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The visualizationof 2D vector �elds is a classicalproblemin computergraphics. This
paperconcerns2D vector�elds thatarede�ned by imagemotion,suchthateachvectorin
a dense�eld de�nesa 2D imagevelocity. Standardexamplesaretheprojectedmotionin
animageplaneasseenby anobserver, or themotion�eld of a2D �uid acrossasurface.

A widerangeof techniquesareavailablefor visualizing2D motion�elds. For example,
seereview in [Larameeetal.2004].Somerepresenttheindividual2D vectorswith anicon,
for example,anarrow. Othersreplacethearrow by a �eld of elongatedspots[Wijk 1991].
Theline integralconvolution(LIC) method[CabralandLeedom1993]depictsstreamlines,
which are integral curvesthroughthe vector �eld. Many of thesetechniqueshave both
singleframe(static)andmulti-frame(dynamic)versions.Recentdynamicmethodshave
taken advantageof programmablegraphicshardware to producevisualizationsof time-
varying2D vector�elds in realtime.

A centralthemein 2D motion �eld visualizationis thetrade-off betweenthecomputa-
tion time andaccuracy. For example,theoriginal staticLIC method[CabralandLeedom
1993] is computationallyvery expensive, aseachpixel requiresits own streamlineto be
computedatsub-pixel accuracy. FasterLIC methodssacri�ce accuracy by computingcor-
rectstreamlinesonasparsesubsetof pixelsandapproximatestreamlinesfor theremaining
pixels[StallingandHege1995]. Anotherexampleis 2D textureadvectionmethodswhich
deformthetexturecoordinatesof ameshandwhich introducenoisein eachframeto visu-
ally maskthemeshedges[vanWijk 2002].

The purposeof this paperis not to improve on existing 2D �o w visualizationmeth-
ods,but ratherto considerthe limits of how well peoplecanperceive motion �elds from
suchvisualizations.We arguethat the reasonmany visualizationmethodsgetaway with
makingapproximationsis that the humanvisual systemcannotdetecttheseapproxima-
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tionsbecauseof fundamentallimits in processingsuchmotion�elds. Attemptshave been
madeto identify andhow well humanobserversperceive 2D �o w [Laidlaw et al. 2005]
for quite complex �elds, but thesearemostly for thecaseof static2D visualizations.In
thepsychophysicsliterature,thelimits of motion�eld perceptualhavebeenstudiedfor the
dynamiccase,but only usingsimplevector�elds (seereview in Sec.2).

Our analysisof motion �eld visualizationmethodsincludesboth LIC and2D texture
advectionmethods.Speci�cally, blurring of a noiseimagealongstreamlinesas in LIC
canbeexpressedas2D motionblur, andcanbeanalyzedusingtools from linearsystems
theory. This provides a bridge to link the analysisof dynamicLIC to the analysisof
2D textureadvectionmethods.Our main resultof this analysisis a tradeoff betweenthe
staticmotionblur cuewhich indicatesthedirectionof motionandthedynamiccuewhich
indicatesthespeed.

Anotheraspectof motion �elds thatwe addressis that,eventhoughmany 2D �o w vi-
sualizationmethodsaredesignedfor asingle2D velocity �eld, thevisualizationsareoften
usedto illustratemultiple layers.For example,a foreground�o w might besuperimposed
on a staticbackgroundimage,asin thecaseof cloudsmoving over a mapon a television
weatherreport. The fact that the foregroundandbackgroundimagesmaskeachotheris
hardly surprising,but quantitative detailsaboutthis maskingarerarely presentedin the
visualizationliterature.

Section2 brie�y reviewsseveralpsychophysicalstudiesof theperceptionof 2D motion
�elds, includingthesensitivity to spatialgradientsin a�eld, thenumberof distinctlayersin
a �eld, andtheroleof staticspatialorientationcuesincludingmotionblur. Thepurposeof
thisbrief review is to pointto thisrich literature,andto introduceseveraldistinctperceptual
limitations.

In Section3, we presenta spectralanalysisof 2D motion �elds. We concentrateon
LIC-basedmethodsandcomparestaticanddynamicLIC. LIC methodscomputeastream-
line passingthrougheachpixel andblur anunderlyingimage(typically noise)alongeach
streamline.LIC canthusberegardedasdepictingmotionblur alongstreamlines.Speci�-
cally, intensitiesin theLIC imagearehighly correlatedalongeachstreamline,but uncor-
relatedin thedirectionperpendicularto eachstreamline.

StaticLIC is usefulfor visualizingthedirectionof thestreamlineateachimageposition,
up to a180degreeambiguity[Laidlaw etal. 2005]. It is lessusefulfor depictingthespeed
of motionalongastreamline,however. Althoughspeedcanbeillustratedto someextentin
staticLIC, e.g.by varyingthespatialscaleof theunderlyingimageprior to theconvolution
alongintegral curves[Kiu andBanks1996], a morenaturalway to illustratespeedis to
usedynamicLIC (animation).

DynamicLIC methodsmodulatetheconvolution kernelof eachstreamline.Motion is
createdby shifting the phaseof a sinusoidalmodulationfrom frameto frame. Onecan
depictdifferentspeedsby spatiallyvaryingthefrequency of thesinusoidwhile holdingthe
phasechangeconstant[CabralandLeedom1993]or by spatiallyvaryingthephasechange
while holdingthespatialfrequency constant[ForssellandCohen1995].

