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ABSTRACT
We examine the spatiotemporal power spectra of image sequences that depict dense motion parallax, namely the
parallax seen by an observer moving laterally in a cluttered 3D scene. Previous models of the spatiotemporal
power have accounted for effects such as a static 1/f spectrum in each image frame, a spreading of power at high
spatial frequencies in the direction of motion, and a bias toward either lower or higher image speeds depending
on the 3D density of objects the scene. Here we use computer graphics to generate a parameterized set of image
sequences and qualitatively verify the main features of these models. The novel contribution is to discuss how
failures of 1/f scaling can occur in cluttered scenes. Such failures have been described for the spatial case, but
not for the spatiotemporal case. We find that when objects in the cluttered scene are visible over a wide range
of depths, and when the image size of objects is smaller than the image width, failures of 1/f scaling tend to
occur at certain critical frequencies, defined by a correspondence between object size and object speed.
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1. INTRODUCTION
This paper addresses image sequences seen by an observer moving laterally relative to a cluttered 3D scene.
Examples are an observer walking through the woods and looking off to the side, or a static observer viewing
falling snow. Such image sequences are commonly observed in nature, yet are complex since they exhibit many
discontinuities. Despite the complexity of such image sequences, however, natural vision systems appear to
function well in 3D cluttered scenes. This has been shown formally in psychophysical experiments, for example,
observers have little trouble judging direction of heading through a 3D cloud of dots.1 It is also obvious from
observing animals in the wild. Many fast moving animals – in particular, birds – seem to have little trouble
navigating through cluttered environments such as the woods.
In this paper, we analyze the spatiotemporal statistics of image sequences of cluttered scenes, in particular,
their spatiotemporal power spectrum. In Sec. 2, we review several power spectrum models that have been
presented in the literature, and relate these to the specific case in question, namely lateral observer motion in a
3D cluttered scene. In Sec. 3, we present experimental results using computer graphics images.

2. POWER SPECTRUM MODELS OF NATURAL IMAGES
Many studies of statistics of natural images are based either on the image autocorrelation function or its Fourier
transform, in particular, the power spectrum. These models capture the fact that nearby pixels tend to have
similar intensities, in particular, the autocorrelation function of static natural images is a decreasing function of
the distance between pixels.2, 3 Expressing the autocorrelation function by its Fourier transform is convenient for
several reasons. It connects the statistics of natural images with linear systems models of image processing4, 5 This
allows one to relate the models to psychophysical data such as contrast sensitivity functions and to information
theoretic constraints such as efficient coding of the image in the presence of noise.6–11 In this section, we review
several models of natural image power spectra.

2.1. Spatial power spectra
We begin with static images. Let I(x, y) denote the image intensity at pixel (x, y). Let fx and fy denote the
spatial frequencies in the x and y directions. The Fourier transform of the image is:
ˆ x , fy ) =
I(f
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I(x, y)e−i N (fx x+fy y)

(1)

x=0 y=0

and the power spectrum is:

ˆ x , fy )|2 .
P (fx , fy ) ≡ |I(f

(2)

Field4 and others12–14 have shown that
q the power spectra of natural images, when averaged over all orienta∗
tions of a given spatial frequency, f = fx2 + fy2 , behaves approximately as a power law:
P (f ) ∼ f −m

(3)

which is linear with slope −m on a loglog plot. The slope m depends on many factors, such as depth of
field.13, 16, 17
Although many natural images do have a static spectrum that behaves as f −m , there are exceptions. For
example, consider an image of a cluttered scene such as a bush whose surface elements are distributed over a
finite view volume. Synthetic examples are shown in Fig. 1, along with a loglog plot of their orientation averaged
power spectra. The log-log plots are clearly not linear, as would be predicted from a f −m scaling model. Rather,
they become flatter at lower spatial frequencies. The reason for such failures of f −m scaling is that all the objects
have a limited width and so the image intensities are statistically independent (and hence uncorrelated) at large
image distances.18, 19 In this paper, we extend this concept to spatio-temporal case.
Before consider the temporal domain, we note that images of Fig. 1 are similar to those of the “dead leaves”
model which has been used in recent studies of natural images statistics.14 One key difference between our model
and the dead leaves model is that we are using a perspective projection, whereas the dead leaves model uses
orthographic projection. As we will see, perspective projection is crucial for the arguments in this paper, which
depend on a relationship between depth, image size, and image speed.
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Figure 1. (a,b) Two scenes with a different number of squares M , viewed in perspective against a black scene background.
(c) A loglog plot of the orientation-averaged power spectrum of several such scenes (dotted line for M = 2000, solid line
for M = 16000. Low spatial frequencies not shown (f = 0, 1, 2).
∗

