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Abstract

This note introduces a necessary condition for the
model/data consistency problem with perturbed co-
prime factorizations and closed-loop noisy frequency-
response measurements. The necessary condition in-
volves the computation of structured singular values of
complex linear fractional transformations.

1 Introduction

Assume that a stabilizing controller providing sufficient
damping was implemented on a lightly-damped or un-
stable SISO plant, allowing measurement of the closed-
loop frequency response at N distinct frequencies. We
want to find out whether a given nominal coprime-
factor plant model combined with a factor perturba-
tion from an uncertainty set could have produced the
noisy closed-loop data. Solutions to the corresponding
open-loop problem were given in [2] for coprime factor
models, and [4] and [5] for more general linear fractional
models. A necessary condition for the SISO closed-loop
noisy coprime-factor model/data consistency problem
is given. It consists of a test on N structured singu-
lar values of complex linear fractional transformations
(LFTs). The upper and lower LFT of P by K are de-
noted (P, K) and Fy (P, K). For a normed space X,
BX denotes its open unit ball.

2 Necessary Condition for Consistency

Suppose we are given N nonzero noisy scalar frequency-
response measurements {¢;}~., in C corresponding to
the distinct frequencies wi,...,wn. For more general-
ity, we consider a nominal left-coprime factorization of
the plant where the factor M has dimensions n x n and
the factor N has dimensions n x 1, together with an
output transfer matrix C of dimension 1 x n. Thus the
plant transfer function g is written as g = CM N
This model allows us to treat scalar factorizations with
n 1 and C 1, but also our special LCF of
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Figure 1: Noisy SISO feedback system.
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LFSS [3]. Let the perturbed open-loop plant model
g, be expressed as a perturbed factorization with M,
N, € RMo, that is, gp = CM;INP, where M, =
M+ Ay, Ny=N+Ay, Ay, Ay € RHoo. De-
fine the uncertainty matrix A := [Ay —Ajs]. Clearly,
A € RH . Define the uncertainty set

Dy = {A € RHeo : ||r 1Al < 1} (1)
and the family of plants
P:={g, : Ae€D}, (2)

where r,r~! € RH characterizes the size of the un-
certainty in the coprime factors at each frequency w.

Consider the feedback system in Figure 1. The sensor
noise n(t) affects only the measurements of the out-
put signal. We model the effect of the noise n on the
measurements as additive uncertainty in the complex
plane. Hence the corresponding uncertainty set is de-
fined as follows: W := {w, € C : |ws| < Ly}. De-
fine thektransfer function from v to y,, in Figure 1 as
t:= 29

- 1+E1E29p ’

Problem 1 Given  nonzero  closed-loop  noisy
frequency-response data {¢:}Y., at wi,...,wn, do
there exist A € D, and compler noises {wq;}Y, in
W such that the closed-loop system of Figure 1 is
internally stable and t(jw;) + we; = ¢5,1=1,...,N?

Fix a measurement frequency w and let ¢ be the com-
plex measurement. The block diagram of Figure 2 rep-



resents a general model/data consistency equation at
frequency w.
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Figure 2: Block diagram of consistency equation.

Assumptions

(A1) ¢ # 0 (nonzero complex measurement).
(A2) d =d(jw) := (1 + k1k2g)(jw) # 0, Vw € R.

(A3) (¢ — Va2) # 0, where V39 is the map u = y in
Figure 2 for A; = 0.

(A4) ki # 0 and k2 #0.

(A5) VA € D,, the pair (C, M) is right-coprime.
Assumptions (A1) and (A3) should hold generically in
practice. Assumption (A5) is required because other-
wise robust internal stability could not be achieved.
The generalized consistency equation at frequency w

illustrated in Figure 2 is the following (the ~ mark for
perturbations denotes normalization):

6 [14+CUT +rdu) (W +rBpik] T ()

C(M +7Ap) YN + rAn)ky — Lo, = 0.
Using LFT notation, (4) becomes

b~ Fu [V(jw),A] =0, (4)
where
i 1A o [V Vi
A= [ 0 ma],andv.—[vzl Vn} )
—d lrk kO 0
Vi = r(I+]\~/I—11Vk1k2C)~1M—l 0t
0 0
'I‘d—lkg
Vis = rd_lkgM_ljv ;
1

Vo = [ dlcir! L, ] , Vg = d_lksz_1N~
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Let V := V(jw), Vi; := V4;(jw), and likewise for the
other transfer functions and matrices in the definition
of V above. Thus the general consistency problem at
frequency w can be stated as follows.

Problem 2 Do there exz‘stA_ € BC*("+1) gnd a noise

w, € W such that I — Vi1 A is nonsingular and ¢ —
fU(V» Ag) =07

The key idea for solving this problem is to write an
equivalent consistency equation that has the inter-
pretation of a feedback interconnection of ¢~ and
Fu(V,As): 1 — ¢~ Fy(V,A;) = 0. Then consis-
tency becomes analogous to instability of a feedback
system, and the structured singular value p can be
used to derive consistency results. Based on this
idea, we have the following lemma providing a so-
lution to Problem 2 (See [1] for a proof). Let
the structured uncertainty set be defined as I' :=

(s.-[3 2] sccemae)

Lemma 1 3A, € BT such that ¢— Fy(V,A;) =0 and
I = Vi1 A, is nonsingular iff pur [FL(V,¢71)] > 1.

Our main consistency result gives a necessary condition
for a positive answer to Problem 1 (see proof in [1]).

Theorem 1 The noisy closed-loop SISO model/data
consistency problem (Problem 1) has a positive answer
only if pr {Fr [V(jw;),¢;']} >1fori=1,...,N.
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