DynamicLIC methodsoperateon 1D streamlinesonly, but the phaseshifting mecha-
nismis relatedto 2D noiseadvectionmethodsusedby others[Freemanetal. 1991].These
includerecent2D noiseadvectionmethodswhich take advantageof graphicshardwareto
computetexture deformationsfrom frameto frame[van Wijk 2002]. In thesemethods,
eachpixel's intensity is computedby blendingtwo layers;the �rst layer is the advected
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intensitiesfrom theprevious frame,andthesecondlayer is additive noise. Clearly these
lattermethodsrely on maskingin humanvision,but quantitative studiesof suchmasking
havenotbeencarriedout, to our knowledge.
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We now brie�y review a setof humanpsychophysicalstudiesthat have addressedhow
well thehumanvisualsystemperceivesmotion�elds. Threeaspectsof motionperception
areaddressed:sensitivity to spatialgradients,sensitivity to multiplemotionlayers,andthe
roleof motionblur.
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In oneearlystudy, the imagedomainwasdividedinto two halves,eachhaving a random
dot noisepatternmoving at somevelocity [van Doorn andKoenderink1982b]. The au-
thorsexaminedthesensitivity to thevelocity differencebetweenthetwo �elds. A Weber
law wasfoundsuchthatsensitivity dependedon theratio of thevelocity differenceto the
averagevelocity. In asimilarstudy[vanDoornandKoenderink1982a],theview �eld was
divided into several parallelstripescontainingmoving white noise,suchthat alternating
stripeshadvelocitiesin oppositedirections.Observerscoulddetectbroadstripesbut, as
the stripesbecamenarrower, the motion �eld becameincoherent.Surprisingly, for very
narrow stripes,themotion�eld wasperceivedastwo overlappingtransparentlayers,mov-
ing in oppositedirections.A similarstudy[Mestreetal.2001]variedthespeedsbut notthe
directionbetweenthealternatingstripesandfoundsimilar results.To perceive narrower
stripes,observersrequiredahigherspeeddifferencesbetweenstripesandagaintwo super-
imposedlayerswereobservedfor verynarrow stripes.Anotherstudyusedbandpassnoise
ratherthanwhite noise[WatsonandEckert 1994] and found that as long as the central
frequency of thebandpassnoisewassuf�ciently greaterthanthe frequency of thestripes
observerscould perceive the stripes,ratherthanincoherentmotion or two superimposed
motionlayers.
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Severalof theabovestudiesshowedthatwhenthespatialfrequency of themotion�eld in
a singlelayeris highandonly two velocitiesarepresent,two layeredmotionis perceived,
with onevelocity per layer. Indeedit is possibleto perceive up to threesuperimposed
global motion layers. [Andersen1989] usedmoving randomdotsandconsideredlayers
with thesamemotiondirectionbutdifferentspeeds,andfoundthatobserverscouldidentify
upto threelayersof dots,but couldnotdistinguishbetweenthree,four, and� velayers.See
also[MestreandMasson1997].Similarresultshavebeenobtained,holdingspeedconstant
andvarying the direction[EdwardsandGreenwood2005]. For all of thesestudies,three
layerscanbe perceivedonly whenthe velocity vectorsdiffer suf�ciently in eitherspeed
anddirection(or presumablyboth).Otherwisesubjectstypically perceiveonly oneor two
layers[Treueet al. 2000].

Otherstudieshave investigatedthe conditionsunderwhich oneversustwo layersare
perceived[Massonetal. 1999].As in thecaseof motiongradientsin Sec.2.1,it wasfound
thespeeddifferenceneededto perceive two layersincreasedwith themeanspeed.Others
studiesheld speedconstantandvariedthe directionsof the two layers. Onesuchstudy
[Braddick 1997] had observers judge whetherthe anglebetweentwo layersof moving
dotswaslessthanor greaterthan90À . Performancein thattaskwascomparedto a similar
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taskin whichobserversmadethesame90À comparisonbetweenasinglemotionlayerand
astaticstraightline. Performancein thesecondtaskwasmuchbetterthanexpected,given
theperformancein the�rst task,suggestingthesimultaneousperceptionof thetwo motion
layers(requiredby the�rst taskbut not thesecond)involvesanextracomputationalcost.

Anotherstudy[Qianet al. 1994]manipulatedtwo layersof dotsmoving in oppositedi-
rections,suchthatthedotswerechosenin pairs(onedot from eachlayer)andhadlimited
lifetimes. Whenthetwo dotsin eachpair weremadesuf�ciently closeto eachother, ob-
serverscouldnotperceivetwo layersandthemotionappearedincoherent.Thisexperiment
providesfurtherevidenceof aninteractionbetweenhigh spatialfrequenciesin themotion
�eld andtheperceptionof multiple motionlayers.

Finally, wenotethatall theabovestudiesusedmovingnoisepatterns,withoutany spatial
cues.Otherstudieshave addressedbothmotioncuesandspatialcues.For example,pairs
of moving parallel lines or 2D sinusoidscangive rise either to onemotion layer or two
motion layers,dependingon relative spatialfrequency, orientation,speed[Adelsonand
Movshon1982],andperceivedtransparency [Stoneret al. 1990].

¼
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We next considerspatialcuesandhow they interactwith motioncues.At low spatialfre-
quencies,thehumanvisualsystem'stemporalcontrastsensitivity function(CSF)is roughly
bandpass,whereasathighspatialfrequenciesit is low pass[Robson1966;Koenderinkand
van Doorn 1966]. This implies that at low spatialfrequenciesthe visual systemis more
sensitive to high imagespeeds,andat high spatialfrequenciesit is moresensitive to low
imagespeeds.For example,thevisualsystemcandetectmuchlargerframe-to-framedis-
placementsin imagesthataredominatedby low spatialfrequenciesthanit canfor images
dominatedby higherspatialfrequencies[ChangandJulesz1983].

