. The performance was lower in the asymmetric condition because the process could

not be jump-started to the same extent, resulting in a poorer grouping.

Walther et al. [151] suggested that longer contours are more useful for scene classi-

fication. When selecting the most/least symmetric contour pixels we did not control the

length of contiguous sets of contour pixels. Thus, the average length of contiguous con-

tour segments is not necessarily equal in the two half-images. While this could play a role

in performance, we argue that it is not responsible for our large performance difference.

In order to estimate the length of each segment, we selected a set of connected black
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pixels and counted the number of pixels in that set. Figure 5.9 shows histograms of con-

tour length for the symmetric (turquoise) and asymmetric (red) images combined across

all categories. The average length is shorter in asymmetric than symmetric images. Note,

however, that the variance in contour length is larger for asymmetric images, as they

also tend to contain many of the longest contours. If, as Walther et al. [151] showed,

longest contours convey the most information about scene content, the asymmetric con-

dition should benefit, as these most informative contours live in the asymmetric images.

Thus, contour length does not appear to drive the behavioral difference between symmet-

ric and asymmetric images in our data.

Additionally, Walther et al. [151] only found a performance difference between long

and short contours when 75% of the pixels were removed. When they removed 50% of the

pixels, on the same line drawing used here, performance for the long and short contour

versions was statistically equal. Therefore, we should not expect a performance difference

here based on line length alone.

Previous work, where portions of contours were deleted, has argued that the impor-

tant contour pieces were junctions [11], or the straight portions between junctions [73].

Previous work in [158] found that for scenes, middle segments between junctions were

more useful for determining scene category than were junctions. The current study finds

that scene perception is aided by segments participating in a symmetry relationship with

another segment rather than by middle segments in general.

How does ribbon symmetry facilitate grouping image content into meaningful surface

or object parts? Most objects are not mirror-symmetric in the image plane, and many ob-
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Figure 5.9: Histogram showing the length of contours in the symmetric and asymmetric
images for all line-drawings in the data-set. Note that the x-axis is on a log scale.

jects that are locally symmetric will have low symmetry scores assigned to portions of

their boundary contours. As a consequence, pixels from a single object can be assigned to

different half-images, splitting the object into pieces. Additionally, some objects entirely

fall into the asymmetric image. Many objects that are 3D mirror-symmetric in the real

world are not 2D mirror-symmetric when projected onto the image plane. However, local

symmetry between the boundaries of a part of an object can persist, and we conjecture

that this property is used by the visual system to help group these image elements into

surfaces and objects. Symmetry has been the basis of many prominent parts-based repre-

sentations [11, 64], and symmetry has been shown to be involved in image segmentation

[93]. Symmetry may assist in perceptual grouping, as ribbon symmetry has been shown to

attract attention during scene viewing [35]. Our data suggest that when ribbon symmetric

contours are removed, the image is much harder to understand. We hypothesize this is
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because the observers are unable to segment the scene into meaningful objects and parts.

In the asymmetric image, the symmetric contour portions required for grouping contours

into objects and object parts are missing. Thus, scene categorization performance will

deteriorate, if it relies on object classification.

There are limitations to our results. Our symmetry score measures the extent to which

there is a constant distance between a pair of contours (i.e., ribbon symmetry). Consider

a rectangle; the contours along the main axis score highly, but due to the nature of the

medial axis, a lower score is assigned to the contours on the short sides. Additionally, our

score is based upon the medial axis, which captures the relationship between contours

that bound the same region in the scene, and will not capture the symmetry relationships

between contours separated by intervening contours. Comparing all possible symmetry

relationships between all contours in the image is intractable, but some consideration of

longer-range symmetries is worth pursuing.

We are not claiming that the visual system relies only on symmetry when rapidly

classifying a scene. Here we have only considered local ribbon symmetry in order to

understand its power in isolation. Other features, such as contour junctions, may also con-

tribute to scene categorization [150]. Combining these features with local symmetry and

other longer-range symmetry relationships could provide a more complete explanation of

human scene categorization.

Asymmetric images of cities were more easily categorized, which is the reverse effect

of the other categories. This demonstrates the aforementioned limitations and makes ap-

parent another. The city scenes in our data-set contain many windows, and the two longer
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edges of a window will appear in the symmetric image if and only if they are sufficiently

elongated; the opposing parallel sides are missed. Also, the scale of symmetry in our cur-

rent measure may not be optimal for a city scene. While the symmetry of a single-window

may be important, the symmetry between the sides of a single building is also important,

and our method does not look at symmetry relationships at larger spatial scales. In other

categories, such as forests, long-range symmetry may be less important, since the sym-

metric pairs tend to be the boundaries of single objects (i.e., tree trunks), which is one

reason why our manipulation resulted in much better performance for symmetric forest

scenes than asymmetric ones.

The non-accidental relation of symmetry was noted by the Gestalt psychologists al-

most a century ago [77, 154, 79] and reflects the ubiquity of symmetry in both our natural

and human-made world. Given this regularity, it was not surprising that symmetry be-

came a powerful basis for parts-based object representations in both human and computer

vision [18, 1, 106, 11]. Symmetry has been carefully studied for object recognition in

images containing single objects. Less attention has been paid to the role of symmetry

in the perception of complex scenes which contain many objects and surfaces. The com-

plexity of a cluttered scene has encouraged approaches that are global in nature, focusing

on global scenes statistics which, in turn, avoids the challenging problem of perceptual

grouping. This study represents the first attempt to study the role of a quantitative mea-

sure of local ribbon symmetry in the categorization of line drawings of complex, natural

scenes. We focused on the non-accidental property of symmetry, arguably the most pow-

erful form of perceptual grouping for relating elements at a distance, and we introduced

a novel scene statistic based on the medial axis. We demonstrated that in two subsets of
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a stimulus, each with the exact same number of black pixels, the subset with the stronger

symmetry leads to significantly better scene perception.

