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Abstract

The study of geometric flows on 2D and 3D objects has received much attention in
the past decade. The main applications of some of these evolution equations are for
smoothing and for multi-scale representations. In this work, we study the geometric
smoothing of curves and surfaces via the geometric heat equation known as the de-
formation by local curvature. We emphasize the paper on the affine analogue of this
flow and its formulation in terms of Euclidean curvature and normal. We investigate
the key mathematical properties of both the Euclidean and the affine geometric heat
equation that make them sensible smoothing methods. We know that the Euclidean
geometric heat equation corresponds to the shortening flow and we discuss the ana-
logue in affine geometry. We question a statement made in the publications by Sapiro,
Tannenbaum and others and try to suggest a more valid one. Our main concern is
the application of the geometric flows on angiograms and MRI medical images. We
present the implementation of the two different flows and nice results of both evolution
method. We clearly see the advantages of the implemented flows. Both approaches
have the property of smoothing along structure of images and not across them. In our
medical imaging setting, this is excellent as we preserve blood vessels while removing
artifacts and speckle noise.



1 Introduction

Medical images very often contain noise and artifacts which complicate the image analysis.
It interferes badly with the derivative and gradient computation which make edge detection,
segmentation or other image processing application based on local properties of the image
imprecise and less effective. Typically, to resolve this issue, we need to preprocess the image
with a few iterations of some smoothing method. But which smoothing approach is the
best to use? The answer to this question obviously depends on the application. In our
case, we want to preserve important structure of the image like blood vessels while removing
artifacts and reducing noise. The first and most popular smoothing method candidate is
using a Gaussian kernel operator. It is well-known that this smoothing corresponds to the
heat equation which has the property of smoothing equally in all directions [1]. Hence, this
isotropic procedure smooths across blood vessels and is unusable and bad in our application.
It is still interesting to point out that Koenderink showed it is the only sensible way to smooth
images with a linear operator, by demanding that structure is not created (no new extremas)
in the evolution and that operations are homogeneous in space and direction [1,[48,50]]. In
the vision literature these properties are termed as causality, homogeneity or semi-group and
1sotropy.

We are interested in finding a smoothing approach that preserves the first two properties
but that does not necessarily smooths equally in all direction nor forced to be a linear
operator. This paper will explore two such methods based on to the geometric heat equation.
As we will see later, the two methods have very similar properties. One approach is the well-
known shortening flow in Euclidean geometry and the other is a similar flow but derived
in affine geometry by Sapiro and Tannenbaum in [6], [7]. In [1], Siddiqi et al. show that
the geometric heat equation has the wanted causality and semi-group properties but not the
isotropy characteristic. It is instead very similar to anisotropic diffusion. In fact, it can be
shown that the diffusion term of the evolution equation is zero in the direction of brightness
gradient. Thus, the smoothing is along boundaries and not across them. The edges are left
intact. As we will mathematically investigate later, the geometric heat equation has many
desirable smoothing properties that make it a more interesting and a better candidate for
our application than Gaussian smoothing.

This paper will explore variations of the geometric heat equation. It is organized as
follows. Section 2 reviews the geometric heat equation in Euclidean geometry and estab-
lishes the analogue affine equation. The flows are presented in both 2D and 3D space. We
also contest a statement made by Sapiro and Tannenbaum and suggest a correction to the
statement. Then, Section 3 explores the interesting mathematics publications that state
and prove the various desirable properties of the two parabolic partial differential evolution
equations. In Section 4, we discuss the validity and stability of the level set methods for
smoothing images. In Section 5, the implementation details and issues are presented. Fi-
nally, in Section 6, we illustrate the flows on numerous shapes and volumes before showing
results on medical images. We try to note the differences and attempt a comparison between
the Euclidean and affine smoothing flow in Section 7.



2 The Geometric Heat Equation

In this section, we show how the geometric heat equation arises from specific evolution
equations. First, from a curvature deformation in 2D and a similar deformation on 3D
surfaces in Euclidean geometry. Then, we explore the corresponding affine geometric flows.
To do so, we introduce the basic differential geometry tools needed. There are important
differences between the two geometries but the flows turn out to be quite similar and all
have the desired property of smoothing along edges and not across them. In this sense, they
are all cases of the geometric heat equation. The next section will investigate in more depth
the key mathematical properties of the flows.