A relatedresultinvolvesmotionblur. Consideranimagemovingwith auniformvelocity
Ä

vx Å

vy Æ

pixels/frame.Themotionleadsto a relationshipbetweenspatialfrequency
Ä

fx Å

fy Æ

andtemporalfrequency ft in the3D frequency domain,namelyall frequency components
Ä

fx Å

fy Å

ft Æ

of thestimuluslie ona motionplane[WatsonandAhumada1985]

vx fx Ç

vy fy Ç

ft È

0 É (1)

Becauseof limited contrastsensitivity, somespatio-temporalfrequency componentsof the
planeareattenuatedwhenthe speedis high. Spatialfrequency componentswith

Ä

fx Å

fy Æ

in the direction of motion
Ä

vx Å

vy Æ

yield high temporalfrequenciesft and, becausethe
visualsystemis low passat high temporalfrequencies,thesecomponentsareattenuated.
On the otherhand,spatialfrequencieswith

Ä

fx Å

fy Æ

in the directionperpendicularto the
motionyield low temporalfrequenciesandarenotattenuated.Theeffect is thatthevisual
system�lters themoving imagesuchthat frequency components

Ä

fx Å

fy Æ

in thedirection
of motionareattenuated.i.e. eachframeof theimagesequenceis perceptuallydominated
by frequency componentswhosespatialstructureis orientedin the directionof motion.
Formally, aswediscussin Sec.3, theseorientationcuescanbeexpressedasgreaterspatial
correlationin thedirectionof motion. It hasbeenshown thatspatialcorrelationsareused
by thevisualsystemasa spatialcueto thedirectionof motion[Geisler1999;Barlow and
Olshausen2004].

Finally, when only single framesare present,theseorientationcuesde�ne static 2D
�o w �elds. Many psychophysicalstudieshave examinedtheperceptionof orientationin
static�o w �elds, for example,sensitivity to discontinuitiesin the�o w direction[Link and
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Zucker 1985;LandyandBergen1991],sensitivity to alternatinggradientsin the �o w di-
rection[Kingdometal. 1995],andsensitivity to moregeneral�o w deformationsincluding
curvature[Ben-ShaharandZucker 2004]. In this paper, we are lessinterestedin these
static�o ws on their own, but ratherin how thesestatic�o w �elds give riseto motionin a
particulardirectionandspeedastheimagechangesfrom frameto frame.

Â1
Ë���wÌ1-;™Š(WÍT�2Í^˜wÍT�s½u��=>�

We next analyzea trade-off betweenthe2D motioninformationthat is providedby static
motion blur, andthe informationthat is providedby intensitytranslationsfrom frameto
frame. The trade-off is reminiscentof the classicalapertureproblem[MarrandUllman
1981], namelythat translationin the direction of an iso-intensitycontour(motion blur
direction)leadsto no intensitychangefrom frameto frame,andhenceprovidesno speed
information. We apply linear systemstheoryandanalyzethis trade-off in the frequency
domain.

We considera uniform velocity �eld,
Ä

vx Å

vy Æ

, anda spatialnoisepatternthat translates
from frameto framewith thatvelocity. Theimagesequencecanbeexpressedas

I
Ä

x
Å

y
Å

t
Æ

È

I
Ä

x Î vxt Æ

modN
Å

Ä

y Î vyt Æ

modN
Å

0
Æ

É

Herewe have assumedfor mathematicalconveniencethat the imagewrapsaroundat the
imageboundaries.

In Sec. 3.1, we analyzehow motion blur introducesstaticspatialcorrelationsin the
directionof motion. In Sec. 3.2, we show thesespatialcorrelationsdecreasethe speed
informationin thedynamiccase.
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The caseof a uniform velocity �eld is convenient,sincethe LIC convolution kernelbe-
comesshift invariantin this case.LIC methodshave a parameterL thatde�nes thelength
of theline segmentover which the line integrationoccurs.Thegreateris thevalueL, the
greateris thespatialcorrelationbetweenpixelsalongthestreamlinein the resultingLIC
image,andhencea morewell-de�ned is thelocalorientationof the�o w �eld.

We assuminga constanthorizontal �eld
Ä

vx Å

0
Æ

. LIC takes a spatialwhite noiseim-
ageI

Ä

x
Å

y
Æ

andconvolvesit with theLIC kernel. We canwrite this kernelasa separable
windowing functionh

Ä

x
Æ

d
Ä

y
Æ

whereh
Ä

x
Æ

is aHanningwindow,

h
Ä

x
Æ

È

1
2

Ä

1
Ç

cos
Ä 2p

L
x

ÆVÆ

with supportover Ï}Î

L
2 Å

L
2 Ð

in thex direction,andd
Ä

y
Æ

is animpulseresponse

d
Ä

y
Æ

È

Ñ

1
Å

y
È

0
0

Å

y Ò

È

0 É

TheresultingLIC imageis theconvolution

ILIC

Ä

x
Å

y
Æ

È

I
Ä

x
Å

y
Æ#Ó

Ä

h
Ä

x
Æ

d
Ä

y
ÆVÆ

É (2)

Becausethevelocity �eld is constant
Ä

vx Å

0
Æ

, theimageis blurredin thex directiononly.
Theamplitudespectrumof eachframeis

Ô

ÎLIC
Ä

fx Å

fy Æ

Ô

È

Ô

Î
Ä

fx Å

fy Æ

Ô�Ô

ĥ
Ä

fx Æ

Ô

É
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Sincethe Hanning�lter h
Ä

x
Æ

is low pass,the amplitudespectrum
Ô

ÎLIC
Ä

fx Å

fy Æ

Ô

is en-
velopedby a singleridgecenteredon the fy axis. Thewidth of theridgeis thebandwidth
of h

Ä

x
Æ

whichis inverselyproportionalto L. Sincethede�nition of bandwidthis somewhat
arbitrary, we keepthenotationsimpleandjust de�ne thebandwidthto beN Ö L.