The obvious question raised by our findings is “why does symmetry offer an advantage

to scene perception?” Our hypothesis is that the importance of correct contour grouping

is even more critical in a cluttered scene, in which any given contour may be proximal to

many contours belonging to other objects. Under such conditions, where proximity leads

to highly ambiguous groupings, adding symmetry cues can reduce ambiguity and lead

to a better grouping of contours into surfaces that comprise object parts and, in turn, the

objects that make up a scene.

Our work shows that local ribbon symmetry is a key feature that allows for the rapid

analysis of complex real-world scenes. This finding lends further support to previous work

on the importance of local details of the structure of a scene for rapid scene perception

[151, 150, 28]. Incorporating principles of the perceptual organization originally proposed

by the Gestalt psychologists in a computationally rigorous way is a promising avenue

toward a more complete understanding of the computational processes that make vision

appear so natural and effortless.
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6
Medial Axis Based Salience Measures for

Scene Categorization

The contents of this chapter are largely based on the articles “Medial Axis

Based Contour Salience for Scene Categorization” [119] and “Gestalt-based

Contour Weights Improve Scene Categorization by CNNs" [120] which grew out

of a collaboration with colleagues in the human and computer vision groups at

the University of Toronto.

The computer vision community has witnessed recent advances in scene categoriza-

tion from images, with the state of the art systems now achieving impressive recognition

rates on challenging benchmarks. Such systems have been trained on photographs which

include color, texture and shading cues. The geometry of shapes and surfaces, as conveyed
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by scene contours, is not explicitly considered for this task. Remarkably, humans can

accurately recognize natural scenes from line drawings, which consist solely of contour-

based shape cues. Here we report the first computer vision study on scene categorization of

line drawings derived from popular databases including an artist scene database, MIT67,

and Places365. Specifically, we use off-the-shelf pre-trained Convolutional Neural Net-

works (CNNs) to perform scene classification given only contour information as input

and find performance levels well above chance. We also show that medial-axis based

contour saliency methods, such as those introduced in Chapter 5 of this thesis, can be

used to select more informative subsets of contour pixels and that the variation in CNN

classification performance on various choices for these subsets is qualitatively similar to

that observed in human performance. Moreover, when the salience measures are used to

weight the contours, we find that these weights boost our CNN performance above that

for unweighted contour input. That is, the medial axis based salience weights appear to

add useful information that is not available when CNNs are trained to use contours alone.

6.1 Introduction

Both biological and artificial vision systems are confronted with a potentially highly com-

plex assortment of visual features in real-world scenarios. The features need to be sorted

and grouped appropriately in order to support high-level visual reasoning, including the

recognition or categorization of objects or entire scenes. In fact, scene categorization can-

not be easily disentangled from the recognition of objects, since scene classes are often

defined by a collection of objects in context. A beach scene, for example, would typically
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contain umbrellas, beach chairs and people in bathing suits, all of whom are situated next

to a body of water. A street scene might have roads with cars, cyclists, and pedestrians as

well as buildings along the edge. How might computer vision systems tackle this problem

of organizing visual features to support scene categorization?

In human vision, perceptual organization is thought to be affected by a set of heuris-

tic grouping rules originating from Gestalt psychology [77]. Such rules posit that visual

elements ought to be grouped together if they are, for instance, similar in appearance, in

close proximity, or if they are symmetric or parallel to each other. Developed on an ad-

hoc, heuristic basis originally, these rules have been validated empirically, even though

their precise neural mechanisms remain elusive. Grouping cues, such as those based on

symmetry, are thought to aid in high-level visual tasks such as object detection because

symmetric contours are more likely to be caused by the projection of a symmetric object

than to occur accidentally. In the categorization of complex real-world scenes by human

observers, local contour symmetry does indeed provide a perceptual advantage [159], but

the connection to the recognition of individual objects is not as straightforward as it may

appear.

In computer vision, symmetry, proximity, good continuation, contour closure, and

other cues have been used as we showed in Chapter 5, for image segmentation, curve

inference, object recognition, object manipulation, and other tasks [96, 11, 45, 123]. In-

stantiations of such organizational principles have found their way into many computer

vision algorithms and have been the subject of regular workshops on the perceptual orga-

nization in artificial vision systems. However, perceptually motivated salience measures
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Photograph Line Drawing

AOF Medial Axes Reconstruction

Symmetry Salience Separation Salience

Figure 6.1: (Best viewed by zooming in on the PDF.) An illustration of our approach on
an example from a database of line drawings by artists of photographs of natural scenes.
The middle right panel shows the reconstruction of the artist-generated line drawing from
the AOF medial axes. The bottom panels present a hot colormap visualization of two of
our medial axis based contour salience measures.
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to facilitate scene categorization have received little attention thus far. This may be a

result of the ability of CNN-based systems to accomplish scene categorization on chal-

lenging databases, in the presence of sufficient training data, directly from pixel intensity

and color in photographs [128, 141, 66, 165]. CNNs begin by extracting simple features,

including oriented edges, which are then successively combined into more and more com-

plex features in a succession of convolution, nonlinear activation, and pooling operations.