Static orientation dependencies can occur in some scenes,13, 15 but we ignore them in this paper.

2.2. Spatiotemporal power spectra
Turning now to image sequences, let I(x, y, t) denote the image intensity at pixel (x, y) and frame t. The 3D
Fourier transform is:
N
−1 T
−1
X
X
2π
2π
ˆ x , fy , ft ) =
(4)
I(f
I(x, y, t)e−i N (fx x+fy y)−i T ft t
x,y=0 t=0

where ft is the temporal frequency.
Eckert et al.20 modelled the power spectra of individual natural image sequences as products of spatial and
temporal frequency. Their model was expressed in the spatial domain by an autocorrelation function,
R(r, t) ∼ e−ar e−bt
p
2
2
where
q r = x + y . This autocorrelation yields a power spectrum which is separable in spatial frequency
f = fx2 + fy2 and temporal frequency ft ,
P (f, ft ) =

ab
(a2

+

3
f 2 ) 2 (b2

+ ft2 )

.

This power spectrum model behaves roughly as a power law for large f and large ft . However, for f → 0 and
ft → 0, the spectra become flat. The constants a, b define spatial and temporal scales above which the spectrum
roughly obeys a power law and below which the spectrum becomes flat and behaves more like white noise. A
similar flattening of the power spectrum at low spatial frequencies can be seen in Fig. 1.
The Eckert et al. model does not explicitly address the motion that occurs in image sequences. As Watson and
Ahumada observed, an object translating with velocity (vx , vy ) in a image produces a spatiotemporal component
in the power spectrum with support confined to a motion plane,21
vx fx + vy fy + ft = 0.
If an image sequence contains many image velocities, then each velocity contributes power to its corresponding
motion plane.† This is the case we address in this paper.
For the case of an observer moving laterally in a static 3D scene, all these image velocities are in the same
direction.24 For example, suppose the observer is moving horizontally (in the x direction) and the observer’s 3D
speed in this direction is V . Assuming the projection plane is at depth z = 1 unit, the horizontal image speed
vx for a visible object at depth z is
V
(5)
vx = −
z
and the motion plane corresponding to such an object is
vx fx + ft = 0.

(6)

If objects are present at a range of z, then a family of motion planes of various speeds vx results.24 All of these
motion planes intersect at the fy axis. Langer and Mann referred to such motion as optical snow.
Next, assume the 3D scene is cluttered and scene objects are uniformly distributed over 3D space, with a
density parameter α. Since objects are opaque, near objects occlude far objects along any line of sight (or pixel).
Van Hateren7 proposed a model to account for the resulting relationship between depth, occlusions, and visibility
as follows. For any pixel, the probability that an object at depth z is visible at that pixel is roughly‡
p(z) = αe−αz .
†
Strictly speaking, since image regions of a fixed velocity are bounded in space-time, these regions contribute power
to a slab of motion planes rather than to a single motion plane,22–24 where the thickness of the slab in inversely related
to size of the region.
‡
For this model to be correct, depth should be measured along a ray rather than strictly in the z direction. To keep
the model simple, we ignore this discrepancy. This is not a problem provided the field of view is sufficiently narrow.