FromtheWiener-Kninchintheorem,theinverseFouriertransformof thesquaredampli-
tudespectrum(calledthepowerspectrum)of ILIC

Ä

x
Å

y
Æ

is theautocorrelationfunction,

R
Ä

dx Å

dy Æ

È å
x
å
y

ILIC
Ä

x
Ç

dx modN
Å

y
Ç

dy modN
Æ

ILIC
Ä

x
Å

y
Æ

É

R
Ä

dx Å

0
Æ

falls off from its maximumat dx
È

0 to a minimumvalueof 0 at dx ×

L
2 . Also,

theexpectedvalueof R
Ä

dx Å

dy Æ

is zerofor any dy Ò

È

0, thatis, thereis nocorrelationacross
imagerows.

Figure1 (a),(b)shows an exampleof an ILIC
Ä

x
Å

y
Æ

images.The imagesis obtainedby
takinga128 Ø 128whitenoiseimageandconvolving with h

Ä

x
Æ

d
Ä

y
Æ

with length(a)L
È

63
and(b) L

È

31. Notethat,thecorrelationlengthis longerin (a) thanin (b), sincetheLIC
kernelintegratesovera longerline segmentin (a). Becausethecorrelationlengthin much
longerin (a),orientationis representedmoreaccuratelyin (a).

(a) (b) (c)

Fig. 1. All threeLIC imagesareN Ù N Ú 128 Ù 128 pixels. (a) StaticLIC with L Ú 63. (b) StaticLIC with
L Ú 31. (c) DynamicLIC with L Ú 63and f0 Ú 2
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ThedynamicLIC methodof [CabralandLeedom1993]modulatesa Hanning�lter h
Ä

x
Æ

with a sinusoidof frequency f0 cycles per L pixels, andaddsa unit pedestalto ensure
that the �lter is positive everywhere.A typical valueof f0 is 2. Motion is generatedby
changingthephaseof the�lter from frameto frame,reminiscentof [Freemanetal. 1991].

De�ne theeven�lter ,

hc Ä

x
Å

y
Æ

È

d
Ä

y
Æ

h
Ä

x
Æ

Ä

1
Ç

cos
Ä 2p

L
f0x

ÆsÆ

(3)

andso

ĥc Ä

fx Æ

È

ĥ
Ä

fx Æ
Ç

1
2

Ä

ĥ
Ä

fx Ç

f0 Æ
Ç

ĥ
Ä

fx Î f0 ÆVÆ

É (4)

Thesuperscript”c” denotesacosinefunction.
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We cancreatemotion in thex directionwith speedvx by changingthephasespectrum
from frame to frame,namelyby increasingthe phaseby 2p fxvx Ö L radiansfrom frame
to frame. After changingthe phasespectrumin eachframe,we take the inverseFourier
transform.Thus,

ILIC
Ä

x
Å

y
Å

t
ÆwÜ¶ÝßÞ

1 à Î
Ä

fx Å

fy Æ

ĥc Ä

fx Æ

ei2p fxvx á

L â

Usingthis method,theamplitudespectrumis constantin eachframe,namely

Ô

ÎLIC
Ä

fx Å

fy Æ

Ô

È

Ô

Î
Ä

fx Å

fy Æ

Ô�Ô

ĥc Ä

fx Æ

Ô

É

Eq. (4) suggeststhat theamplitudespectrumconsistsof threeridges.Thereis a central
ridgewhich is dueto theunit pedestali.e. thedc componentthatwasaddedto ensurethe
LIC �lter is positive everywhere.Therearealsotwo �anking ridgeswhich arecentered
at frequenciesfx

Èäã

f0 cyclesper L pixels, andaredueto the sinusoidmodulation. In
fact, for small f0, thesethreeridgesoverlapconsiderablyandthe result is an amplitude
spectrumwith only onesigni�cant localmaximum,namelyat fx

È

0.
Again,from theWiener-Khinchintheorem,theautocorrelationfunctionof eachframeof

theLIC imageis inverselyrelatedto thebandwidthof hc Ä

x
Æ

, which is
Ä

1
Ç

f0 Æ

N
L . For �x ed

N
Å

L, this bandwidthis obviously larger thanin the staticcasebecauseof the sinusoidal
modulationof frequency f0 in thedirectionof motion. Thus,for a givenL, dynamicLIC
reducesthemotionblur cuein eachframe,andhencereducestheorientationinformation
in eachframe.This effect is evidentin Fig. 1(a),(c)which have thesameL, but f0 È

2 in
(c) whereasf0 È

0 in (a) i.e. nosinusoidalmodulationin (a)which is staticLIC only.
In dynamicLIC, if a large L andsmall f0 areused,then the bandwidthis small and

soonly low spatialfrequency componentsarepresentin thedirectionof motion. This is
�ne for depictinghighspeedsin thedirectionof motion,sinceonly low spatialfrequencies
would beallowedanyhow in orderto avoid temporalaliasing.However, it is not �ne for
low speeds.Theproblemhereis thatthehumanvisualsystemhasgoodconstrastsensitiv-
ity at low spatialfrequencies,only if thetemporalfrequency is high which requiresa high
speed.At temporalfrequency ft È

0, thecontrastsensitivity of thevisualsystempeaksat
about3-5 cyclesperdegree,andfalls off considerablyfor lower spatialfrequencies.For
example,for aspatialfrequency of 0.5cyclesperdegree,contrastsensitivity peaksatabout
5 Hz [Robson1966],correspondingto animagevelocity of about10 degreespersecond,
which is ratherfast. Thus,whena large degreeof motion blur is presentin eachimage
frame,low speedswill bepoorly perceived.