The final levels of CNNs are typically fully connected, which enables learning of object

or scene categories [139, 4, 59, 115]. Unfortunately, present CNN architectures do not

explicitly allow for properties of object shape to be represented explicitly. This limitation

has been recognized and is the subject of some promising new work in the field [57, 56].

Human observers, in contrast, recognize an object’s shape as an inextricable aspect of its

properties, along with its category or identity [72].

Comparisons between CNNs and human and monkey neurophysiology appear to in-

dicate that CNNs replicate the entire visual hierarchy [62, 22]. Does this mean that the

problem of perceptual organization is now irrelevant for computer vision? In the present

chapter, we argue that this is not the case. Rather, we show that CNN-based scene catego-

rization systems, just like human observers, can benefit from explicitly computed contour

measures derived from Gestalt grouping cues. We here demonstrate the computation of

these measures as well as their power to aid in the categorization of complex real-world

scenes.

To effect our study, with its focus on the geometry of scene contours, as in other chap-

ters in this thesis we use the medial axis transform (MAT) as a representation. We apply
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the same algorithm for computing the medial axis to analyze line drawings of scenes of

increasing complexity (see Section 2.1), using average outward flux of the gradient of the

Euclidean distance function through shrinking circular disks [38]. With its explicit rep-

resentation of the regions between scene contours, the medial axis allows us to directly

capture salience measures related to local contour separation and local contour symme-

try. We introduce two novel measures of local symmetry using ratios of length functions

derived from the medial axis radius along with skeletal segments. Distinct from the ap-

proach in Chapter 5, these new measures have clearer geometric interpretations and have

the further advantage that they are essentially parameter-free. As ratios of commensurate

quantities, these are unitless measures, which are therefore invariant to image re-sizing.

We also introduce a measure of local contour separation. We describe methods of com-

puting our perceptually motivated salience measures from line drawings of photographs

of complex real-world scenes, covering databases of increasing complexity. Figure 6.1

presents an illustrative example of a photograph from an Artist Scenes database, along

with two of our medial axis based contour saliency maps. Observe how the ribbon sym-

metry based measure highlights the boundaries of highways similar to Figure 5.5, where

parallel contours in scenes are shown to facilitate categorization in scenes by humans.

Our experiments will show that scene contours weighted by these measures can boost

CNN-based scene categorization accuracy, despite the absence of color, texture and shad-

ing cues. Our work indicates that measures of contour grouping, that are simply functions

of the contours themselves, are beneficial for scene categorization by computers, yet that

they are not automatically extracted by state-of-the-art CNN-based scene recognition sys-

tems. The critical remaining question is whether this omission is due to the CNN archi-
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tecture being unable to model these weights or whether this has to do with the (relatively

standard) training regime. We leave this for further study.

6.2 Medial Axis Based Contour Saliency

Owing to the continuous mapping between the medial axis and scene contours, the medial

axis provides a convenient representation for designing and computing Gestalt contour

salience measures based on local contour separation and local symmetry. A measure to

reflect local contour separation can be designed using the radius function along the medial

axis since this gives the distance to the two nearest scene contours on either side. Local

parallelism between scene contours, or ribbon symmetry, can also be directly captured by

examining the degree to which the radius function along the medial axis between them

remains locally constant. Finally, if the taper is to be allowed between contours, as in

the case of a set of railway tracks extending to the horizon under perspective projection,

one can examine the degree to which the first derivative of the radius function is constant

along a skeletal segment. We introduce novel measures to capture local separation, ribbon

symmetry and taper, based on these ideas.

In the following we shall let p be a parameter that runs along a medial axis segment,

Cppq “ pxppq, yppqq be the coordinates of points along that segment, and rppq be the

medial axis radius at each point. We shall consider the interval p P rα, βs for a particular

medial segment. The arc length of that segment is given by

L “

ż β

α

||
BC

Bp
||dp “

ż β

α

px2
p ` y

2
pq

1
2dp. (6.1)
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6.2.1 Separation Salience

We now introduce a salience measure based on the local separation between two scene

contours associated with the same medial axis segment. Consider the interval p P rα, βs.

With rppq ą 1 in pixel units (because two scene contours cannot touch) we introduce the

following contour separation based salience measure:

SSeparation “ 1´
´

ż β

α

1

rppq
dp
¯

{pβ ´ αq. (6.2)

This quantity falls in the interval r0, 1s. The measure increases with increasing spatial

separation between the two contours. In other words, scene contours that exhibit further

(local) separation are more salient by this measure.

6.2.2 Ribbon Symmetry Salience

Now consider the curve Ψ “ pxppq, yppq, rppqq. Similar to Equation 6.1, the arc length of

Ψ is computed as:

LΨ “

ż β

α

||
BΨ

Bp
||dp “

ż β

α

px2
p ` y

2
p ` r

2
pq

1
2dp. (6.3)

When two scene contours are close to being parallel locally, rppq will vary slowly along

the medial segment. This motivates the following ribbon symmetry salience measure:

SRibbon “
L

LΨ

“

şβ

α
px2

p ` y
2
pq

1
2dp

şβ

α
px2

p ` y
2
p ` r

2
pq

1
2dp

. (6.4)
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This quantity also falls in the interval r0, 1s and is invariant to image scaling since the

integral involves a ratio of unitless quantities. The measure is designed to increase as the

scene contours on either side become more parallel, such as the two sides of a ribbon.