2.1 Euclidean Shortening Flow

In Euclidean space, the equations that give rise to the geometric heat equations are the
curvature deformation flow for a 2D curve, C, and its 3D extension, the mean curvature
deformation flow for a surface, S,
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In the 3D case, k is the mean curvature of the surface defined in terms of principal curvatures
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It is well-known in the literature that the 2D evolution is the Euclidean curve shortening
flow in the sense that perimeter shrinks as fast as possible. In fact, it is possible to obtain
this flow from first principle by minimizing the proper length functional [15]. But what is
the link with the heat equation? The heat equation is

wt = /l/}TT + %w

for any r and r’ perpendicular. In our case, the 7’ term is in direction of the gradient to
the curve and it vanishes if the signed distance function [1] is used as higher dimensional
embedding function. Also, using level set formulation [1],[5], the curve flow can be rewritten
as

¢t = wrr

where r is perpendicular to V1, i.e., r is along the curve. This is derived in [1]. Hence,
the flow does not smooth in all direction. It does not smooth across structure but along.
Therefore, the curvature deformation flow is anisotropic and a geometric case of the heat
equation.

2.2 Affine 2D Analogue

We now seek a flow in affine geometry with similar properties as the Euclidean shortening
flow. We want to derive an affine curvature deformation flow analogue to the previous



Figure 1: Basic Affine Differential Geometry

section. We first give the basic concepts of affine differential geometry in the plane and then
extend it to 3D affine space.

A general affine transformation is given by Y = XA + B, where A is a 2x2 invertible
matrix with positive determinant and B is a translation vector in R?. Transformations of
that type form a group called group of proper affine motions [13]. In our application, we
restrict the determinant of A to be equal to one to obtain an invariant transformation. Thus,
from our usual orthogonal Frenet frame {e;, €2} in Euclidean differential geometry, we want
a frame {a1,as} defined at each point of the curve C(p), where a; is always tangent to the
the curve. A natural choice of frame is {C,, Cpp}, as C, is always tangent to C(p). However,
note that for an arbitrary parametrization (not arc-length), C,, is not necessarily orthogonal
to Cp. Hence, {a1, a2} = {C,, Cpp} defines an oblique frame, as seen in Figure 1. Now, we
look for a parametrization s, the affine arc-length, of the curve such that the area of the
parallelogram defined by this oblique frame is one. We will then have an area-preserving
affine transformation of the Frenet frame.

Let [C, C’] denote the 2x2 determinant where the first column is defined by components
of C and the second column by those of C’, i.e.,
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Hence, we define a parameter s such that the area of the parallelogram is one, [C;, Cs] = 1.
Using the chain rule, we obtain the following derivation,
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From this derivation, we get the affine metric
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and the affine arc-length parameter

5(p) = /0 " g(e)de 3)

We also define the affine tangent to be C, the affine normal C,, and the affine curvature to
be 1 = [Css, Csss) [13]. From equation (2), (3) and the chain rule we easily get the following
relevant relations

ds = gdp (4)
dp
C,=C,--
pdS (5)
Coo = Cp (B +C, %

= Cppgiz - Cpi_g

Now, we investigate the affine analogue of the curve shortening flow. In Euclidean dif-
ferential geometry, the flow is C; = kN = Cj,, where s is the arc-length parameter [13]. In
affine geometry, this motivates the choice of evolution C; = C,, where s is now the affine
arc-length. However, we must deal with the fact that basic affine differential geometry is
only defined for convex curve as the affine metric g cannot equal zero. If so, the affine normal
is undefined and all definitions collapse. For non-convex curves, g only vanishes at inflection
points of a curve. Thus, we modify the flow as proposed in [8] and [9]

. — 0 at inflection points
P71 C,, otherwise

(7)

Now, we want to express the affine normal vector, C,,, in terms of Euclidean quantities.
We use equation (6) to do so. We choose the parameter p to be the Euclidean arc-length.
Thus, C, = T and Cpp = Kﬁ, where T and NP
respectively. Hence,

g = [Cp, p]%
[%nﬁ]%

are the Euclidean unit tangent and normal
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It is well-known in curve evolution theory that the tangential component of the velocity
vector affects only the parametrization of the family of curves in the evolution, not their
shape [7]. This fact combined with the fact that curvature, x, vanishes at inflection points,
implies that the affine flow given by (7) is geometrically equivalent to

(8)
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This flow is what all the the literature on affine evolutions claim to be the affine analogue
of the curve shortening flow in Euclidean space. What is the analogy? Siddiqi et. al. [15]
have showed that curvature deformation in the normal direction is the fastest way to shrink
the length functional of a curve in Euclidean geometry. Now, in affine geometry, the claimed
analogue is the functional is affine length and the fastest way to shrink it is the evolution in
the affine normal direction which corresponds to an Euclidean curvature deformation in the
Euclidean normal direction.