To summarize,onefacesa trade-off in dynamicLIC. By modulatingthe window and
changingthephasefrom frameto frame,oneresolvesthe180À ambiguitythat is present
in thestaticLIC. Onepaysaprice,however, namelyonemusteitherdecreasesthemotion
blur cueby keepingL small,which limits thestaticorientationinformationin eachframe,
or onemayallow L to belargebut disallow slow speeds,sincethevisualsystemhaspoor
contrastsensitivity to slowly moving stimuli if only low spatialfrequenciesin thedirec-
tion of motionarepresent.Thus,onecannotsimultaneouslyhave strongstaticdirectional
informationfrom motionblur alongwith a strongspeedcuefrom dynamicallychangethe
phasefrom frameto frame. To our knowledge,this observationhasnot beenarticulated
beforein the2D motionvisualizationliterature.
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We next review a spectralsynthesismethodthatwe have developedfor 2D �o w �eld vi-
sualization[Langeret al. 2004;Langeret al. 2005].Ourmethodis notascomputationally
fastasrecentmethodsfor 2D �o w visualizationwhich take advantageof graphicshard-
ware. However, our purposein developingthemethodwasnot to competewith existing
methods. Rather, our purposewas to develop a methodwhich producesvisualizations
thatcanbeeasilycharacterizedin termsof psychophysicalconstraintsof humanvision, in
particular, in termsof spatialandtemporalfrequency properties,motionblur, andmotion
layers.
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The imageis coveredby a 2D grid of overlappingM Ø M tiles. TheparameterM serves
a very similar role to the parameterL of LIC. Tile

Ä

i
Å

j
Æ

hasits top left cornerat pixel
Ä

i M
2 Å

j M
2 Æ

. We usespectralsynthesis[Ebertet al. 2003] to synthesizebandlimitedlayered
motionimagesequencein eachtile. An annulusin eachtile's spatialfrequency domainis
partitionedinto n subbands,eachof constantoctave bandwidth. Eachof thesesubbands
de�nesa motionlayer, in thatwe associatea velocity vector

Ä

vx Å

vy Æ

to eachsubband.For
example,for n

È

3 layersandM
È

32,we let eachsubbandbeoneoctave,namely

f
Èéè

f 2
x Ç

f 2
y ê

Ï 2
Å

4
ÆjÅ

Ï 4
Å

8
ÆIÅ

Ï 8
Å

16
Æ

É

We useat mostthreelayerssincethevisualsystemcanperceivenomorethanthreelayers
simultaneously(recallSec.2.2).

We assigntheamplitudespectrumin eachtile to be1/f noise,i.e.

Ô

Îi j
Ä

fx Å

fy Æ

Ô

È

1

è

f 2
x Ç

f 2
y

within thesubbands,andzerooutsideof thesubbands.For the�rst imageframe,I
Ä

x
Å

y
Å

0
Æ

,
we setthephasespectrumto berandom,subjectto theconjugacy constraint,

Îi j
Ä

Î fx Å

Î fy Æ

È

Îi j
Ä

fx Å

fy Æ

which ensuresthat the inverseFourier transformis real. Takinga 2D inverseFFT yields
the�rst frameIi j

Ä

x
Å

y
Å

0
Æ

of tile
Ä

i
Å

j
Æ

.
To generatelayeredmotionfrom framet to framet

Ç

1, a phaseshift is appliedto each
of thespatialfrequency components.Let theFouriertransformof framet be

Îi j
Ä

fx Å

fy Å

t
Æ

È

1

è

f 2
x Ç

f 2
y

e if i j ë

fx ì

fy ì

t í

wheref i j
Ä

fx Å

fy Å

t
Æ

is thephasespectrumof tile
Ä

i
Å

j
Æ

at framet and fx Å

fy arein unitsof
cyclesper tile i.e. perM pixels. Thephasespectrumfor theframet

Ç

1 is obtainedfrom
framet via:

f i j
Ä

fx Å

fy Å

t
Ç

1
Æ

:
È

f i j
Ä

fx Å

fy Å

t
Æ

ã

2p
M

Ä

vx fx
Ç

vy fy Æ

É (5)

Onevelocityvector
Ä

vx Å

vy Æ

is usedfor eachmotionlayerl in eachtile. Thisvelocityvector
mayvary from tile to tile andfrom frameto frame.To keepthenotationfor vx Å

vy simple,
we ignoresubscriptsof layer, i

Å

j
Å

l
Å

t.
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Thetile centeresareat positions
ÄsÄ

i
Ç

1
Æ

M
2 Å

Ä

j
Ç

1
Æ

M
2 Æ

. Thevector�eld
Ä

vx Å

vy Æ

for each
subbandis de�ned at thesepositionsaswell. This setsthe Nyquist limit of the velocity
�eld, namelytheminimumwavelengthof thevx andvy functionson theunderlyingpixel
grid is M pixels.This is becausethewavelengthcorrespondingto thehighestfrequency of
vx Å

vy mustbelessthanor equalto half thesamplingrate.In our experimentswe typically
useM

È

16
Å

32
Å

or 64. Notethatweareassumingthat
Ä

vx Å

vy Æ

variesonly slowly from pixel
to pixel in theimage.
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The humanvisual systemis not equallysensitive to all spatiotemporalfrequencies.For
typical viewing distances,suchasa 1280pixel-wide monitor subtending20 degreesof
viewing angle,a tile of width M

È

64 pixels correspondsto aboutonedegreeof visual
angle.If werestricteachtile to bandpass1/f noisewith minimumspatialfrequency fmin È

2 cyclesper tile, thenthis correspondsto a minimumspatialfrequency of 2 cycles/degree
of visualangle.At thisandhigherspatialfrequencies,thehumanvisualsystem's temporal
contrastsensitivity function is lowpassin temporalfrequency[Robson1966;Koenderink
andvanDoorn1966]. Thesametemporallowpasspropertyholdsfor smallervaluesof M
aswell.

