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Abstract

Studesofimage motiontypicallyaddressmotioncategories
ona case-by-asebasis.Exampesincludea moving poirt,
a moving contaur, or a 2D optical flow field. Thetypical
assumptia madein thesestudiesis that there is a unigue
velocityat each moving poirt in theimage. In this paper
we relax this assumption We introdue a broacer set of
motioncategaries in which the setof motiors at a moving
poirt canbe0-D, 1-D, or 2-D. We consideronenex motion
category in detail, which we call optical snow This motion
category occurs, for example whenan observertranslates
relativeto a massivelycluttered scene Exampes include
the motionseenby an observemmoving through bushespr
falling snowseenby a stationaryobserver Optical snow
is characterizedby a 1-D setof velocitiesat each moving
poirt and assud, it canrot be andyzedusinga classical
comptationd methodsudc as opticd flow. We introdue
a technigue for andyzing opticd snowwhich is basedon
a bowtie signatue of the motionin the frequencydomain
We demostratetheeffectivenasofthetechniqueusingboth
syntheticandreal image sequence

1 Introduction

This paperaddessesatayorical propeties of time varying
imagesin whichthevariationis dueto motion. We consider
motion to bechangsin thespatialpositionof imagetokens
over time. Imagetokensinclude raw pixel intensities,as
well asabstracentitiessuchasthe output of edgeandline
detectos.

Traditioral mocelsof imagemotion addresshecaseof a
moving point,amoving curwe, or aflow overaregion. Such
motionsaredistinguishe from eachotherby thedimension
of the setof moving imagepoints: A singlepointis a0-D
set,acureis a 1-D set,andaregion is a 2-D set. In each
of thesethreecasespne assumeghereis a unigue veloc-
ity at eachmoving point, andoneposeshe compuational
problemas,“how do you recover this unigque velodty?”

In this paper we go beyond the traditional image mo-
tion prodem by consideed a moregenera setof motions
in which the setof velodties at eachmoving poirt canbe
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1-Dor2-D.A 1-D setof velocitiesatamoving pointmeans
that the velocitiesdefinea cure in imagevelocity space
(with the curve possiblydiffering from onemoving image
poirt to anothe). A 2-D setof velocitiesatanimagepoint
meanghatthevelocitiesdefinearegion in velocity space.

We treatimagemotion as a mappirg from the domain
of image positionsto the rangeof imagevelocities. The
novelty of our appioachis to allow the subsetf velocity
spaceo bel-D or 2-D setsin addition to thetraditioral 0-D
set.

Thepapemalkestwo contibutionsto the studyof image
motionwithin this themeof dimersionalanalysis.Thefirst
contibution, develogpedin Section2, is a formal modelof
imagemotion cateyaries which are definedby the dimen-
sionality of the motion. The motion catgyories includefa-
miliar motions,aswell motionsthathave notyet beencon-
sideredin which the setof velocitiesat a moving poirt is
1-Dor2-D.

Theseconctontrikution, developedin Section3, is ade-
tailed analysisof oneof the new categyories of motion. We
call this motion optical snow Examplesarethe motion of
treesandbrarchesin a forestas seenby a translatingob-
sener, or the motion of rain or falling snov asseenby a
stationaryobsever. Optical snov prodicesa rang of im-
agevelocitiesat eachpoint of theimage.Suchmotiors fail
to satisfytheclassicabpticalflow assumptia thatthereis a
uniqueimagevelocity ateachpixel. As such classicabpti-
cal flow methals arenot appropiate for representinghese
motiors. We introduce analternatve techniaie for analyz-
ing optical snav, and we provide exanples that illustrate
thefeasibility of thetechnique.

2 Motion Categories

Theideaof analyzng andcomparingmotioncateyotieshas
beenpursuedpreviously andrelationshig betweersererd

catgyaries of motion beensuccessfullyexplored, e.g. [1].

The novelty of our appoachis to considera larger set of
catgaries thanhasbeenconsideed previously, andto ex-

plicitly addesstheissueof dimensiomlity [2].



