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Consistency of Open-Loop Experimental Frequency-
Response Data with Coprime Factor Plant Models
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Abstract—The model/data consistency problem for coprime
factorizations considered here is this: Given some possibly noisy
frequency-response data obtained by running open-loop experi-
ments on a system, show that these data are consistent with a
given family of perturbed coprime factor models and a time-
domain L1 noise model. In the noise-free open-loop case, the
model/data consistency problem boils down to the existence of
an interpolating function in RH1 that evaluates to a finite
number of complex matrices at a finite number of points on
the imaginary axis. A theorem on boundary interpolation in
RH1 is a building block that allows us to devise computa-
tionally simple necessary and sufficient tests to check if the
perturbed coprime factorization is consistent with the data. For
standard coprime factorizations, the test involves the computation
of minimum-norm solutions to underdetermined complex matrix
equations. The Schmidt–Mirsky theorem is used in the case of
special factorizations of flexible systems. ForL1 noise corrupting
the frequency-response measurements, a complete solution to
the open-loop noisy single-input/single-output problem using the
structured singular value � is given.

Index Terms—Coprime factorization, model validation, Nevan-
linna–Pick interpolation, robustness, uncertain systems.

I. INTRODUCTION

T HIS PAPER addresses the problem of checking con-
sistency of open-loop experimental frequency-response

data with perturbed coprime factor plant descriptions. This
issue has been largely overlooked in the development of
robust control, although some recent work has dealt with
this problem for time-response data [15], [16], [20], [22].
This is somewhat surprising because one might argue that the
problem of uncertainty modeling should not be determined
only by how tractable the robustness problem gets with a
given model, but also from the possibility of performing
experimental consistency checks and by the feasibility of
constructing bounds for the uncertainty sets from experimental
data. Related works on identification in use frequency-
response data [3], [7], [12], and in particular, [7] and [12] use
the Nevanlinna–Pick interpolation theory as we do.
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The general model/data consistency problem for coprime
factorizations (CF) is this: Given some experimental data
obtained by running open-loop or closed-loop experiments on
the system, show that the (possibly noisy) data are consistent
with a family of perturbed coprime factor models. In other
words, do there exist a perturbation and a noise belonging to
their respective sets such that the input–output data can be
reproduced by the model? A mathematical formulation of this
problem is given in the next section.

For frequency-domain noisy input–output data, Smith and
Doyle [22] developed a method based on optimization to
answer this question. Their method applies to a general uncer-
tainty description, where the uncertainty block is connected as
a feedback around a generalized plant. Since coprime factor
uncertainty fits this description, the method can be applied
to the special case of CF which we are interested in. The
noise is treated as an exogenous input of the generalized plant
and is assumed to be bounded in. More recently, Chen
[6] provided solutions to the general model/data consistency
problem in the frequency domain for uncertain discrete-time
plants represented by linear fractional transformations (LFT’s),
with structured and unstructured uncertainty. Two frequency-
domain problems were considered in [6], namely checking
consistency using multivariable input–output data and using
frequency samples of the plant. The work of [22] provided
solutions for the former problem, whereas in this paper, we are
concerned with the latter problem for continuous-time systems
with coprime factor models. In [6], Chen showed that these
general consistency problems can be transformed into a set
of convex optimization problems, which can then be solved
using convex optimization techniques. The theoretical results
of [6] are quite general, albeit not straightforward in their
application, a comment that also applies to [22]. Our results for
the special case of coprime factorizations are arguably easier to
apply, since one only needs to compute standard or structured
singular values of constant matrices for consistency checks.

We consider the case where we havefrequency-response
data points to test the model. The open-loop noise-free multi-
input/multi-output (MIMO) case and noisy single-input/single-
output (SISO) case are studied, and complete solutions to
these consistency problems are given. One motivation for
using a coprime factorization approach is that it is well
suited for modeling low-damped dynamics of large flexible
space structures (LFSS) [5] or flexible mechanical systems
with clustered modes. If frequency-response experiments are
performed on an experimental setup with flexibilities or on an
actual LFSS, then the results presented in this paper are of
interest to obtain better uncertainty models.
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The open-loop noise-free model/data consistency problem
boils down to the existence of an interpolating function in

that evaluates to a finite numberof complex matrices
of compatible dimensions at distinct points on the imaginary
axis. Our central result is a theorem on boundary interpolation
in . This necessary and sufficient condition allows us
to devise a simple test consisting of computing minimum-
norm solutions to underdetermined linear complex matrix
equations to check if the perturbed coprime factorization is
consistent with the data. Left-coprime factorizations (LCF) are
studied, but the results also apply to right-coprime factoriza-
tions (RCF). We also treat the case of a special factorization
for LFSS’s introduced in [5]. This case turns out to be quite
a bit more difficult than the standard coprime factorization
case, but a complete solution is nonetheless provided. This
necessary and sufficient condition uses the Schmidt–Mirsky
theorem [23, Th. 4.18] and involves the computation of the

th singular value of a complex matrix for each measurement
frequency.