We have strong issues with this claim and the way it is proved in [7]. First, we consider
the derivation on p.105 of [7]. We carefully verified that every step of the proof is valid. It
is indeed correct until the last statement

) - fgdp
(10)
= -2 fo ulCy, Cylds

Now, Sapiro and Tannenbaum state “if C; = Css, we obtain [Cs,Ci] = 1, which gives the
direction of the most rapid decrease for the affine perimeter”. The first part is true but the
last part is false. From derivation (10), the gradient flow which will decrease the affine length
as quickly as possible is the one that will maximize the area of the parallelogram defined by
[Cs, Cy]. Setting C; in the direction of the affine normal is not maximizing that area. What
is the maximum area enclosed by two vectors, ¥ and @? It is maximum when the sine of
the angle between the two vectors is one as

[, @] = |ul[v]sinfu,

Hence, @ and @ have to be orthogonal. However, we know that C,; and C; are not
perpendicular. Therefore, something is wrong when they say that setting C; = C,, gives the
direction of most rapid decrease of the affine perimeter.
Lets compute the expression in the integral of equation (10). We need the straight forward
fact that
[Cs; Css] =1= [CSa Csss] 0= LsYsss = YsTsss (11)

So,
/'['[Cta Cs] = [CSSa Csss][ct; Cs]

= (xssysss - -rsssyss)(xtys - xsyt)

= TtYsTssYsss — YtLsTssYsss + TsYtYssTsss — TtYsYssTsss (12)
= -Ttysss[cs: Css] — YtTsss [Cs: Css] from (11)

= [Cta Csss]

= [ if Ct = Css

Hence, we believe that the statement should be corrected and stated as “setting the curve
evolution corresponding to the gradient flow C; = Cy, decreases the affine length according
to its affine curvature. In this sense, the affine version is analogue to the Euclidean flow
shrinking a curve by its Euclidean curvature. It is not correct to claim, as in most papers
[8-14], that the analogy between Euclidean and the affine geometric heat equation is based
on the shortening flow. We have argued that the affine curve evolution is not necessarily the
fastest way to shrink the affine perimeter.
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1
3D St = Iimeanﬁ St = |Hgaussian|zﬁ

Table 1: Geometric Heat Evolution Equations in Euclidean and Affine Geometry

2.3 3D Affine Evolution

In this section, we state the 3D extension to the affine curve evolution C; = k3N discussed
previously. We want to find an affine deformation flow based on the principal curvatures
of the surface. The 3D affine differential geometry and setting up the problem is more
complicated than the the 2D case. Section 4 and 5 of [10] go through the main steps of
the derivation. It turns out that the simplest possible affine surface evolution is moving
every point of the surface according to the Gaussian curvature raised to some exponent.
The Gaussian curvature of a surface is the product of the two principal curvature, x = K1ko.
Why the Gaussian curvature? Analogous to the inflection points issue in 2D, it resolves the
“non-existence” problem of 3D affine differential geometry at parabolic points, where one
of the two principal curvature vanishes. Thus, using the Gaussian curvature in the flow as
opposed to mean curvature assures that parabolic points stay fixed. Also, as we will see in
Section 4, the Gaussian curvature has a very convenient and simplified level set formulation
for this flow. The evolution is defined as

S, =|k[iN (13)

where k is the Gaussian curvature and N is the Euclidean normal. We take the positive
part of the Gaussian curvature because it might be negative. This extension to non-convex
surfaces was established and justified in [10, [2]] by Alvarez et. al..

We have defined all the necessary flows for our implementation and experiments. Table 1
summarizes the evolution equations. We now look at the important mathematical properties
of these flows.