2.1 Dimensional Analysis

To introducetheideaof our dimersionalanalysiswe con-
siderthe possibledimersionsof the setof moving points
in animageandthe setof velocitiesof eachof thesemov-

ing points. Therearethreepossibledimensims of the set
of moving poirts, namely0-D, 1-D, and2-D andthereare
threepossibledimensios of the setof imagevelccities at
eachmoving poirt, also0-D, 1-D, and2-D. Takingall 3 x 3

combinationsyieldsninepossibledimensioml categoriesof

motion. Thesearelistedin Tablel. Cateyories1-3,4-6

and7-9 aremotiors in which the setof velocitiesat each
moving poirnt is 0-D, 1-D, and2-D respectiely.

Tablel: Nine categyories of imagemotion.

| # | dim | setofimagepoirts | setof velocities |

1] 0/0 point (0-D) poirt (0-D)
2| 1/0 cune (1-D) poirt (0-D)
3| 20 region (2-D) point (0-D)
41 0/1 point (0-D) cune (1-D)
5| 11 curwe (1-D) curve(1-D)
6| 2/1 region (2-D) cune (1-D)
7| 0/2 point (0-D) region (2-D)
8| 1/2 cune (1-D) region (2-D)
9| 2/2 region (2-D) region (2-D)

Let us consicer a few exampes. Category 1 is the mo-
tion of a singlepoint, tracingouta curve in space-timeAn
idealexamplewould bebird flying acrosghesky. Cateyory
2 is themotionof a cune suchthateachpoint onthecurve
hasa unigue velodty. Sucha curve tracesout a surfacein
space-tire. An exanple of sucha moving imagecurwe is
the bourdary of a moving object. Category 3 is the mo-
tion of 2-D imageregion suchthateachpointin theregion
hasa unique velocity. Sucha motion tracesout a volume
in space-time.Thesefirst three cateyories are familiar to
us. (See[2] for more exanples.) Catgyolies4—9arenot so
familiarandrequre elaboation.

2.2 Axis-aligned motions

We now considera refinemet of the motion categariesin
Table 1, which we call axis-alighed motions For the axis
aligned motions,eachl1-D cun is eithera horizontal line
or a vertical line. This restrictionto horizontal and vetti-
cal lines is quite natural,sincethe force of gravity in the
physicalworld definesa naturalcoodinatesystem:objects
fall vertically, cameragpanand translatehorizontally, etc.
Moreover, therestrictioncomesatlittle cost.By deforning
(morphing anaxis-aligredmotion,the 1-D curve becones
nonlinear, andoneobtairs themore geneal correspading
motion in Table 1. The advartageof working with axis-

alignedmotiors is thatthey enableusto articulateseverd
subtledistinctiors that can occurwithin the categories of
Table1, involving eithera 1-D setof moving imagepixels
or al1-D setof velocities.

Axis-alignedmotions are definedasfollows. Consider
the four coadinatesz,y andv,, v, in the usualway. The
coorinatesz andy denoteimagepositiors, andthe coor
dinatesv, andv, denotecompmentsof animagevelocity
vecta. An axis-alignedmotion is onein which, for eachof
thefour coordirates x, y, v, , andv,, thereis motioneither
atalargeinterval of valuesof thatcoodinateor atonevalue
of thatcoodinateonly.

Table 2 illustrates2* (i.e. 16) binary labelingsof im-
agemotion accoding to the definition of axis-aligred mo-
tion. Theselabelingsare 4-bit binay codesdefinedby the
z,y,v,, andv, coodinates. For ary row in Table2 and
for ary column, a“1” meanghereis imagemotionover a
large intenval of valuesof thatcoordnate,anda “0” means
thereis imagemotion at onevalueof thatcoodinateonly.
(A similarmodelwasusedin [3] to represetlighting cate-
gories.)

In Table2, we have grouped the sixteenbinarylabeling
into the nine categories thatwe saw in Table1. Two rows
in Table2 arein the samecatayoly if they have the same
nunberof 1'sin their (z, y) columnsandthe samenuntber
of 1'sin the (v,,v,) columms. Thatis, the nine cateyoties
aredeterninedby thedimersion (0, 1, or 2) of the moving
poirtsin theimagedomainandby thedimension(0, 1, or 2)
of thevelccitiesat eachof themoving points.For exanple,
in Cateyory 1/0, eachof the rows hasone1l in the (z,y)
columsandno 1's in the (v,,v,) columrs. In Category
1/1 eachof the rows hasone 1 in the (z,y) columrs and
onelin the(v,,v,) columrs. Notethat,in the caseof 1-D
setsof imagepointsand/ormotions, Table 2 distingushes
betweerhotizontalandverticalalignmetts. Theresultis a
subdvision of categyories 2, 4, 5, 6, and8 in Table1. We
will now describeeachcateyory in Table2 in more detail
andhighlight severalsubtledistinctionsandcomnonalities
betweercategories.