6.2.3 Taper Symmetry Salience

A notion that is closely related to that of ribbon symmetry is taper symmetry; two scene

contours are taper symmetric when the medial axis between them has a radius function

that is changing at a constant rate, such as the edges of two parallel contours in 3D when

viewed in perspective. To capture this notion of symmetry, we introduce a slight variation

where we consider a type of arc-length of a curve Ψ1 “ pxppq, yppq, drppq
dp
q. Specifically,

we introduce the following taper symmetry salience measure:

STaper “
L

LΨ1
“

şβ

α
px2

p ` y
2
pq

1
2dp

şβ

α
px2

p ` y
2
p ` prrppq

2q
1
2dp

. (6.5)

The bottom integral is not exactly an arc-length, due to the multiplication of rpp by the

factor r. This modification is necessary to make the overall ratio unitless. This quantity

also falls in the interval r0, 1s and is invariant to image scaling. The measure is designed

to increase as the scene contours on either side become more taper symmetric, as in the

shape of a funnel, or the sides of a railway track.

To gain an intuition behind these perceptually driven contour salience measures, we

provide three illustrative examples in Fig. 6.2. The measures are not computed point-wise,

but rather for a small interval rα, βs centered at each medial axis point (see Section 6.3.3

for details). When the contours are parallel, all three measures are constant along the
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Shape

Ribbon Salience

Taper Salience

Separation Salience

Figure 6.2: An illustration of ribbon symmetry salience, taper symmetry salience and
contour separation salience for three different contour configurations. See text for a dis-
cussion. These measures are all invariant to 2D similarity transforms of the input contours

medial axis (left column). The middle figure has high taper symmetry but lower ribbon

symmetry, with contour separation salience increasing from left to right. Finally, for the

dumbbell shape, all three measures vary (third column).
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6.3 Experiments and Results

6.3.1 Artist Generated Line Drawings

Artist Scenes Database: Color photographs of six categories of natural scenes (beaches,

city streets, forests, highways, mountains, and offices) were downloaded from the internet,

and those rated as the best exemplars of their respective categories by workers on Amazon

Mechanical Turk were selected. Line drawings of these photographs were generated by

trained artists at the Lotus Hill Research Institute [151]. Artists traced the most important

and salient lines in the photographs on a graphics tablet using a custom graphical user

interface. Contours were saved as successions of anchor points. For the experiments in the

present chapter, line drawings were rendered by connecting anchor points with straight

black lines on a white background at a resolution of 1024 ˆ 768 pixels. The resulting

database had 475 line drawings in total with 79-80 exemplars from each of 6 categories:

beaches, mountains, forests, highway scenes, city scenes, and office scenes.

6.3.2 Machine Generated Line Drawings

MIT67/Places365 Given the limited number of scene categories in the Artist Scenes

database, particularly for computer vision studies, we worked to extend our results to

the two popular but much larger scene databases of photographs - MIT67 [114] (6700 im-

ages, 67 categories) and Places365 [165] (1.8 million images, 365 categories). Producing

artist-generated line drawings on databases of this size was not feasible, so instead, we

came up with ways to generate such line drawings by computer.
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Initially, in our first set of experiments, we fine-tuned the output of the Dollar edge

detector [39], using the publicly available structured edge detection toolbox. From the

edge map and its associated edge strength, we produced a binarized version, using per

image adaptive thresholding. The binarized edge map was then processed to obtain con-

tour fragments of width 1 pixel. Each contour fragment was then spatially smoothed by

convolution of the coordinates of points along with it, using a Gaussian with σ “ 1, to

mitigate discretization artifacts. The same parameters were used to produce all the MIT67

and Places365 line drawings. We confirmed that on the artist’s line drawing database 90%

of the machine-generated contour pixels were in common with the artist’s line drawings.

Figure 6.5 shows several typical machine-generated line drawings from the MIT67 and

Places365 databases but weighted by our perceptual salience measures. CNN based scene

categorization results using Dollar’s edge detector have been reported in [119].

Later in the lifetime of this project, to obtain more accurate results, we migrated from

Dollar’s edge detection algorithm to another framework. This time, we modified the out-

put of the Logical/Linear edge detector [68], using their publicly available open-source

implementation. This approach is devised to recover image curves while preserving sin-

gularities and junctions. We briefly review the three kinds of image curves modeled in

[68]. Figure 6.4 presents a comparison of machine-generated and artist-generated line

drawings for an office scene from the Artist Scenes database.

Consider an image I : R2 Ñ R`, with P “ rα, βs and let C :p P P Ñ R2 represent

a smooth curve parameterized by arc length (see Figure 6.3). The normal cross section
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Tppq

NppqCpαq

Cppq

Cpβq

Figure 6.3: An image curve shown as C : p P P Ñ R2 with unit tangent vector Tppq, and
unit normal vector Nppq.

Npptq at the curve point Cppq is given by:

Npptq “ IpCppq ` tNppqqq, p P P, t P R. (6.6)

Using local structural conditions in the directions tangential and normal to the curve, the

following three image curve categories are suggested in [68]:

1. C is an Edge iff C is an image curve such that the following condition holds for all

p P P :

lim
tÑ0´

Npptq ą lim
tÑ0`

Npptq

2. C is a Positive Constrast Line iff C is an image curve such that the following con-

dition holds for all p P P :

lim
tÑ0´

N1
pptq ą 0 and lim

tÑ0`
N1

pptq ă 0

3. C is a Negative Constrast Line iff C is an image curve such that the following
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condition holds for all p P P :

lim
tÑ0´

N1
pptq ă 0 and lim

tÑ0`
N1

pptq ą 0

In [68] operators are designed to respond when any of the above conditions are met

locally in an image, and if so, either an edge or a line is reported. In our experiments

we focused on the case of edge points; from the output edge map and its associated edge

strength and edge directions, we produced a binarized version. Each binarized edge map

was processed and traced to obtain contour fragments having a width of 1 pixel.