With a change of variables, the model relates the probability p(z) dz that the visible object lies in the depth
interval [z, z + dz] to the probability p(vx ) dvx that a visible object has image speed in [vx , vx + dvx ]. Since
z = vVx , we have
V
dz = − 2 dvx .
vx
Thus,
V

p(z)dz ∼ e−(α vx )

V
dvx
vx2

and so
V

p(vx ) = e−(α vx )

V
.
vx2

(7)

This probability density over image speeds vx is now expressed as a probability of power falling on motion planes
of slope vx = Vz . For a fixed fx ,
dft
dvx =
fx
and so, for fixed fx , fy , the probability density of a visible object contributing power to frequencies in [ft , ft + dt]
is obtained by substitution,
V fx
f2 1
dft .
p(ft | fx , fy ) dft ∼ V e−α ft · x2
ft fx
This probability is the product of three terms:
• an exponential decay term which depends on the density of objects in the scene. Higher density α leads to
more power at high image speeds, since slow distant objects would tend not to be visible.
• an inverse square dependence on image speed ft /fx in the direction of motion. Because objects are
uniformly distributed in 3D, the probability that a randomly chosen object (possible visible, possibly not)
is far away is relatively high. Note that this term works in the opposite direction as the previous term.
• an inverse dependence on spatial frequency fx , namely a spreading of the power spectrum away from
fx = 0. All motion planes intersect at the fy axis24 and so power is expected to be concentrated on this
axis and to spread away from this axis.25
To relate this probability model to the power spectrum, the image intensities must also be considered. In
previous work7, 11 which considered orientation averaged spectra, this was achieved by multiplying by a static
radially symmetric power spectrum f −m . One could apply this idea to lateral motion only as well. Letting
dft = 1, we get a model for the spatiotemporal power at each frequency fx , fy , ft :
P (fx , fy , ft ) = f −m V e−αV

fx
ft

·

fx2 1
.
ft2 fx

(8)

This model is a separable product of terms that depend on spatial frequency fx , fy only, and terms that depend
on the speed vx = − ffxt . A similar separability observation was made for orientation-averaged spectrum.11
This model is not necessarily appropriate for the cluttered scenes that we are considering, however. As we
showed in Figure 1, failures of f −m scaling in the static spectrum can occur in cluttered scenes, when the image
width of visible objects is relatively small in comparison to the width of the image. One might be tempted to
substitute an alternative static power spectrum which flattens out a low spatial frequencies, for example, a model
similar to the spatial frequency component of the model of Eckert et. al. As we argue next, however, this does
not quite do the trick and a slightly more subtle model is required.
Our argument here is similar to one developed by Langer et al.26 Suppose objects in the scene are all roughly
of the same 3D size, and are again seen by a laterally translating observer. Because of linear perspective, objects
that are further away will have smaller image width and will have lower image speed (see Eq. (5)). Thus, for

any speed vx , the objects that contribute to the corresponding motion plane will have an image width that is
inversely related to their depth. Since the image width of objects defines the spatial frequency f below which
failures of f −m scaling occur, different motion planes should exhibit such failures at different spatial frequencies.
To be more concrete, suppose§ that within the motion plane that corresponds to some depth z the power
spectrum is flat up to some critical spatial frequency f ∗ and then falls off as f −m for f > f ∗ . Let fx∗ , fy∗ satisfy
q
f ∗ = fx∗2 + fy∗2 . From Eqs. (5) and (6),
f∗
1
vx = t∗ ∼ .
(9)
fx
z
How many we interpret the critical temporal frequency ft∗ ? Just as the critical spatial frequency fx∗ is
inversely proportional to the image width of objects that contribute to a motion plane, the critical temporal
frequency ft∗ should be proportional to the temporal duration over which such objects are visible at a single
pixel. Since size is proportional to image speed and ∆t = ∆x/vx , it follows that the duration that an object
falls on a pixel should be constant¶ . Thus, we expect that the critical temporal frequency ft∗ to be the same for
each motion plane. Another way to make this argument is as follows. Since the critical spatial frequency f ∗ for
a given motion plane is proportional to depth (far objects appear smaller), we have 1/z ∼ 1/f ∗ . Combining this
proportionality relationship with Eq. (9) yields:
fx∗
ft∗ ∼ q
.
fx∗2 + fy∗2