Category 0/0

Catagory 0/0 is definedby imagemotion thatoccursat
a unige valueof eachof the coordnatesz andy, andata
uniquevalueof the coodinatesv,, andv,. An exampleis a
point moving acrossa uniform baclground.

Note that this category of motion doesnot distinguish
betweermotion pathssuchaslinear, circular, or undulatory
[4]. Suchtypesof motionsaresub-catgoriesof Category 1.
Thesemotionsareequialentin our repiesentatiorbecase
they have the samedimensiomlity.

Category 1/0

Catagory 1/0descritesa moving curve in whichthe mo-
tion of eachpointonthecurweis unigwe. In theaxis-aligred



Table2: Axis alignedmotiors. Catayoriesrepresentingin-
stantaneoseverts aremarkedwith x.

[ #]dim | Example [z |y [ vs | vy ]
1] 0/0 moving point o0 0 ]|O
2| 1/0 movingcurve || 1 |0 || O | O

of1{ 0|0

3|20 opticalflow 1|1 010
4| 0/1* line poirting 0|0 0|1
to camera o(ojl1]o0

5| 1/1a* moving past 170 0|1
acorner 0|1 110

1/1b texturebehnda [ 1 [O || 1 | O
linearapertue || 0 [ 1| 0 | 1

6| 2/1 opticalsnov 1|1 110
1|1 0 1

7| 0/2* splash 0|0l 1|1
8| 1/2* explodingline || 1 |0 1 |1
0|1 1 1

9| 2/2 specklenoise || 1 |1 1 |1

case,the curve canbe eithera hotizontal or vertical line:
motion occursfor an large intenal of z valuesandfor a
uniquey (casel000, or for a large interval of y andfor a
unique z (case0100. In eithercasefor eachpoint onthe
moving line, thereis a unigue velocity vecta (a poirt in
velocity space). This vectormay vary from point to point
alorg the moving line. An examge of this type of motion
would be the motion of the bourding cortour of an object
with ahorizortal or verticd edge.

An important issueherecorcernsthe “aperatue prob-
lem” If the pointsonthe moving line canbedistinguished
from eachotherby different intensitieseachof which are
corstantover time, thenthe velocity at eachpoint is well
definal. If, however, themoving line is isoluminantin both
spaceandtime, thenonly the normal compnentof theve-
locity is well-defined One could argue that thereis a 1-
D setof velodties at eachpoint on a moving isoluminarn
line, sincethe imageintensitiescorstrainonly the normal
corponen of velocity. Historically, this apeture problem
hasbeensolved by imposingan additiond constraintthat
thereis a unigue motion at every point on the moving line,
for examge, by consideriilg the normal velocity only or by
usinga reguarization corstraintsuchas maximal smooth-
ness. Oncesucha uniquenessconstrant is imposed,one
canspeakof a Categyory 1/0 motion.

Category 2/0

Catagory 2/0 motion is definedby a single velodty at
eachpoirt in theimage,i.e. optical flow. Note thatthe

velocitiesmayvary from point to poirt in theimage.More-
over, motiors of differenttopdogy suchasdiverging, trans-
lating, or rotating flows [5] are not distingushed. Such
topdogical differencesdo not affect the dimersionality of
the motion, andthusdefinesub-catgoriesin our represen-
tationsimilarto whatwe saw in Category 0/0.

We next turnto motioncateyariesin whichthereis al-D
setof velocitiesat eachmoving point.

Category 0/1

Cataggory 0/1 motion is rare but worth discussingfor
competeness. It can occu when a linear objed rotates
abou a point in 3-D andthe line of the objectinstanta-
neously coincideswith the optical axis of the camera. At
this instant,the imageof the objectcollapsedo a poirt. In
the spatio-tempral neighlorhaod of this singularitypoints
move in the samedirection,but arange of imagespeedse-
sultssincetheimagespeeds inverselyproportional to the
depthalongtheline. For axisalignedmotions,the 1-D set
of pointsis a horizortal line (case0010 or a verticalline
(caseD00]).