6.3.3 Computing Contour Salience

Computing contour salience for each line drawing required a number of steps. First, each

connected region between scene contours was extracted. Second, we computed an AOF

map for each of these connected components, as explained in Chapter 2.1. For this we

used a disk of radius 1 pixel, with 60 discrete sample points on it, to estimate the AOF

integral. We used a threshold of τ “ 0.25 on the AOF map, which corresponds to an object

angle θ « 23 degrees, to extract skeletal points. A typical example appears in Figure 6.1

(middle left). The resulting AOF skeleton was then partitioned into medial curves between

branch points or between a branch point and an endpoint. We then computed a discrete

version of each of the three salience measures in Section 6.2, within an interval rα, βs of

length 2K`1, centered at each medial axis point, with K “ 5 pixels. Each scene contour

point was then assigned the maximum of the two salience values at the closest points on

the medial curves on either side of it, as illustrated in Figure 6.1 (bottom left and bottom
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Photograph Artist

Machine (Dollar) Machine (Logical/Linear)

Figure 6.4: (Best viewed by zooming in on the PDF.) A comparison between machine-
generated line drawings (Dollar [39] and Logical/Linear [68]) and one drawn by an artist,
for an office scene from the Artist Scenes database.

right).

6.3.4 Experiments on 50-50 Splits of Contour Scenes

Our first set of experiments is motivated by our earlier work that shows that human ob-

servers benefit from contour symmetry in scene recognition from contours [159], which
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Figure 6.5: (Best viewed by zooming in on the PDF.) Examples of original photographs
and the corresponding ribbon symmetry salience weighted, separation salience weighted
and taper symmetry salience weighted scene contours, using a hot colormap to show
increasing values. Whereas the Artist Scenes line drawings were produced by artists,
these MIT67 and Places365 line drawings were machine-generated using Dollar’s edge
detector[39]. 149



6.3 Experiments and Results

was presented in Chapter 5. Our goal is to examine whether a CNN-based system also

benefits from such perceptually motivated cues. Accordingly, we created splits of the top

50% and the bottom 50% of the contour pixels in each image of the Artist Scenes and

MIT67 data sets, using the three salience measures, ribbon symmetry, taper symmetry,

and local contour separation. An example of the original intact line drawing and each of

the three sets of splits is shown in Figure 6.6, for the highway scene from the Artist Scenes

dataset shown in Figure 6.1.

On the Artist Scenes dataset, human observers were tasked with determining to which

of six scene categories an exemplar belonged. The input was either the artist-generated

line drawing or the top or the bottom half of a split by one of the salience measures. Im-

ages were presented for only 58 ms and were followed by a perceptual mask, making the

task difficult for observers, who would otherwise perform near 100% correct. The results

with these short image presentation durations, shown in Figure 6.7 (top), demonstrate that

human performance is consistently better with the top (more salient) half of each split than

the bottom one, for each salience measure. The human performance is slightly boosted for

all conditions in the separation splits, for which a different subject pool was used.

Carrying out CNN-based recognition on the Artist Scenes and MIT67 line drawing

datasets presents the challenge that they are too small to train a large model, such as VGG-

16, from scratch. To the best of our knowledge, no CNN-based scene categorization work

has so far focused on line drawings of natural images. We, therefore, use CNNs that are

pre-trained on RGB photographs for our experiments.

For our experiments on the Artist and MIT67 datasets (using Dollar’s edge detector[39]
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Top 50% Bottom 50%

Figure 6.6: We consider the same highway scene as in Figure 6.1 (top left) and create splits
of the artist generated line drawings, each of which contains 50% of the original pixels,
based on ribbon symmetry (top row), taper symmetry (middle row) and local contour
separation (bottom row) based salience measures. In each row the more salient half of the
pixels is on the left.
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Figure 6.7: A comparison of human scene categorization performance (top row) with
CNN performance (middle and bottom rows). As with the human observer data, CNNs
perform better on the top 50% half of each split according to each salience measure, that
the bottom 50% half. In each plot chance level performance (1/6 for Artist Scenes and
1/67 for MIT67) is shown with a dashed line.

for machine-generated line drawings), we use the VGG16 convolutional layer network ar-

chitecture [137] with weights pre-trained on ImageNet. The last three layers of the VGG16

network used for fine-tuning are replaced with a fully connected layer, a softmax layer and

a classification layer, where the output label is one of the categories in each of our datasets.

The images are processed by this network and the final classification layer produces an

output vector in which the top-scoring index is selected as the prediction output. For the

Places365 dataset, which contains 1.8 million images, we used Resnet50 [63] with its

weights obtained by training on ImageNet, but rather than fine-tune the network, we used
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CNN Human
Ribbon Sym vs Asymm Ribbon Sym vs Asymm

tp4q “ 26.12 tp25q “ 7.86
p “ 1.3E´5 p “ 3.2E´8

Taper Sym vs Asym Taper Sym vs Asym
tp4q “ 12.39 tp25q “ 6.46
p “ 2.4E´4 p “ 9.2E´7

Separation Far vs Near Separation Far vs Near
tp4q “ 100.64 tp5q “ 5.2
p “ 5.85E´8 p “ 3.0E´3

Table 6.1: T-tests results for CNN and human categorization experiments.

the final fully connected layer output as a feature vector input to an SVM classifier. For

all experiments on the Artist Scenes, we use 5-fold cross-validation. Top-1 classification

accuracy is given, as a mean over the 5 folds, in Figure 6.7 (middle). The CNN-based

system mimics the trend we saw in human observers, namely that performance is con-

sistently better for the top 50% of each of the three splits. We interpret this as evidence

that all three Gestalt motivated salience measures are beneficial for scene categorization

in both computer and human vision.