(10)

In the case that fy∗ = 0, we have that ft∗ is a (unspecified) constant. This unspecified constant depends on the
3D size of the objects and on the angular width of the image.
Once this constant is specified, Eq. (10) defines a non-planar surface in the 3D frequency domain. For any
motion plane, the intersection of this surface with the motion plane partitions the motion plane into two sets,
namely those with spatial frequencies below and above f ∗ . Frequencies well below f ∗ should have a roughly
flat power spectrum and those well above f ∗ should have a f −m spectrum. In the next section, we present an
experiment using computer graphics sequences that examines this model.

3. EXPERIMENTS
3.1. Image sequences
Image sequences were generated using OpenGL. Each sequence consisted of 128 image frames each of size
128 × 128 pixels. Anti-aliasing was achieved by rendering the sequences at three times this resolution in each
XYT dimension, then blurring and subsampling k . Prior to computing the 3D Fourier transform of each sequence,
the sequence was multiplied by a Hanning window in each of the x, y, t dimensions.
Each 3D cluttered scene consisted of M squares, randomly distributed in a cube. This cube bounded the
union of the view volumes of the laterally moving observer (see below). Each square had random uniform
reflectance (between .4 and 1) and was illuminated by constant ambient light. Each square had width 0.05 units
and the surface normal was oriented randomly in 3D, subject to the constraint that the maximum slant was 60
degrees with respect to the viewing direction. The camera field of view was 30 degrees wide. The near and far
clipping planes of the view volume were located at depths of z = 1 units and z = 4 respectively. The speed of
the observer was chosen so that objects in the view volume had image speeds vx between 0.5 and 2 pixels per
frame. Frames from two sequences with different number of objects M were shown in Fig. 1.
§
In practice, there is no single critical spatial frequency – see Fig. 1 – and so one would need to define it as a parameter,
as in Eckert et al.’s model.
¶
Here we are considering only unoccluded objects.
k
We blur with a square box kernel of width 6 pixels, and subsample by a factor of three.

3.2. Results
We study how the power spectrum was distributed both across and within motion planes. The method we use
is similar to that of Dong and Atick11 who studied the distribution of orientation-averaged power as a function
of speed vx = ω/f , and who observed a common scaling behaviors at different speeds. The key difference in our
model is that we are considering a more specific scenario, namely 3D cluttered scenes and lateral motion only.
This scenario leads to a different analysis and to different results than those found by Dong and Atick.
Like Dong and Atick, we consider temporal frequency and one spatial frequency dimension only. However,
unlike Dong and Atick who considered orientation-average spectra, we consider the spatial frequency fx in the
direction of motion and we examine the power in the fy = 0 plane only, that is, on the intersection of each vx motion plane with the fy = 0 plane. This intersection is a line in the fy = 0 plane, namely the line ft = −vx fx .
For any vx motion plane, we interpolate the power spectrum along this line from frequency samples above and
below the line. Let P̂ (fx | vx ) denote this interpolated power. We examine how power varies across motion
planes by plotting the total∗∗ power along the lines ft = −vx fx for various speeds vx , namely we plot
N/4

X

P̂ (fx | vx )

fx =2

as a function of vx . Figure 2 shows this summed power plot for two different object densities, namely M =
2000, 16000 as in Figure 1, and averaged over 20 sequences.
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Figure 2. Total power is shown for all frequencies that lie in the intersection of planes ft = −vx fx and fy = 0, for two
different numbers M of objects in the scene. For larger M , the power shifts to higher speeds. See text.