This category of motion is instantaneusi.e. singular
Becausef this specialproperty, it is markedwith anaster
isk in Table2. We will seeotherexamgesof instantaeous
motioncateyaries shortly

Category 1/1

Catagory 1/1 is definedby motion of a curve (or along
acurwe) suchthateachpoint on the curve hasa 1-D setof
velccities. In the caseof axis-alignel motiors, two distinct
andinterestingexamples emege. Thefirst (Category 1/1a)
is a singularmotion; it occursinstantaneasly only. The
secondCategoty 1/1b) occus continwally.

Category 1/1a

Catagory 1/1ais definedby two casesln case0110, the
moving points in the imageare on a vertical line and for
eachpoint on this verticd line thereis a 1-D setof veloc-
ities that definesa horizantal line in velodty space.Case
1001 is the oppasite. The moving poirts in theimageare
on a horizantal line and for eachpoirt on this horizontal
line thereis a 1-D setof velocitiesthatdefinea verticalline
in velocity space.

An exanple of the first case(0110) is the motion ob-
senedby a viewer who walks pastan exterior corvex cor
ner of a brick building, suchthatthe correr is definedby
two outerwalls. A singularevent occus at the instantthe
viewer crossedhe extenced planeof the far wall. At this
instant,the far wall instantaeouslybeconesvisible anda
widerange of imagevelocitiesoccus. Thesevelocitiescor
resporl to the2-D setof points(e.g bricks) onthewall that
emepe suddenlyinto view. The contiruum of horizontal
imagevelocitiesis dueto motionparallaxi.e. thebrickson



thewall areatarangeof distance$rom theobsever. Since
the bricks all becone visible at the sameinstantandalong
thesameverticalline in theimage arangeof horizortal ve-
locities occur at eachpoint on this line andat that instant.
Hencethereis a 1D setof horizortal velocitiesateachpoint
ontheverticalline.

A similar exanple (the 1001 case)occus when one
climbsa setof stairs. At theinstantthe eye passeshrough
the extended planeof the landing of the floor above, the
hoiizontalimageline thatdemacatesthe landingbecones
the sourceof arange of vettical velocitiescorrespondirg to
poirts onthefloor.

Notice thatthesemotion everts arequite differentfrom
those producednear the occludirg contair of a rotating
smodh surface,suchasa rolling soccerball, or the hori-
zonasonedrivesa car over a hill. In theselatter exam-
ples,pointsemepe continwally from behird the occludng
cortour andthe imagevelocity at eachpointis unique and
cortinuous,with a limit of zerovelocity at the occludng
cortour. Suchmotionsare thus exanples of optical flow
(Catgory 2/0) rathe thanof Category 1/1a.

Category 1/1b

ThesecondCatayory 1/1 motionoccus continually over
time ratherthaninstantaneasly. Consideratextured back-
ground that is visible throwgh a linear apertue suchas a
crackin adoomway. As anobserer movespasttheapeture,
a 1-D specklepatternis produced. This speckleis dueto
stripsof thetexturedbackgourd asthey appeatdisappear

Do such specklepatterrs constitute“motion” ? One
coud argue they do not, sincethereare no imagetokens
whose positiors are charging over time in a well-defined
way, thatis, thereis no well-defired solution to the cor-
respadenceproblen. On the other hand, one could ar-
guethey do, sincesuchpatters would activate biologcal
motion systems.Any “motion enegy detectot [6] whose
spatialreceptve field overlapsthe linear apeture andwho
is sensitve to velocity compamentspardlel to the apertue
would have a responseregadlessof its speedtuning In
this sensewe considerthatall imagevelocitiesparallelto
theline presenin this motion cateyory.