For MIT67 we use the provided training/test splits and present the average results over

5 trials. The CNN-based categorization results are shown in Figure 6.7 (bottom row). It is

striking that even for this more challenging database, the CNN-based system still mimics

the trend we saw in human observers, i.e., that performance is better on the top 50% than

on the bottom 50% of each of the three splits and is well above chance. For both the CNN

and human categorization experiments, we run t-tests (see Table 6.1) which show that for

both the group differences are statistically significant.
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6.3.5 Experiments with Salience Weighted Contours

While we would expect that network performance would degrade when losing half the

input pixels, the splits also reveal a significant bias in favor of our salience measures to

support scene categorization. Can we exploit this bias to improve network performance

when given the intact contours? To address this question, we carry out a second experi-

ment where we explicitly encode salience measures for CNN by feeding different features

into the R, G, and B color channels of the pre-trained network. We do this by using, in ad-

dition to the contour image channel, additional channels with the same contours weighted

by our proposed salience measures, each of which is in the interval r0, 1s, as illustrated

in Figure 6.8. These contour salience images replace the standard three-channel (R, G, B)

inputs to the network. For all experiments, training is done on the feature maps generated

by the new feature-coded images.

R
G
B

conv
poolconvpool conv pool conv pool conv pool

FC FC

Softmax

Figure 6.8: (Best viewed by zooming in on the PDF.) A schematic view of the VGG16
architecture with salience weighted contours used as the 3 input channels (see Table 6.2
for the specific sets of input channels.

As mentioned earlier, we initially used Dollar’s edge detector output [39] and those

results are reported for the Artist Scenes dataset and for MIT67 in Table 6.2 in [119].
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Channels
Artist MIT67

VGG16 VGG16
Photos 98.95 64.87

Contours 90.53 42.80
Contours, Ribbon 93.49 45.24
Contours, Taper 94.71 43.66

Contours, Separation 93.91 43.89
Contours, Ribbon, Taper 95.02 45.36

Contours, Ribbon, Separation 95.89 48.61
Contours, Taper, Separation 96.23 47.18
Ribbon, Taper, Separation 94.38 44.82

Table 6.2: Top 1 level , on Artist Scenes and MIT67, with fine-tuning. TOP ROW: Re-
sults of the traditional R,G,B input configuration. OTHER ROWS: Combinations of intact
scene contours, and scene contours weighted by our salience measures. Here, the MIT67
machine generated line drawings are based on Dollar’s edge detection algorithm [39].

We then repeated those same set of experiments with our updated line drawings using

Logical/Linear operators [68] and this time, we used VGG16-H (pre-trained on both Im-

agenet and Places365 [165]) in addition to VGG16 (pre-trained on Imagenet). In all the

experiments the last two fully-connected layers of the pre-trained networks were fine-

tuned using our feature-coded inputs, i.e., training was done on the feature maps provided

by them. The results obtained using Logical/Linear operators of [68] for generating line

drawings for the Artist Scenes dataset and for MIT67 are shown in Table 6.3.

First, it is noticeable that the Logical/Linear edge detection framework gives better

results than Dollar’s edge detection algorithm, presumably because of the importance

of singularities and junctions for scene categorization. Second, it is apparent that with

these salience weighted contour channels added, there is a consistent boost to the results

obtained by using contours alone, independent of which machine-generated line drawing
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Channels
Artist MIT67

VGG16 VGG16-H VGG16 VGG16-H
Photos 98.20 99.62 64.87 79.49

Contours 91.23 92.50 46.92 60.73
Contours, Ribbon 93.46 94.16 48.55 61.10
Contours, Taper 93.10 95.06 49.84 63.32

Contours, Separation 94.63 96.56 49.61 62.54
Contours, Ribbon, Taper 94.85 96.61 51.32 62.96

Contours, Ribbon, Separation 95.42 98.40 53.21 64.25
Contours, Taper, Separation 96.82 97.93 54.17 65.79
Ribbon, Taper, Separation 95.74 95.96 52.52 63.48

Table 6.3: Top 1 level performance in a 3-channel configuration, on the Artist Scenes
and MIT67 databases, with fine-tuning. TOP ROW: Results of the traditional R,G,B input
configuration where the original photos are used. OTHER ROWS: Combinations of intact
scene contours, and scene contours weighted by our salience measures, where each letter
stands for a specific input channel. Here, the MIT67 machine generated line drawings are
based on the Logical/Linear edge detection framework [68].

algorithm is used. In all cases, the best performance boost comes from a combination of

contours, ribbon or taper symmetry salience, and separation salience. We believe this is

because taper between local contours as a perceptual salience measure is conceptually

very close to our ribbon salience measure. Local separation salience, on the other hand,

provides a more distinct and complementary perceptual cue for grouping.