Becausethevisualsystemis lowpassfor the temporalfrequency in our sequences,we
attenuatethesehigh temporalfrequenciesexplicitly. We usea uniform temporallowpass
�lter , i.e. constantoverall

Ä

fx Å

fy Æ

. Prior to takingtheinverseFFT for tile
Ä

i
Å

j
Æ

andframe
t, we attenuatetheamplitudes

Ô

Îi j
Ä

fx Å

fy Å

t
Æ

Ô

by multiplying by e
Þ

f 2
t á

ë

2s 2
í where

ft È

Î

1
M

Ä

vx fx Ç

vy fy Æ

is in units of cyclesper frame, the Nyquist limit being ft È

0 É 5. The constants is the
temporalfrequency bandwidth.Theattenuationfactorclearlydependson

Ä

fx Å

fy Æ

andis a
Gaussianridge,orientedperpendicularlyto themotiondirection.Theresultis motionblur
in thedirectionof motion,wheretheamountof blur dependsons andon thespeedin the
directionof motion.

Severalfurthertechnicaldetailsareworthmentioning.In thehumancontrastsensitivity
function,thetemporalcutoff frequency dependsonspatialfrequency i.e. it is notconstant.
Althoughonecouldincorporatethis dependencein themodelof motionblur [Barlow and
Olshausen2004], we decidednot to do so. One reasonis that we perform subsequent
operationson the images(windowing andtone-mapping)which will affect thespectrum
further. A secondreasonis thatthedetailedCSFdescribesperceptionatcontrastthreshold
whereasour stimuli areabove threshold,so it unclearthat exactly the sameCSFcurves
apply. Usinga constanttemporalfrequency bandwidthachievesthebasicmotionblurring
effect,namelyit attenuateshigh spatialfrequenciesin thedirectionof motion.

Sincemotionblur attenuatestheamplitudesin a speed-dependentway, thetotal power
in a tile will dependon the speeds

Ä

vx Å

vy Æ

in eachlayer. As a result,whenwe take the
inverseFouriertransformto obtainI i j

Ä

x
Å

y
Å

t
Æ

, thecontrastwill dependon theseparameters
aswell. We avoid thiscontrastdependenceby rescalingI i j

Ä

x
Å

y
Å

t
Æ

sothattheintensitieslie
in [-1,1],

I
Ä

x
Å

y
Å

t
Æ

:
È

Ii j
Ä

x
Å

y
Å

t
Æ

maxx
ì

y
Ô

Ii j
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x
Å

y
Å

t
Æ

Ô

É

ACM TransactionsonApplied Perception,Vol. V, No. N, Month 20YY.



ïIð œ •2ž�Ÿ1ž� �¡�¢j£�¤�¥€¦�§
ž1¨�¤�¥}¤j©r¥}¡�¦1ª.ž�«�¤�¬�­�©

Notethat,at this step,thereis no dc componentandso the imagetile I i j
Ä

x
Å

y
Å

t
Æ

hasmean
intensityof zero.Thenormalizationdoesnot changethis property.
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To blendthe intensitiesof the tiles, we de�ne a windowing functionW
Ä

x
Å

y
Æ

(seebelow)
suchthat,for any

Ä

x
Å

y
Æ

in theimagedomain à 1
Å

ÉVÉVÉ
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N â

Ø
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N â ,

I
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y
Æ

È å
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j
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y Î
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2

j
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Ii j
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x Î

M
2

i
Å

y Î

M
2

j
Æ

whereW
Ä

x
Å

y
Æ

andIi j
Ä

x Î

M
2 i

Å

y Î

M
2 j

Æ

arede�ned on Ï 1
Å

M
Ð

Ø`Ï 1
Å

M
Ð

andare0 outside
this region. By inspection,four tiles overlapat eachpixel, namelytwo tiles in eachof x

Å

y
directions.

The window W
Ä

x
Å

y
Æ

is de�ned as follows. We would like the window to give more
weightto pixelsnearthecenterof a tile. We begin with a linearblendingwindow, namely
a 2D separableBartlett window B

Ä

x
Å

y
Æ

. Sucha window leadsto non-uniformcontrast,
however [WatsonandEckert 1994;Langeret al. 2005]andsowe normalizeto make the
sumof squaredweightsof thefour overlappingtiles constantat eachpixel. For any x

Å

y
ê

Ï 1
Å

M
2 Ð

, wede�ne a normalizedwindow:

W
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2
(6)

For otherx
Å

y
ê

Ï 1
Å

M
Ð

ØòÏ 1
Å

M
Ð

, we de�ne W
Ä

x
Å

y
Æ

by mirror symmetryaboutthecenterof
thetile, namely

W
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Æ
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W
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M
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1 Î x
ÆIÅ

min
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y
Å

M
Ç

1 Î y
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É

Theresultis shown in Fig. 2.
Note that multiplying by the window W

Ä

x
Å

y
Æ

may causethe meanof eachwindowed
tile to benon-zero.Moroever, theamplitudespectrumof eachimagetile is affectedby the
windowing function since,by theconvolution theorem,multiplying I i j