3 Mathematical Properties

Even though the flows are governed by local curvature estimates, the evolution develops
a number of interesting global properties. In the literature, the key properties were first
discovered by considering the problem on convex curves. Then, proofs were extended to
non-convex curves because it was proved that a non-convex curve evolves smoothly to a
convex one without developing any singularities. Thus, all the important properties also hold
for non-convex curves. In the Euclidean space, this work was the contribution of Gage and
Hamilton [3] and then Grayson did the proofs for non-convex curves in [4]. In affine geometry,
a similar situation occurred. First, Alvarez et. al and Sapiro and Tannenbaum independently
showed the characteristics of the affine flow on convex curves. Then, Angenent, Sapiro and
Tannenbaum treated the non-convex case in [9].
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Properties Short Explanation

1. Order-preserving smoothing | Two disjoint curve remain disjoint in the smoothing pro-
cess. The curves will never cross even if one is inside the
other.

2. Smooth smoothing Curves last for a finite time. They evolve to a convex
curve, remain convex in time and then converge to a
round point following the Euclidean flow or to an el-
liptical point under the affine flow. All this without
developing self-intersection or creating singularities.

3. Decreasing total curvature The undulation of a curve is decreasing in the smoothing
process.

4. Decreasing number of inflec- | No new extremas or inflection points can be created in
tion and extrema points the smoothing process.

5. Iterative smoothing The semi-group property holds, i.e.
T(t; 4+ t2) = T(t1)T (t2), for scale parameters ¢; and t,.

Table 2: Key properties of the Euclidean and affine geometric heat flows

Table 2 summarizes the key properties of the smoothing evolutions by curvature defor-
mation. The proofs are instructive but we do not get into their details as it is not the
purpose of this work. They are mostly based on some version of the maximum principle of
parabolic equation and the J-Whisker lemma which basically states that a curve cannot get
closer than a distance ¢ to itself [3], [4]. Also, an important contribution of Hamilton was to
show the non-existence of corners during evolution because the curvature estimate cannot
become unbounded (blow up) on arcs which turn through an angle less than .

We deal with the Euclidean and affine case at the same time as all properties apply to
both flows. The only difference is in property 2 where, in the limit, Euclidean flow converges
to a circular point whereas the affine evolution moves to an elliptical point. Furthermore,
note that property 4 and 5 are the causality and the semi-group properties. Hence, both the
Euclidean and the affine flows presented describe a scale-space.

The stated properties are all very important to justify the utilization of the flows for
smoothing images because smoothing of an image is based on viewing the image as a collec-
tion of iso-intensity level curves where each is evolved according to the curvature deformation
equations. Thus, all the nice properties of Table 2 act independently on each intensity level
curve of the image. This will be illustrated with movies and figures in the experiment section.



In 3D, all properties stated above collapse for non-convex surfaces. It is not true that
the flows evolve without creating new structure. There are many examples where we see
the surface splitting apart and creating discontinuities when it was initially connected. The
situation of non-convex surfaces is very complicated and still the subject of much research.
However, properties do hold for convex surfaces as we will note later in the experiment
section.

4 Level Set Formulation of the Flows

The smoothing of shape by curvature deformation can be extended to smoothing images.
In 2D, the curve evolutions are implemented as the evolution of a surface which embeds
the curve as its zero level set. In 3D, a four dimensional hyper-surface is evolved with the
surface embedded as its zero level set. Recall that any continuous function can be used
for this higher dimensional embedding function. Also, we can choose any level set in the
evolution [5]. Hence, in image denoising, we simply smooth by mean curvature or affine
curvature each iso-intensity level set of the image and then superimpose them to get a
resulting smoothed image [1]. But why is it sound to do this? Evans and Spruck’s paper [2]
investigates this question for the mean curvature level set formulation

: Vi
where at ¢t = 0, ¥ = 1)y, is the initial surface. In our case, this corresponds to the image
intensity function. They prove a few results to conclude that the flow is well-posed, stable
and applicable on images as even if the gradient of ¢ is undefined or zero at some points,
a weak solution exists which matches with the classical solution at points where there is no
problem with the gradient of ¢. This allows us to consider images and shapes with corners
and discontinuities. Numerically, this weak solution is achieved by introducing a small €
parameter in the denominator. In 2D, we get

_ %ziﬁ; - Q%%%y + wyywi

v Y2+ P2+ e

(15)

We obtain a similar expression for surface evolution. It is specified in [5].