For MIT67 the performance of 79.49% on photographs is consistent with that reported

in [165]. Remarkably, 75% of this level of performance (a level of 60.73%) is obtained

using only Logical/Linear line drawings. The overall performance goes up to 65.79% (or

82.8% of the performance on photographs) when using contours weighted by ribbon and

separation salience. For MIT67, we have also compared the performance (fine-tuned) Hy-
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brid1365_VGG on photographs (79.49% top-1) with photographs with contours, ribbon,

and separation salience weighted contours overlayed (82.05% top-1). Thus, perceptually

weighted contour features can boost overall performance as well.

Encouraged by the above results, we repeated the same experiment for the much more

challenging Places365 dataset, but this time using just a pre-trained network and a lin-

ear SVM. For this dataset chance recognition performance would be at 1/365 or 0.27%.

Our results using Dollar’s method for machine generated line drawings, are shown in

Table 6.4. Once again we see a clear and consistent trend of a benefit using salience

Channels Places365 (Res50)
Photos 33.04

Contours 8.02
Contours, Ribbon 9.18
Contours, Taper 11.73
Contours, Separ 10.53

Contours, Ribbon, Taper 12.05
Contours, Ribbon, Separ 14.23
Contours, Taper, Separ 11.77
Ribbon, Taper, Separ 12.64

Table 6.4: Top 1 performance in a 3-channel configuration on Places365, with an off-the-
shelf pre-trained network and a linear SVM (see text). The top row shows the results of
the traditional R,G,B input configuration, while the others show combinations of intact
scene contours and scene contours weighted by our salience measures. Here, the machine
generated line drawings are based on Dollar’s edge detection algorithm [39].

weighted contours as additional feature channels to the contours themselves, with the best

performance gain coming from the addition of ribbon symmetry salience and separation

salience. Finally, note that in the artist’s line drawings, MIT67 and Places365 databases,

the percentage of contour ink pixels over all the RGB pixels in the photographs, is only

157



6.4 Discussion

7.44%, 8.75% and 8.32%, on average.

6.4 Discussion

Our experiments show that scene contours weighted by perceptually motivated contour

salience measures can boost CNN-based scene categorization accuracy, despite the ab-

sence of color, texture and shading cues. Our work indicates that measures of contour

grouping, which are simply functions of the contours themselves, are beneficial for scene

categorization by computers, leading to recognition performance that is over 80% of the

best reported results on the underlying photographs. Whereas this shape information is

reflected in the images themselves, it does not appear to be directly learned by present

state-of-the-art CNN-based scene recognition systems. Adding shape information com-

puted via the medial axis outside of the CNNs improves scene categorization over the

current state of the art. The obtained by our approach are in line with recent work by

Geirhos et al. [57, 56], suggesting that using shape by CNNs for recognition/categoriza-

tion is a promising direction for future work.
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7
Conclusion

Artificial intelligence shows great promise in creating machines that can mimic human

performance in complex tasks involving the processing of visual information. This in-

cludes rapid access to visual information from impoverished input such as silhouettes of

3D objects or line drawings of real-world scenes. Unfortunately, much less work has been

done in the area of machine perception from such data. The current competitive methods

use deep learning strategies which are applied directly to pixel intensities, thus combin-

ing both appearance information (color, texture) with geometric information encoded in

the layout of contours. As such, they also require large amounts of data to train from -

typically databases which include thousands or millions of photographs.

This doctoral thesis has focused on contour-based visual features for object recogni-

tion, environment mapping, and scene categorization. My work has shown that the encod-

ing of contour geometry by adaptations of average outward flux-based skeletons, and the
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deployment of suitable algorithms, provides a promising way to address all three prob-

lems. With the recent advances in computer vision and machine learning, many classical

computer vision approaches are being abandoned by the robotics and vision community.

This thesis revisits a very powerful representational tool and provides strong evidence

of its applicability to unsolved problems, including view-based recognition. Further, it

has demonstrated the use of classical Gestalt grouping cues, including measures for local

symmetry or separation between contours, for boosting the performance of the present

state of the art deep learning strategies for recognition and categorization.

7.1 Contributions

In the course of my doctoral work, I contributed novel research ideas to three classes of

problems. A common theme in my approach to each class was the use of medial measures

and the development, optimization, and deployment of appropriate algorithms rooted in

AOF skeletons. The three classes of problems are summarized below.

View Based Object Recognition I addressed the problem of view-based 3D object

recognition, which requires a selection of model object views against which to match

a query view. Ideally, for this to be computationally efficient, such a selection should be

sparse. To this end, I introduced a measure for skeletal branch simplification based on the

uniqueness of a maximal inscribed disk to a skeletal branch. This relative area contribu-

tion measure is novel to the literature and is particularly simple to compute while being

effective. The monotonicity property of this measure, i.e., the fact that it increases mono-

tonically when moving away from a branch point, ensures that for each original skeletal
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branch, at most one skeletal segment is retained. It allows one to associate each retained

skeletal segment with the node of a graph, which we have dubbed the “Flux Graph”. I have

shown via experiments that the resulting representation is much less complex than earlier

approaches, such as shock graphs. I then developed a strategy to partition the view sphere

into regions within which the silhouette of a model object is qualitatively unchanged. This

was accomplished by using AOF skeletons and skeletal matching to compute the pairwise

similarity between two views. Broadly speaking, my research has shown the promise of

view sphere partitioning for 3D recognition from sparse views, by the hierarchical appli-

cation of a clustering algorithm on pairwise similarities computed between flux graphs.