Then the open-loop noisy SISO model/data consistency
problem is considered for time-domain bounded noise cor-
rupting the measured output sinusoids in frequency-response
measurements. An approximation of the effect of such noises
in the frequency-domain is disk-like uncertainty in the com-
plex plane around each datum of the complex frequency
response for each of distinct frequencies. So the problem is
again decomposed into consistency problems for constant
complex matrices, and then the boundary interpolation theorem
is invoked to show that there exists (or not) a norm-bounded

perturbation of the coprime factors that could have
produced the noisy frequency-response measurements. For
the SISO case considered, tests on linear fractional
transformations provide a necessary and sufficient condition
for consistency.

We show that if some of the singular value tests are negative,
then the norm bound on the coprime factor uncertainty model
can be increased at the corresponding frequencies until all
tests lead to a positive conclusion of consistency of the model
with the data. On the other hand, it is also possible to reduce
the norm bound at those frequencies where the tests show that
there is too much uncertainty in the model. This provides a
way to refine the model by reducing conservativeness at some
frequencies while ensuring consistency for all measurements.

A. Notation

Let be an complex matrix with singular values
. The maximum and

minimum singular values of are written as
and respectively. The norm of is taken to
be its maximum singular value , and is its
conjugate transpose. We denote the open and closed right-half
complex planes by and respectively. The extension
of to infinity is written as . The open unit
disk in is denoted as . The space is the class of
functions analytic in and bounded on the imaginary axis
with norm defined as . The space

is the class of functions analytic and bounded in

with norm defined as . The
prefix on denotes real-rational; thus is the
class of scalar or matrix-valued proper stable real-rational
transfer functions. According to the context, it should be clear
whether we are considering scalar or matrix-valued functions,
but sometimes we will write, say, . For a normed space

, denotes its open unit ball. A function in ( )
is a unit if its inverse also belongs to ( ). Signals are
represented with lowercase letters and their Laplace transforms
are just the same letters with hats. For finite-dimensional linear
time-invariant operators, scalar constants and functions are
represented respectively by regular and boldface lowercase
letters, while matrix constants and matrix-valued functions are
assigned respectively regular and boldface uppercase letters.
Upper and lower LFT’s are now defined. Suppose the matrix

is partitioned as

is such that its transpose has the same dimensions
as , and is such that its transpose has the same
dimensions as . Then the lower LFT of by is

whenever the
inverse exists. The upper LFT of by is

whenever the inverse exists.

II. PROBLEM FORMULATION

This section introduces a general model/data consistency
problem and then specializes it to coprime factorizations.
The formulation includes as special cases all the problems
considered in this paper. Define an experiment as follows:
Apply an input to the system, and record the input and the
resulting output. The general model/data consistency problem
is comprised of: 1) a set of experiments; 2) a set of
noise signals; 3) a nominal model; and 4) an uncertainty set

. The noise affects the measurements in a specified way, and
uncertainty in the plant model has a specified structure (e.g.,
additive, multiplicative, etc.) Note that the experiments can be
open-loop or closed-loop, and hencemay be an open-loop
or a closed-loop model. The general problem is formulated as
follows.

Problem 1: Given the sets and a nominal model
, do there exist a perturbation of and a subset

of noise signals, one for each experiment, such
that the experiments can be reproduced with perturbed
by together with the noises ?

Note that this problem is weaker than the model valida-
tion problem where one seeks to validate the model triple

using the measurements . As a matter of fact,
this latter problem was abandoned when Popper [21] showed
that a model can never be validated using a finite set of data.
The best one can do is to show that the model triple
is not invalidated by the experimental data, and this is what
the model/data consistency problem is all about [20], [22]. A
negative answer to Problem 1 forces us to modifyand/or

until we get consistency. In that sense, our knowledge of
the system increases.
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Let us now specialize Problem 1 to finite-dimensional
linear time-invariant , which would be the plant model
of which we have a coprime factorization in in the
open-loop case. The data set is a set of complex
matrices (or complex scalars for SISO systems) obtained
by running open-loop frequency-response experiments at
distinct frequencies. Each entry of one of those matrices
is a complex number whose magnitude and phase represent,
respectively, the gain and phase of the plant from theth
input to the th output at the corresponding frequency. The
noise set is composed of complex matrices with magnitude-
bounded entries, of the same dimensions as the plant model.
Each entry of a matrix in represents a complex
additive perturbation of the corresponding entry of the nominal
frequency response matrix at frequency . Finally,
the uncertainty set is composed of norm-bounded factor
perturbations in .