Ä

x
Å

y
Å

t
Æ

by W
Ä

x
Å

y
Æ

causestheamplitudespectrumÎi j
Ä

fx Å

fy Å

t
Æ

to be convolvedwith Ŵ
Ä

fx Å

fy Æ

. This blurring
in thefrequency domainis notabig problem,though,sinceW

Ä

x
Å

y
Æ

is avery low pass�lter
which falls to lessthan40% of its dcvalueat f

È

1 andto lessthan10%of its dcvalueat
f

È

2. Thusthereis only a slight spreadingof theamplitudespectrum.
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Oncethetilesareblendedtogether, themeanI
Ä

x
Å

y
Å

t
Æ

for any �x edt is approximatelyzero,
andtheintensitieslie approximatelyin theinterval [-1,1] andsoweclip to thisinterval. We
performtwo �nal operations.First,weaddintensity1 to eachpixel anddivideby 2, which
bringsintensitiesto theinterval [0,1]. We thentonemaptheintensitiesby squaringthem.
This skews the intensitydistribution towardzero,giving a wider distribution of perceived
brightnessesi.e. theperceptionof brightnessobeysa power law. This latterstepwould be
droppedif thestimuli wereusedin a psychophysicsexperiment.

ó
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The examplesthat we presentin the paperusetwo typesof layeredmotion �elds. The
�rst is themotion generatedby a �uid model. Thesecondtype is themotion seenby an
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Fig. 2. TheM Ù M Ú 64 Ù 64weightingfunctionW õ x ö y÷ thatis multiplied with eachtile. SeeEq. (6).

observermoving throughastaticscene.Thevideoscanbefoundat
ø#ù�ù�úmûVü�ü
ý�ý�ýcþEÿ����Šþ���ÿ����	�
�Cþgÿ��#ü�
������������1ü��
�
���
�.þ�ù����

.

With tile width M
È

64 andN Ø N
È

512 Ø 512, we areable to render11.6 framesper
secondusinga Pentium4 3.0GHzwith 2 GB RAM.

ó
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We usedthe �uid solver of [Stam2001] to generatea time-dependent2D velocity �eld.
The methodgeneratesvelocity �elds for incompressible�uids subjectto forcessupplied
by theuser. For ourexamples,weuseauniformrandomforce�eld thatis input to the�uid
solver for the�rst frame,andweuseno force�eld in subsequentframes.

For the �rst example, �

�� !��"�#�$�ù��
��"�%

, we chosethe motion in the different layersto
have the samedirection,but to differ in speedsuchthat higherspatialfrequency bands
moveslower. In thecontext of a �uid, onecanthink of thespeedasa decreasingfunction
of height,thatis, decreasingtowarda boundarylayer. Thetile sizeis M

È

64. No motion
blur wasused.(SeeFig. 3.)

For the secondexample, �

�� !��"�#�$�ù��
��"�%�#�&��� ��

, we usemotion blur. We also usea
smallertile width of M

È

16,andspatialfrequenciesfrom f
ê

Ï 1
Å

8
Ð

. Fig. 4 shows single
framesfor thecasesof noblur vs. blur.

Our third exampleis �

�� !��"�#� 
�'$�ù�����"�%�#�&��� 
�

. This videowasgeneratedusinganun-
steadymotion�eld, thatis, thevelocityvectorin eachtile andlayerchangesfrom frameto
frame.A randomforcewasappliedto generatethe�rst frameasbefore,but now the�uid
vector�eld wasallowedto dampenandadvectoversubsequentframes[Stam2001].Note
that thehigh spatialfrequenciesof themotion�eld

Ä

vx Å

vy Æ

becomesdampenedover time
i.e. the �eld becomesmoresmooth.At the sametime, thespeedof thevelocity vectors
decreasesover time leadingto a reductionof motionblur over time.

Our �nal �uid example,�

�� !��"�#�$�ù��
��"�%�#�ù�ý�(��	��%����)$

, usesjust two motionlayers.The
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Fig.3. (left) An exampleof thevector�eld generatedby the�uid �o w technique.(right)A singleframe õ N Ú 512÷

frameof bandpass1/f noisefor tile width M Ú 64.

Fig. 4. (left) A singleframetaken from an imagesequencehaving no motion blur andN Ú 512 andM Ú 16.
(right) A singleframewith motionblur added(s Ú 10).

velocity �elds in eachlayer arenow chosenindependently, in particular, both speedand
directionof thetwo layersareindependentwithin in eachtile. For thoseimageregionsin
which thespeedor directionsof motionaresuf�ciently different,thevisualsystemis able
to seetwo separatelayers(seeSec.2.2).

ó
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The secondtype of motion �eld is that seenby an observer moving througha static3D
scene.For suchsituations,the imagevelocity of a point at a given instanceof time is as
follows [Longuet-HigginsandPrazdny 1980]. Let

Ä

Tx Å

Ty Å

Tz Æ

be the instantaneoustrans-
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lation componentof thecameramotion in thex
Å

y andz directionand
Ä

Wx Å

Wy Å

Wz Æ

bethe
instantaneousrotationcomponentof the cameramotion in x

Å

y andz direction. Assume
that the imageprojectionplaneis at depthz

È

f in cameracoordinates.Thescenedepth
z

Ä

x
Å

y
Æ

representsthedepthof a 3D point visible at position
Ä

x
Å

y
Æ

in the imageprojection
plane.Accordingto this model,theimagevelocityat

Ä

x
Å

y
Æ

is then:
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vx
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y
Æ
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*
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f
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(7)

Theimagelocation
Ä

xT Å

yT Æ

È

f
Tz

Ä

Tx Å

Ty Æ

is calledthedirectionof heading,alsocalledthe
focusof expansion(FOE).