2D Environment Mapping I have developed a novel online topological environment

mapping algorithm that is based on the AOF skeleton. The algorithm works autonomously,

i. e., the robot can automatically map the environment topologically at each time step and

decide where to go next for further exploration. This is achieved by mapping the scanned

environment as a map of nodes and edge paths (medial paths) using the AOF measure. The

medial representation used in this approach is resistant to the measurement and sensor per-

turbations that occur in the gridmaps that the GMapping module produces. I have tested

the algorithm both with real experiments using a Turtle Bot and with a stage simulator. I

then sought to improve the stability of the proposed environment mapping by proposing

a topological matching approach which can detect already visited environments, or map

the regions that are not correctly reconstructed by the GMapping module. Our topological

matching algorithm leverages the use of a spectral correspondence algorithm [90] that has

been previously used in mesh correspondence problems. The novelty of our approach is
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in the use of medial axis based radius information along with the medial segments them-

selves, in the distance measure that is used to compute the correspondences.

Contour Based Scene Categorization In my doctoral work, I have also developed AOF

based algorithms to measure and characterize the role of different local geometric proper-

ties of contours, including symmetry, parallelism, and proximity for scene categorization

and scene perception. The measures I have introduced have been used to separate the

contour pixels in a given scene into the more salient and the less salient halves. We have

demonstrated that human observers are better at categorizing scenes containing only the

more salient halves in a rapid-categorization psychophysical experiment. We have also

demonstrated that the use of Gestalt cues to weight contours according to their salience,

improve benefits scene categorization by CNNs. Our experiments show that scene con-

tours weighted by perceptually motivated contour salience measures can boost CNN-

based scene categorization accuracy, despite the absence of color, texture and shading

cues. I also show that the inclusion of medial-axis based contour salience weights leads

to a further boost in the recognition of real scene photographs. Whereas the shape infor-

mation is reflected in the images themselves, it does not appear to be directly learned by

present state-of-the-art CNN-based scene recognition systems. Adding shape information

computed on the medial axis outside of the CNNs improves scene categorization above

the current state of the art. To evaluate the methods I developed for contour-based scene

abstraction and categorization, I also significantly extended the contour databases pre-

viously used for bench-marking computer vision systems used for such tasks. Notably,

existing databases of line drawings contain hundreds or thousands of images. I generated
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a database containing millions of line drawings, created from photographs of complex

scenes in the Places dataset [114, 165] by using the Logical/Linear edge detection frame-

work of Iverson and Zucker [68]. My research has demonstrated the promise of percep-

tual organization principles from human vision in improving the capabilities of computer

vision-based scene categorization and recognition systems (see Section 6.3.5 from Chap-

ter 6).

7.2 Future Research Directions

There are many potential avenues for future work related to the ideas and results in this

thesis. A discussion of what I consider to be some of the most fruitful avenues for explo-

ration appears below.

3D object detection is a fundamental challenge for many modern artificial intelligence

systems such as automated driving, autonomous robot perception sensing, and intelligent

detection and surveillance systems. In work presented in this thesis, we provide an ap-

proach to pick candidate views intelligently for view-based recognition problems. Our

work suggests several fruitful directions for further research, having to do with the use

of precomputed view sphere partitions in online recognition scenarios. With the advances

that have been made in the production of vision sensors in recent years, recognition of real

3D objects seems more possible than ever. Using the algorithm presented in Chapter 3,

one could apply these ideas in a similar scenario to recognize 3D real-world objects from

their outlines. With the rich information contained in the silhouette of a 3D subject, en-

terprise systems that process large scale of information can take advantage of view-based
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recognition strategies to handle sparse views.

The approach to online topological mapping presented in Chapter 4 introduces a

unique opportunity for the robotics community to utilize our proof of concept ideas and

explore several different possibilities. In our work, we have shown that sensor-based en-

vironment mapping algorithms do not need to analyze large, complex data to guide a

robot in an unseen environment, albeit, the sensors have seen a lot of advances in recent

years and the amount of information that can be captured through these sensors is grow-

ing more than ever. Our autonomous algorithm is a robust mapping strategy that could

be easily utilized. Our algorithm can be applied through a variety of sensors without the

need to handle of complex visual features across the mapped environment. The framework

presented here can be tested for various types of environments/sensors. Investigating sce-

narios where the autonomous environment mapping should be executable with minimal

computational resources, could be another direction for our work. In addition, this work

can be extended to map 3D environments such as those which occur underwater or in

the air. By expanding the experiments, we could compare the mapped environments with

other existing methods for different scenarios. Finally, the ideas presented in this work

can be utilized for problems with different mapping modules (other than GMapping).

In recent work by Geirhos et al. [57], the authors show that CNNs that are used to

recognize object classes are biased towards learning texture in visual inputs that learn

complex representations of object shapes. Our recent work in scene categorization from

line drawings is beginning to demonstrate that there is much information in shape and

contour geometry that is not exploited by patch-based CNN systems, complementing but
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also resonating with the ideas of [57]. We have presented results to showcase the impor-

tance of contours and perceptually weighted contours. One future direction for this work

is that of identifying and formulating a complete list of principles that guide the percep-

tual organization of local contour elements, providing support to the human visual system

in the understanding of cluttered, real-world scenes in a more comprehensive way. Pre-

liminary work along these lines has been reported in Chapter 5 of this thesis. Extending

these ideas, assessing the viability of these principles for facilitating the categorization

of complex real-world environments in computer vision systems, is a key next step to

consider. Interpreting the role of perceptual grouping cues in tasks such as recognition or

categorization of objects or entire scenes in biological and artificial vision systems could

be a promising direction for future work.
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