Category 2/1

Catagory 2/1is definal by having a 1D setof velocities
ateachpoint in theimage.We call this motionoptical snow
andwe will analyzeit in detailin Section3. For now, we
presen a few intuitive examges. One exanple is falling
snav asseenby a stationaryobsever. All imagemotionis
in theverticaldirectionandnearary imagepositionthereis
awiderange of verticd speedsThisrang of speedss due
to thevarying distancego the snonflakesvisible to theeye.
In theaxis-aligred casethisis anexanmple of 1101 motion
For a secondexanple of Cateyory 2/1 motion, consideran
obsever walking through a forestwhosetreesare bare of

leavesandwhosebranclesexterd in mary directians. Fur
ther supposehe obserer is looking off to the sideashe
walks. In this scenarioall imagemotionis in the horizan-
tal directionandthereis a rangeof imagespeedsat each
imageposition sincemultiple objectsare visible and the
imagespeedof eachobjectis inversely proportioral to its
depth In the axis-aligred case this is anexanple of 1110
motion In bothof theseexanples,thereis imagemotionat
eachpointin theimageandthe velodties at eachpoint are
in asingledirectian andat multiple speeds.

We next considemotion catagories in which the setof
velocitiesat eachmoving pointis 2-D.

Category 0/2

Catgyory 0/2 is similar to Category 0/1 in thatit occuss
instantaneusly ratherthancontinwally. In Category 0/2,a
2-D setof velocitiesis definedatasinglepoirt in theimage.
An exanpleis theimageof a stonedroppinginto waterand
praducinga splash.Anotherexamge is a bombexploding.
In the small spatio-tempral neigtborhad of this singular
evert, imagemotionsoccu atall velocities.

Category 1/2

Catgory 1/2 is definedby a line that producesa setof
2D velocities.We have beenunableto think of anaturalex-
ampleof suchamotionandwe mentionit for completemss
only. An artificial exampge would beanexplosionof awire.
Neartheinstantof theexplosion,all velocitiesareobsened
ateachpointonthewire.

Category 2/2

Categgory 2/2 motion occus when all velocities are
preseh at all imagepositions. An examge of this motion
wouldbeaswarmof flying insects:within ary imageregion
thereis awell-defired2-D setof imagevelocities.Otherex-
amplesof motiorsin this category includeaspecklepattern
suchaswhite noiseona TV or speculareflectionsof sun-
light off small wavesof a swimmingpool. Suchmotiors
arereferedto as“scintillation” in [1]. Asin Category1/1b,
thereis no well-definedmotion correspondecefor scintil-
lation, yet we canregad suchimagesequenesasmotion
becasethey would stimulatetypical enegy motiondetec-
tors.

2.3 Discussion

We have categotized image motion patterrs by a dimen-
sionalanalysisof theimagespace(z, y) andvelocity space
(vz,vy). Severalnovel motioncategotiesemegedfrom the
analysis,andwe wereableto relatethe catgyories to each
other Certaincateyoriesoccurinstantaneasly (see* in Ta-
ble 2) whereathersoccurcontinudly. Certaincateyories
aredefinedby a natual spatio-terporalcorrespondecebe-
tween points, whereasothes are definedby a noise-like



specklen which nowell-defired correspondeceexists but
the patterrs nonetlelessstimulateenegy motiondetectos.

While this categyorization doesprovide a framework for
the mary motiors we have discussedit still hasa nunber
of limitations. Certaintypesof time-varying imagesarenot
corsidered suchasa flicker of lighting [1] or specularities
suchasa “flash in the pan” Also, becauseur analysisis
basedon dimersional consideratias only, we do not con-
siderdetailedpropetiesof theparaméersof themotionthat
might bevisuallyimportant,suchassignof thedirectionof
motion, specificvaluesof ary of the coordnates(extrema
or zeroes)or topdogical sub-catgories. Nor do we con-
sider higher order propertiesof motion suchas accelera-
tion. Finally, we do not give specialstatusto motiors in
which therearea pair of velccities at eachpoint suchasin
the caseof transpaeng/ or motion at an occlusion bourd-
ary [7]. Despitetheselimitations, the categories we have
discussedrovide a conciseand coherentdescriptionof a
wide range of imagemotions.