Fig. 5. (left) Vector �eld for a single motion layer (constantdepth)when camerais translatingforward and
rotatingabouttheoptical (z) axis. See0214365�387�9:3:;=<87?>�@8;BA:>4387 . (right) Vector�eld whenthecamerais rotating
aboutthex axis.See0214365�387�9:3:;=<8>4387�@27�9:3:; .

For any singledepthlayer, the2D imagevelocity �eld is thevectorsumof �elds dueto
thecameratranslationandrotation.Thesetwo �elds are,respectively, thetwo termsonthe
right handsideof Eq. (7). Thetranslation�eld alwayspointsaway from thedirectionof
heading.The lengthof thevectoris inverselyproportionalto z

Ä

x
Å

y
Æ

. Therotation�eld is
independentof scenedepth.Figure5(left) is anexampleof a vector�eld generatedusing
aboveequations,wherethetranslationdirectionis straightaheadandtherotationis about
theopticalaxis.For this example,depthis assumedto beconstantover theimage.This is
thecaseof amoving directly towarda wall.

The video
����(B�'(�ù'��(���#	��(�ù���ù'��(��

shows thecaseof camerarotationaboutthex-axis,
but no translation. The motion �eld hasa parabolicnon-linearity, which is due to per-
spective. SeeFig. 5 (right). For correctperspective, theviewer shouldobserve this �eld
closeto themonitor. Becausethevelocity�eld for therotationcomponentdoesnotdepend
on depth(seeEq. (7)), the threedepthlayersin eachtile have thesamevelocity

Ä

vx Å

vy Æ

.
Thereare,however, up to four layersat eachimagepixel, namelythe four neighboring
overlappingtiles. Theslight transparency effect in thevideois dueto tile overlap.
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What aboutscenesthat containmultiple layers?In this case,we would needmultiple
z

Ä

x
Å

y
Æ

valuesat eachpoint. As describedin Sec. 4.1, our methodimplementsmultiple
layersin eachtile by allowing for a different

Ä

vx Å

vy Æ

vectorsfor differentlayers. For the
caseof egomotion,the

Ä

vx Å

vy Æ

vectorsare chosenaccordingto the above equation. In
particular, thecenterpixel

Ä

x
Å

y
Æ

of eachtile de�nesbotha translationandrotationvector.
Onedepthzi j is chosenfor eachtile i

Å

j andfor eachlayer.
In

����(��)(�ù'��(	��#�ù
���	�)$�����ù)��(	�

, the viewer is translatingalong the directionof z-axis,
andthereis no rotation. The FOE is at the centerof the image. Threedepthlayersare
present.Thehumanvisualsystemis not ableto detecttheindividual layers,however, for
reasonsdiscussedin Sec.2.2. A similar exampleis

����(��'(�ù'��(	��#�ù
���	�'$��
(�ù

, in which the
viewer is translatingstraightahead(directionof z axis), while rotatingaboutthe z-axis.
Thevector�eld for onedepthlayerwasshown in Figure5 (right).

The fourth exampleis a video in which the viewer's motion parameterschangeover
time,andthis leadsto thea time-varyingvelocity �eld. In thevideo C�D	E

#�ù
F

, theviewer's
Tz componentis constantbut theTx componentvariessinusoidallywith time,from theright
sideof theimageto theleft side.

G
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Ourspectralsynthesismethodproducescompellingvisualizationsof layeredmotion�elds.
A key propertyof themethodis thatit is amenableto spectralanalysis,namelythevideos
canbecharacterizedusingstandardsignalprocessingtheoryandusingpropertiesof human
perceptionsuchasspatiotemporalcontrastsensitivity andsensitivity to motionblur. This
suggeststhat the methodcould be very useful for generatingstimuli for psychophysical
experimentsthatinvestigateperceptuallimits of 2D motion�elds.

In particular, suchpsychophysicalexperimentscouldaddressthesensitivity of thevisual
systemto complex motion �elds. The studiescited in Sec. 2.1 usedonly simplemotion
�elds which werede�ned typically by alternatingstripesin which themotionvectorwas
constantwithin eachstripe. Studiesof multilayer �elds reviewed in Sec. 2.2 considered
layerswith a singlevelocityonly. Therehavebeenstudiesof motionlayersthathavecon-
siderednon-uniformvelocitieswithin eachlayer [Rieger andToet 1985; De Bruyn and
Orban1993], but thesearevelocity �elds arestill quite simplistic relative to the motion
�elds foundin nature.Justasthevisualsystemis canrecognizewalking �gures from ran-
domdotpatterns[Johansson1973],weexpectthatthevisualsystemis especiallysensitive
to othercomplex naturalmotion �elds, suchasthatof swirling �uids. Stimuli generated
usingour spectralsynthesismethodcouldbeusedin psychophysicalstudiesof suchmo-
tion �elds. The nice spectralpropertiesof our stimuli could make themmoreuseful for
bridging the gapbetweenthe low level control neededfor psychophysics(e.g. constrast
sensitivity) andthepotentialto generatecomplex motion�elds. While state-of-the-art2D
�o w visualizationmethodsmayrun in real time, they arebasedon many approximations
andarerelatively dif�cult to characterizein termsof their stimulusproperties.
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