Let the nominal plant model be a stable proper real-
rational transfer matrix. Let the square, invertible and
in be left-coprime, be an output transfer matrix, and

be a diagonal input transfer matrix, both in , such that
the nominal plant model can be factorized as .
The matrices and are included for compatibility with the
special factorization for LFSS’s introduced in [5]. When set
to identity matrices, a standard LCF of is obtained. Let
the perturbed plant model be expressed as a perturbed
factorization with

(1)

where , .
Define the uncertainty matrix . Clearly,

. This matrix is introduced because the result on
robust closed-loop internal stability of the system (see, e.g.,
[11] for a definition and treatment of internal stability) in Fig. 1
for a perturbed coprime factor plant description is expressed
in terms of a norm bound on [17], [24]. Define the
uncertainty set

(2)

and the family of plants

(3)

where is a unit in . For the open-loop case treated in
this paper, is assumed small enough so that is also a
unit in , that is, every is stable. For this to hold,
we shall make the following assumption.

A1) .

The unit characterizes the size of the uncertainty in the
coprime factors at each frequencybecause
implies . The small-gain theorem yields
the following slightly modified result of [24] (see also [17]).

Theorem 1: The closed-loop system of Fig. 1 with con-
troller is internally stable for every iff:

1) internally stabilizes ;

2) .

Fig. 1. Feedback control of a perturbed LCF model.

Theorem 1 on robust stability of a closed-loop system with
a perturbed coprime factorization as in Fig. 1 gives the main
motivation to make as small as possible.

In order to be able to use the result of Theorem 1 in
the design of a robust controller for a real plant, one has
to construct and modify the bound until it properly
captures the uncertainty in the physical system. One way to do
this is to start with a nominal model and a first approximation
for , and then use experimental data to check if
is large enough to account for the full data set. It can be
made larger if necessary, but not too large to avoid making
the model too conservative. It can also be made smaller to
reduce the uncertainty at some frequencies. The consistency
tests proposed in this paper are suitable for that purpose when
open-loop frequency-response data are available.

Note that it is assumed throughout that the plant is linear.
We will consider the case of time-domain -bounded output
noises corrupting the frequency-response measurements and
show that their effects can be modeled as complex noises in the
frequency domain, i.e., the noise set. Mild nonlinearities or
time-variances which would have an effect comparable to
noise in the time domain (such as a bias) cannot be detected,
so checking consistency of the data with a linear model would
be feasible in this case. But the interpretation and implications
of the results are not studied here. However, an exception to
this is the case of a nonlinearity at the output of anopen-
loop plant, which would have the same effect as additive

-bounded output noise. For example, a quantizer at the
output can be modeled as an additive output noise bounded in

and corrupting the output signal of a linear plant. In this
case, the theory developed in this paper is applicable.

III. T HE NOISE MODEL

The goal of this section is to show that time-domain -
bounded additive output noise corrupting a frequency-response
measurement at frequency can be modeled as a complex
noise added to .

A frequency-response experiment consists of exciting the
system with a sine wave of a given frequencyand recording
the time-response of the output after the transients have died
down. The input sinusoid is assumed to have unit amplitude.
The noise affects magnitude and zero-crossing readings on the
recorded output signal as shown in Fig. 2. We assume that
the noise is any signal in bounded in magnitude; thus the
noise set considered here is all scalar time-domain noises
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Fig. 2. Recorded noisy output signal.

in with norm bounded by , i.e.,

(4)

Let be the measured magnitude of the output signal and
be any measured time-delay between the output signal and

the input sinusoid at zero crossings. We have
and . The amplitude measurement noise is then
bounded by , and the phase measurement noise
is derived by first characterizing the delay measurement noise

. A first-order approximation of the sine function around a
zero crossing yields the bound , where ,
which leads to the following bound on the phase measurement
noise:

The set
in is approximated by the largest disk . Thus, for
SISO plants, the corresponding frequency-domain noise set
that appears in the specialized version of Problem 1 above is
the set of additive norm-bounded complex noises

(5)

where is the radius of (which should be close to
). Note that is just the disk translated to the

origin. As examples, noises caused by external vibrations in
a mechanical system, or electrical noises affecting the sensor
may be bounded by a unique constant for all measurements.
Quantization noise may also be bounded in this way. Note that
the bound does not depend on the frequency, nor on the
amplitude of the output sinusoid, which is a nice property.