The results are qualitatively what we expect. For a smaller number of objects M , there is more power at
slower speeds since far objects are more likely to be visible. This is the (fx /ft )2 bias of Eq. (8). When the
number of objects M is increased to 16000 (twice the density in each xyz dimension), the peak in the curve shifts
toward higher image speeds. This shift is entirely due to occlusions. When more objects are present in the scene,
each pixel is more likely to see a nearby object. This biases towards faster speeds since nearby objects move
∗∗

We do not include fx = 0, 1 in the sum because there is a large dc component in the images which is aliased to f = 1
by the Hanning window.

faster in the image (see Eq. 5). Since our arguments about critical frequencies fx∗ and ft∗ ignore occlusions, we
would not make as strong a prediction that ft∗ is constant in the more crowded scene condition (M = 16000).
This is indeed what we will find.
Note that for both values of M , there is some power in motion planes at slopes less than 0.5 and greater than
2.0, even though the speeds of objects is restricted to [0.5,2.0]. This leakage is due to both occlusions22–24 and
to the interpolation function.
We next address the power distribution within motion planes. Dong and Atick11 assumed a f −m model for
the static spectrum. If we were to substitute such a model in Eq. (8), we would get
P̂ (fx |vx ) ∼ 1/fxm+1
since vx = −ft /fx is fixed within each motion plane, and the assumed f −m static power spectrum of Eq. (8) is
fx−m when fy = 0. As we discussed earlier, however, in the case of a cluttered scene a f −m scaling model is not
appropriate at low spatial frequencies. What model can we use to better account for the scaling behavior in this
case?
According to the arguments we made that led to Eq. (10), we expect the spectrum within each motion plane
to be flat up to some critical frequency fx∗ (or ft∗ ), then to fall off as fx−m (or ft−m ) for higher spatial frequencies.
In particular, recall that we expect the critical temporal frequency ft∗ to be the same for all motion planes.
Figure 3(a) shows loglog plots of the product fx P̂ (fx |vx ) for various vx . (We are multiplying by fx to cancel
the spreading of the power away from the fx = 0 – see bullet 3 above Eq. 8). Figure 3(b) shows the same data,
but now it is plotted as a function of ft , that is, a loglog plot of ft /vx P̂ (ft , vx ) versus ft .
In both plots, the curves are flat at low frequencies and then fall off at higher frequencies. However, in Figure
3(a), the falloff occurs at different critical spatial frequencies fx∗ for different curves, i.e. the curves separate from
each other, whereas in Figure 3(b), the critical temporal frequencies are roughly the same for all curves. In (b),
the curves differ mainly by a vertical shift†† which is due to different amounts of total power at different speeds
vx (recall Fig. 2).
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Figure 3. Total power within motion planes is plotted as a function of (a) fx and (b) ft for 20 sparse scenes (M = 2000).
See text for details.
††

A vertical shift in the loglog domain corresponds to scalar multiplication of P̂ .

Fig. 4 shows corresponding plots for the dense scene (M = 16000). Here the effect is less pronounced,
namely the curves in (b) are not merely vertical shifts but rather also seem to have different shapes. We believe
the reason for the slightly different effect here is that in the dense scene, occlusions are more severe. Further
investigation is required to clarify this case.
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Figure 4. Total power within motion planes is plotted as a function of (a) fx and (b) ft for 60 dense scenes (M = 16000).

4. CONCLUSION
Power spectrum analysis has a long tradition in the study of the statistics of natural images. In this paper,
we have addressed the detailed structure of the spatio-temporal power spectrum of a common class of image
sequences, namely those seen by an observer moving laterally in a 3D cluttered scene. We reviewed several
models of power spectra, both spatial and spatiotemporal, and applied these to the scenario in question. We
showed that these models do not correctly account for failures of f −m scaling in the static spectrum, which can
occur in cluttered 3D scenes in which the objects have roughly constant 3D size.
Our main new result is that for cluttered scenes that are relatively sparse – namely sparse enough that far
objects are likely to be visible despite occlusions – it is possible to account for the failures of f −m scaling in
the spatiotemporal spectrum in a simple way. For any motion plane in the frequency domain, the static power
spectrum contributed by that motion plane is flat up to a critical frequency f ∗ and then behaves as fx−m beyond
that frequency. In particular, the critical temporal frequency ft∗ is roughly the same for all motion planes,
whereas the critical spatial frequency fx∗ varies between motion planes. Our arguments were supported with
experiments using computer graphics. In future work, we will test the predictions of the model using real image
sequences.
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