3 Optical snow

Thesecondortributionof this papelis to analyzeCatayory
2/1 motion in detail. This category, which we call “optical
snaw,” is very comman in realscenedut hasbheemeglected
entirelyin previous studiesof imagemotion

We will study optical snov by analyzirg its frequeng
domain properties.As backgourd, we begin by reviewing
frequeng domainpropeties of classicaltranslatioml mo-
tion, a specificcaseof optical flow in which the velocity
field is constanbveranimagewindow. We thenexterd this
frequeny domainproperty to optical snav and preseh a
methal for analyzirg opticalsnav whichis basednabow
tie signatue in the frequeny domain. To our knowledge,
this bow tie signaturehasnot beenrepated befae in the
visionliterature.

3.1 Motion in the frequency domain

Analysisof motion in the spatioterporalfrequeng/ domain
hasa long historyin motionuncderstandingesearch Most
of theanalysisis basedon the following property (se€[8]):
atexturedimagepatterni(z, y) thattranslateswith a uni-
form imagevelocity (v,,v,) producesa planeof enegy in
thefrequeny domain This progerty is the basisof several
opticd flow techniqes,for examge [9, 10, 11], andis for-
mally statedasfollows.

Let F betheFouriertransfam opeator, let (w,, wy, wy)
bethespatioterporalfrequeng variables,andlet () bethe
Dirac deltafunction. Then,

F{I(z = vst, y —vyt)}
= F{I(z, y)} 0(vy we + vy wy + wy).

It follows thattheimageenenpy in thefrequengy domainis
restrictedo lie onaplane,

Up Wy + Uy wy +wg =0. (1)

Treatingtheimagevelocity compnentsp, andv,, ascon-
stantsin the above equation the motion planeof Eq. (1)
intersectgheplanew; = 0 ataline:

Vg Wy +Vy wy =0. (2)

Thevelacity vecta (v,,vy) is perpewicularto thisline.
FromEq. (1), if we consider; asa functionof w, and
wy, thenthegradent of w; is aconstanvector i.e.

Bwt 6(.«]15 _ _
(8—%’8—%)_( Vg, —y). 3)

Thus, the slope of the motion plane in the direction
(Wa,wy) = (v, vy) IS — 4 /02 + 02

3.2 Bow Tie Signature

How canthe above frequeng domain propertiesbe applied
to the caseof optical snav? Assumethat the camerais

translatingn a3-D directian thatis perpewlicularto theop-

tical axis. In this casetheimagevelcacitiesof all theobjects
in thesceneéhave acomma directian, andthe speed®f the

objectsvary inversely with depth[12]. Let the 3D camera
motion have velocity (v,,v,, 0) relative to the cameraco-

ordnateaxisx, ¥,z wherex andy areimagecooidinates
andz is theopticalaxis. In thescenariotheprojectedmage
motiors of the objeds in the sceneareparallelto (v, vy).

Thatis, theimagevelocity of a pointis (a v, a vy) where
a depersonthe3D depthof thepoint.

Fig. 1 shavs a syntheticexanple. The sceneis a set
of spheresof constant3D size placed at random posi-
tionswithin a view volume An imagesequencd (z, y, t)
was createdby moving the camea upwards at a con-
stantvelocity.! The imagesequencevas rendeed using
OpenGL Oneframeof the sequenceor zy slice,is shavn
in Fig. 1a. Following [6], we illustratethe motion usinga
yt slicein Fig. 1b. Multiple imagespeedsreevidert in the
form of space-timdarsof multiple oriertations[12].

The motion propertiesdescribedabove are manifestin
the frequency domainasfollows. Sinceeachimageveloc-
ity producesa planein the frequeng/ domain multiple im-
agevelocitiesproducemultiple planes Whenall theimage
velccities arein the samedirection (av,, avy), all motion

IThespheresreill uminated by collimated light source(point sourceat
infinity) in direction pardlel to the line of sight, sothereareno shadavs.
The sceneis viewed in perspetive. The sphers are at depts ranging
from z = 4 to —4. Thecamerais at z = 10 andthe field of view is 30
degrees. Theimagesequacewascreged by moving the cameraupwards
ataconsantvelocity V;, = 0.025.



plares passthroudh the line of Eq. (2). In this case,we
saythatthefamily of planesyieldsa bowtie distribution of
power (seeFig. 2).

For a given image sequene, the bow tie can be visu-
alized by projeding (sumning) the 3D power spectrum
| f(ww,wy,wz) |2 orthograghically ontothe plane

cosfw, + sinfwy, =0 4)

where § € [0, 7). Thebow tie signatue emegeswhenthe
prgectionis in thedirectionof theline of Eq. (2), thatis,

when (cosb, sind) is pardlel to (v,,v,). Forthis @, each
motion plare projectsto aline.