The affine version turns out to have an elegant level set form due to the exponent of
the curvature term. In 2D, because of the 1/3 exponent, the gradient denominator vanishes
completely. We have

Py = (’lﬁmwz - 2%%1/@ + wyywi)% (16)

In [11], based on the theory of viscosity solutions, Olver, Sapiro and Tannenbaum argue
that even if the level sets are non-smooth, the flow is well-posed and stable. The maximum
principle holds meaning that the flow is smoothing images. Furthermore, it is shown that the
1/3 power is the unique one to eliminate the denominator term. This makes the numerical
implementation more stable.



A similar situation happens with the 3D affine curvature deformation. Recall that we
use the Gaussian curvature of the surface. It has a squared gradient denominator which
implies that when raised to the power 1/4 and multiplied with the normal expression, the
denominator term vanishes again. We obtain,

(wyywzz - %z)iﬂg + (wwwwzz - %z)% + (wzczcwyy - ¢zy)¢§+ i
wt = +2ww¢y(wwzwyz - ¢wywzz) + 2%%(%1,%:4 - ¢yz¢ww) (17)
+2¢xwz (wwywyz - ¢:czwyy)

The 1/4 exponent is also the unique one that will eliminate the denominator of the affine
surface evolution.

5 Implementation

The implementation is straight forward for smoothing applications. We do not need to
compute any complicated initial higher dimensional embedding function as we are simply
using the intensity function of images. We then move every point according to the obvious
discretized version of equations (14)-(17). Since the flows are well-behaved and do not
develop any singularities, we can use a simple central difference method to compute the first
and second order derivatives. We use a three neighbor support approximation as suggested
in appendix A.2 of [14]. Finally, we must set several parameter values. We typically choose
a very small € in the order of 107!°. For the Euclidean flow, a time step of 0.1 was used in
2D whereas in the affine curve evolution, we used a time increment of 0.01. We found the
surface evolutions much more unstable in practice. We had to use a time step of 102 in
the Euclidean mean curvature case and 10~% in the affine equations in order to get relatively
stable surface flows. Lastly, the duration of the evolution is needed as input. Therefore, the
3D experiments take very long to terminate as the increment in time is very small.

6 Experimental Results

The experiment is organized in three parts. First, we illustrate the nice mathematical prop-
erties of both the Euclidean and the affine evolutions on 2D curve evolutions. Then, we
see how these important characteristics can be applied to smooth each iso-intensity level
set, of images. We show the flows on a retinal angiogram and have tested the evolutions
on 3D MRI brain images. Finally, we demonstrate how the properties extend well to con-
vex surfaces but fail on non-convex surfaces with the classical barbell example. All the
figures and movies related to the Euclidean mean curvature deformation are presented at
www.cim.mcgill.ca/~mdesco/mean.html. Similarly, results obtained using the affine curva-
ture deformation are at www.cim.mcgill.ca/~mdesco/affine.html. It is worth opening these
pages while reading this section of the report.
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6.1 Curve Evolutions

We present several evolutions illustrating the main properties of Table 2. For this experiment,
we slightly extended the software created by Alexander Vasilevskiy for his Masters thesis.
We just incorporated the affine curvature evolution. We first show a convex curve example of
the ellipse. Note that the ellipse stays more elliptical under the affine flow before converging
to a point and vanishing. Then, we have three non-convex curve examples. Note how the
curves first evolve to a convex curve without creating singularities. This is because the
inflection points stay fixed, concavities move outward and convexities move inward. This is
clearer on the second movie. The star example illustrates that we can consider shapes with
corners. Note how the initial star has sharp corners that are rapidly smoothed. Finally,
the spiral example illustrates the maximum principle and the d-Whisker lemma presented
in [4] Grayson. It is impressive to see how the spiral never comes closer to itself than it was
originally.

6.2 Smoothing Images

In this part of the experiment, we smooth 2D and 3D images. On the result html pages, we
only show 2D images. To present 3D results, we would need to choose certain slices of the
3D data. We visualize the 3D smoothed data with medical imaging tools of the Montreal
Neurological Institute (MNI), register or Display.

We first present the image of a cat lying on a carpet. Ideally, we would like to smooth out
the carpet small structures and keep the important features of the cat. This is exactly what
happens in both the Euclidean and the affine case. It is interesting to see the evolution of the
75 and 150 iso-intensity level curves. We see that the small curves representing the carpet
are quickly smoothed away. A good duration seem to be 8 units as the cat now appears to
be lying on a uniform gray background while its important information like eyes, mouth,
tail, and paws are preserved.