IV. CONSISTENCY WITH OPEN-LOOP

FREQUENCY-RESPONSEMEASUREMENTS

A. Noise-Free Case

Standard Factorization:Suppose we are given a family of
-input, -output stable plants as in (3) with

and , and a set of noise-free, open-loop frequency-
response data. In this section, we derive a necessary and
sufficient condition for consistency of these data with the
family of plants . The exact statement of the open-loop noise-
free model/data consistency problem considered here is the
following.

Problem 2: Given noise-free, open-loop frequency-
response data of an -input, -output
plant obtained at the distinct frequencies , could
the data have been produced by at least one model in?
Or, in other words, does there exist a such that the
corresponding perturbed model interpolates the complex
matrices at ?

Premultiplying (1) by and taking and
onto the left-hand side, we get

(6)

Let and
. Then (6) at frequency can be written as

(7)

where , , and .
Equation (7) is just an underdetermined system of linear
equations over the field .

Let for , with similar definitions
for and . We seek a test that would show whether or not
there exists a rational matrix that belongs to the uncertainty
set and satisfies the interpolation constraints given by (7)
at the distinct frequencies . This is done in two
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steps: First, with solve the matrix equation (7)
for , such that has minimum norm. Since

has full column rank, the minimum-norm solution to
(7) is

(8)

If the norm of is greater than or equal to for some
, then the test fails: the family of coprime

factorizations cannot account for the frequency-response data.
If , then we must show that
there exists a matrix-valued function taking on the
complex matrix values at the frequencies
and such that . Those are the
two steps in the proof of the main result of this section, which
goes as follows.

Theorem 2: The noise-free open-loop MIMO CF model/
data consistency problem (Problem 2) has a positive answer
iff for all .

This result, proven in Appendix A, draws on the boundary
interpolation theorem, whose detailed proof is also provided
in the Appendix. Note that Chen [6] also uses the boundary
interpolation theorem for his consistency results, but he does
not give a proof for it. The bound can be shaped such
that the inequality in the theorem statement is satisfied for all
. One can see howcan be constructed and improved as new

experimental data become available.
Numerical Example:Suppose we are given a nominal co-

prime factorization , with

and a bound on the factor perturbations .
With these, Assumption A1) holds. Consider the following
coprime factorization of the “true” plant (unknown to us)

, where

The factor perturbations are

Now suppose we take five frequency-response measure-
ments on the plant at the frequencies

radians/s. Equation (8) is used repeatedly to compute the five 2
5 minimum-norm perturbations solving the consistency (6)

at the five measurement frequencies. Fig. 3 shows a plot of
the magnitude of , the norm of , and the norms
of the ’s. The model is inconsistent with the data at the
two frequencies and , but it can be made consistent
by simply shifting toward higher frequencies. For
instance, makes the model consistent with
all the data.

Special Factorization for Square LFSS Models:Let us
now consider a nominal factorization of a square open-
loop plant model of the form , where

is diagonal and nonsingular on
the -axis, . This is the type

Fig. 3. Consistency check for the noise-free MIMO example.

of factorization proposed for LFSS in [5]. In this case,is
the number of modes and the factor perturbations are mainly
induced by variations in the modal parameters of the system.
From [5], the input and output matrices are and

, where is a diagonal transfer matrix in
modeling actuator dynamics.

As before, A1) is assumed so that the perturbed plant is
stable for all . Fix a measurement frequencyand let

and .
The following assumption is made.

A2) The datum is invertible.

This property should be generic in practice. The consistency
equation at frequency is

(9)

The model/data consistency problem that we want to solve is
the following.

Problem 3: Given noise-free, invertible, open-loop
frequency-response data at the distinct
frequencies , could they have been produced by
at least one model in ? Or, in other words, does there exist

such that ?
Note that this problem is not as easily solved as the previous

one because in general is not square. Let . For
convenience, let us postmultiply both sides of (9) by and
rewrite it using LFT notation

(10)

where
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Fig. 4. Block diagram of consistency equation for noise-free MIMO flexible
system.

This consistency equation is illustrated in Fig. 4. We make
three other assumptions.

A3) ;
A4) has full row rank;
A5) is nonsingular.