For the specificexamge of Fig. 1, theimagevelocities
areall in the vertical directinn i.e. (vg,vy) is parallelto
(0,1). FromEg. (2), the comma line through which the
velocity planespasssatisfiesw; = w, = 0 andtherebre
hasdirection(1,0,0).

(@) zyslice (b)  ytslice
Figure 1: Falling spheresequence(a) First frame. (b) yt
sliceof sequenceakenatrightmostpixel columnof (a). As
thecamea movesupward theimagedspheresnove dowvn-
ward. Their speeds inverselyproportionalto their depth

Fig. 3 shavs projections of the power spectrumof the
falling sphee sequencédor differentd. When§ = 7, we
obtdn a bow tie signatureaspredictedsincethe imageve-
locities areparallelto (0,1). Theslopeof thelinesin the
bow tie are positive sincethe spheresaretraveling down-
ward relative to the cameraandhencethe v, areall nega-
tive (recallEq. (3)). When# deviatesfrom 7, the bow tie
signatuie is diminished sincethe velodty planesno longer
prgectto lines.

Sincethe bow tie signatureoccus only whenthe pro-
jection of Eq. (4) is perpendicularto the motion planes,
we saythatthe bow tie is a non-accidenal featuse for uni-
diredional motionin theimageplane.Non-accidentafea-
tureshave beenproposedfor mary types of motioninclud-
ing rigid collectiors of points[13], oscillatorymaotion [4],
and3D motionof point[14].

Figure2: Eachimagevelocity prodicesa planein thefre-
guercy domein. Multiple imagevelcocities, eachhaving the
samedirection, produce multiple planesintersectingat a
comnonline, Eq. (2).

In thenext sectionwe introduceamethal for recovering
thedirectionangled.

3.3 Recoveringdirection of trandation

We proposeatwo-stagepprachto recoveringthe proper
tiesof opticalsnawv. Thefirst stageis to estimatethedirec-
tion of imagemotion The secondstageis to estimatethe
range of imagespeedsn thatdirection In this paper we
addessonly thefirst stage.

To estimatethe directionof motion we estimatethe ori-
entatiord of thebow tie signatue in thefrequeng domain.
For eachf, we sumall powerin atruncaed wedg above
the origin. Thetruncatedwedge is definal by frequencies
(g, wy, wy) suchthat

Wi

. > Uma.a:
cosf w, + sinf wy |

and
| (We,wy,we) l2 > 7

wherev,,,.. is the maximum expectedspeed,and 7 is a
threshdd that removes power nearthe origin. The latter
constraimis needéd becausehedirection of a smallvector
is poaly defined.

In ourexperimentsve choser = 8 andv 4, = 4.0 pix-
els perframe We variedd between) and 180 degrees at
5 degreeincrenents,i.e. the projectel power is a function
of 4, with a 180 degree periodcity. The function should
have a value of zerowhen (cos6, sinf) is parallelto the
directin of imagemotion This is the directian in which
the bow tie signatue emeges andthusthereis no power
above theoriginin theprojectian plot. Theprojectedpower
measurmentincrease$o amaximumwhen(cosf, sind) is
pergendicularto thedirectionof imagemotion Thatis, the



minima andmaxima of thefundion areseparatethy 90 de-
grees. In pradice, the minimum is nonzero. This residual
power in thetruncatedvedge is dueto aliasingeffectsand
thefinite size of the objects(sphers). In addition for real
images, thereis noiseandcamerdgitter aswell.
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Figure 3: Projectedpower spectruntfor syntheticsequene
in Fig. 1 onto (w,, w¢) wherew, = cos 8 w, + siné w, and
wy € [—7, 7], ws € [—m,7]. In thisandsubsegantfigures,
theaxeshaverange[— £ ... & — 1], whereN is thenum-
ber of samples.To increasecontrast, log power is plotted
White correspondsgo high values.Thebow tie signaturds
visibleatd = § wherethemotion planesprgectto lines.