Then, we show a retinal angiogram where there are many blood vessels of different size.
Note that the original image contains artifacts and small white speckle dots. In practice,
this is what we want to remove before attempting any segmentation or blood vessel recovery
algorithm. We observe that the evolutions do perform the desired task while keeping the
blood vessels, even the small thin ones. The resulting smoothed images are quite similar in
both the Euclidean and affine case. We have further tested the flows on 3D MRI images
of the brain. Both evolutions have been implemented so that we can execute them at the
MNI with the proper medical image formats and libraries. Again, we observe that both
flows behave quite similarly although, by eye, the affine curvature deformation seem to be
maintaining the blood vessels intact for a longer period of time.

6.3 Surface Evolutions

Finally, we have tested the flows on simple volumes to illustrate the extensibility of the
mathematical properties of Table 2 to 3D space. In the Euclidean mean curvature flow, we
note that the characteristics are respected on convex surfaces like the sphere and the tube.
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These two examples both evolve smoothly. However, we see with the barbell and perturbed
filament movies that breaking and splitting apart can occur on non-convex volumes. Dis-
continuities and new structure are introduced. This agrees with the theory presented in the
literature related to surface evolution under the mean curvature flow [2].

On the other hand, the affine curvature flow behaves quite differently. First, note that
points on the tube do not evolve at all except for some unstable points at the extremities.
Why? Recall that the flow is based of the Gaussian curvature estimate. From basic dif-
ferential geometry, we know that for all points on a cylindrical volume one of the principal
curvature is zero. Thus, the Gaussian curvature vanishes and there is no evolution. This is
most probably an explanation for our qualitative observation that MRI images containing
cylindrical structure like blood vessels are left intact longer under the affine flow than under
the Euclidean geometric heat flow.

We also present the classic barbell evolution. In theory, Caselles and Sbert have shown in
[10, [14]] that the barbell does not become singular under the presented affine surface flow.
However, we observe in our implementation that the surface splits apart. Like the tube, the
bar handle should not move at all. However, it does shrink at the end points of the bar. This
causes the surface to break apart and move inward before vanishing completely. We believe
this is in part due to our manually generated barbell volume which is not perfect. Also, it
is clear that discretization and numerical approximations can cause significant problems.

7 Discussion and Conclusion

We have presented the theory and the implementation of the Euclidean geometric heat
equation and the affine curvature deformation analogue. This was done by introducing
the sufficient affine differential geometry concepts and discussing the important issues of
the evolution equations. In particular, we questioned a statement made by Sapiro and
Tannenbaum and have attempted to correct it. We argued that it is invalid to say that
the affine flow, C; = C,, shrinks the affine length as quickly as possible. Then, we saw the
implementation details of the flows. They are easily implemented using level set methods.
We clearly see that both have important properties that make them very useful for medical
image processing. They are both excellent methods to remove unwanted artifacts and noise
while preserving the important structures of the image.

But which one of the two should we use in practice? Based on our experiment, we observed
that the affine flow was a better candidate for a few reasons. Not only is it analytically nicer,
it is numerically easier to implement mainly because there cannot be any problem with the
denominator blowing up. Hence, it was found to be more stable than the Euclidean mean
curvature evolution. Furthermore, we see that the affine flow seem to be maintaining the
blood vessel for a longer time than the Euclidean flow evolution. This phenomenon has also
been observed on brain images by Olver, Sapiro and Tannenbaum. They claim the elliptical
structures of the brain (blood vessels) were preserved up to a higher degree of smoothing
using the affine flow. They don’t show how they got to this conclusion but in our case, this
observation is made qualitatively only by analyzing the smoothed images by eye.

Moreover, Olver, Sapiro and Tannenbaum state that a comparison between the Euclidean
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and the affine flows was done in a technical report [10, [46]] showing that the affine flow was
better at denoising MRI images. We wonder how this comparison was done. It is not
obvious and clear to us how to go about rigorously showing that one evolution equation is
performing better than the other. First of all, the flows are numerically implemented with
different parameters. This is because they behave differently and for instance, need a specific
choice of time step to make sure the evolutions are stable. Also, what does it mean for a
flow to perform better? A proper definition is needed and a regularized way to compute the
amount of preserved structure must be established.

This comparison problem is interesting and is worth exploring in future work. We need to
read the existing literature related to this matter. It would be nice to propose a framework
to process brain images which would select the best smoothing procedure depending on the
application.
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