We appliedthe truncatedwedge, or “bow tie detectot
to several syntheticsequencesf translatingspheressuch
asin Fig. 1. Fig. 4 shows atypical setof respamsesof the
detecto, as a function of 4. In this case,we rotatedthe
camea —20° arownd the opticd axis prior to renceringthe
sequene. Theminimum respons@ccus atf = 70° asex-
pected Theresponse&urve is normalizel sothe maxmum
poweris 1. Thedetectohasa minimum respoiseof 0.067,
adynamc rang of morethananorderof magritude.

Resultsfor a naturalimagesequene are shovn in Fig-
ure5. Theimagesequene was obtainedusinga Hitachi
MPEG MP-EG10V camera. The imagesequene is of a
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Figure4: Bow tie detectorappliedto a syntheticimagese-
guercesimilarto Fig. 1 butin whichthecameravasrotated
— 20° arowndtheopticalaxisprior to renderimg. The mini-

mumpowerin thetruncaedwedg occus at70°.

holly bush,seenby acameranaoving hotizontally onaslid-
ing platform 128 frameswere extracted from the middle
of thesequenceA 240 x 256 region wastakenfrom each
frame (seeoutlined areasin Figure 5a). The region was
padadwith zerosto givea256 x 256 imageateveryframe.

The meangrey level value of the entire sequencevas
subtractd from eachimageframe. The frameswerewin-
dowed in bothspaceandtime by a Gaussiario redicealias-
ing. The standarddeviation o of the Gaussiarfor eachof
the z,y andt axeswaschosensothattheimage(z,y,t)
hadwidth 60 for eachaxis. For eachsequene I(z,y,t),
the 3D Fourier transfom wascalculatedandthe projection
of the power spectrumwascompuedfor arange of § asin
Fig. 4.

Figure 5b shawvs the resultsof the bow tie detecto for
the holly sequenceThereis a well-define minimum at 0
degrees,which correspndsto the hotizontal motion Fig-
ure 5¢ shaws the projectedpower spectrumat O degrees.
Thebow tie signaturas clearlyvisible.

4 Summary

Oneof the fundamentalgoalsof compuational studiesof
imagemotion is to develop methoddor autonatically char
acterizingmotionsequencgbasedn boththe cameramo-
tions(pan,tilt, zoam, translategtc)andscenecontent(spa-
tial layou, densityand motion of objects). The contiibu-
tionsrepatedin this paperareto introduce a modelof mo-
tion cateyolies basedon a dimersionalanalysisandto an-
alyzeanimpottantcateyory of motion thathasnotbeenad-
dressedbefae, namelyoptical snaw, which is dueto the
translationof anobsenrerthroud a cluttered3D scene We
have also presentd a compuational theoy of how to re-
cover parametes of suchamotion
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Figure 5: (a.) Framefrom realimagesequene of a holly
bush. The white box outlines the 240 x 256 region used
(theremairning rows werepaddedwith zeros).(b.) Bow tie
detecto appliedto theholly imagesequenceTheminimum
occus at 0°, correspondig to horizontalmotion. (c.) The
bow tie signatueis visible até = 0.

Besidespenirg upnew avenwesfor compuervision,we
believe this paperraisesimpartant questios aboutmotion
processingn biological vision. Cluttered3D ervironments
suchasforestsor tall grasslandarealundantin the natual
world. Animalsthatinhabitsuchenvironmentsmustsolve
conplex motionundestandingasksin orderto navigate to
avoid prechatorsandto tracktheir prey. (Seethe discussion
of “the fox andtheforest” in [2].) There have beenmary
studiesof human andprimatevision which have addessed
corditionsof motion at multiple depthspr transparet mo-
tion. (Seerecentsurwey [15]). Stimuli for suchstudiesare
typicdly compaedof asmallnunber(usuallytwo) of mo-
tion layers,eachof whichis compasedof patternsuchran-
domdotslines,or transpaentlayers.While theimpression
of layersin thesestimuli it typically strong,theimpression
of 3-D depthis relatively weakcompaed to optical snov

motiors suchasthe spheresequencén Fig. 1. It would be
interestingto measue how well the human or primate vi-
sualsystemcandetectthedirectionof motionin suchstim-
uli andhow well the perfaomane canbe explained usinga
computationalmocel suchasthe bow tie detectorthat we
haveintrodwed.
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