Assumption A3) says that there are more modes in the
model than there are outputs (and inputs). Assumptions A3)
and A4) hold for most LFSS or experimental testbeds and are
not really restrictive. Some motivation for these assumptions
is provided by the following observation. Referring to Fig. 4,
we can see that a necessary condition for consistency is that
the columns of the matrix lie in ,
where is the scaled datum and is . But we have
to assume that is nonsingular [Assumption A5)] for
Lemma 4 to hold true, so it follows that must have full
row rank . This is turn implies that we must have .

Let and . Then
the main result for the square MIMO model/data consistency
problem with noise-free invertible measurements and special
factorization for flexible systems is the following.

Theorem 3: Problem 3 has a positive answer iff
for .

The proof is given in Appendix B. The problem is first
decomposed into constant matrix optimization problems,
which are solved using the Schmidt–Mirsky theorem [23, Th.
4.18]. Then the boundary interpolation theorem (Theorem 6)
is invoked to complete the proof.

B. Noisy SISO Case

The model/data consistency problem will be studied for
standard and special LCF’s of SISO plants with noisy open-
loop experimental data. Suppose we are givennonzero
noisy scalar frequency-response measurements
corresponding to the distinct frequencies . For more
generality, we consider a stable nominal LCF of the plant
where the factor has dimensions and the factor
has dimensions , together with an output transfer matrix

of dimension . Any input scaling factor or actuator

dynamics is lumped into , so referring to [5], for an -
mode SISO LFSS, we have , where

and are scalars. Thus the nominal plant transfer
function is written as

(11)

A unit in bounding the factor uncertainty is also
part of the model as before.

Define the normalized perturbations
and the normalized uncertainty matrix

(12)

The factor uncertainty set and the family of perturbed
plants are as defined in (2) and (3), respectively. The scalar
noise set was defined in (5). The noisy open-loop SISO
consistency problem can be stated as follows.

Problem 4: Given nonzero noisy open-loop frequency-
response data at , could they have
been produced by at least one model inand noises in ?
Or, in other words, do there exist and complex noises

in such that ?
Fix a measurement frequency and let be the complex

measurement at that frequency. For the nominal LCF, let
and .

The normalized additive complex noise at frequencyis
where . The generalized consistency

equation at frequency is

(13)

Using LFT notation, (13) becomes

(14)

where

and

Note that are defined in the usual way at frequency.
The block diagram of Fig. 5 represents a general model/data
consistency equation at frequencythat can be specialized to
the two different consistency problems considered. Referring
to the block diagram, these configurations are: 1) Scalar
factorization , i.e.,
and 2) Special factorization for LFSS, i.e.,

. The following assumptions are
made.

A6) (nonzero complex measurement);
A7) .
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Fig. 5. Block diagram of consistency equation for noisy open-loop SISO
flexible system at frequency!.

Fig. 6. Block diagram of equivalent feedback problem.

These assumptions are required for invertibility of the complex
numbers and in the proofs, and should hold
generically in practice. The general consistency problem at
frequency can be stated as follows.

Problem 5: Given a nonzero noisy frequency-response da-
tum at frequency , do there exist and a
complex noise such that ?

The key idea for solving this problem is to write a con-
sistency equation equivalent to (14), but that has a feedback
interpretation as in Fig. 6

(15)

Then consistency becomes analogous to noninvertibility (or
instability) of a feedback system at frequency, and tools
developed for stability analysis of linear systems, such as the
structured singular value, can be used to derive consistency
results. Note that this approach is not new, since it was
previously used in, e.g., [22] and [19]. Based on this idea,
the following lemma forms a basis for the solution of the
consistency problem.

Lemma 1: For a frequency , we are given a nonzero
complex measurement. Then for with

nonsingular, iff
is singular.

A proof for this lemma is given in Appendix C. Define the
structured perturbation set

(16)

This set will be useful in deriving the consistency results
for the general factorization. Recall that the structured sin-
gular value corresponding to the
structured perturbations in is defined as follows [9]:

(17)

unless no makes singular, in which case
.

The main result of this section, proven in Appendix C, can
now be stated. It gives a necessary and sufficient condition for
a positive answer to Problem 4, the consistency problem for
noisy open-loop measurements on SISO plants.

Theorem 4: Problem 4 has a positive answer, i.e., there
exist and noises , that could
have produced the ’s, iff for

.
Suppose that for a given set of frequency-response mea-

surements, the test reveals that the LCF and noise models
are inconsistent because at one measurement frequency

is less than, but close to one. Then it
may be possible to increase slightly to get consistency
as Proposition 1 suggests, which follows from the fact that if

, then .
Proposition 1: is a nondecreasing

function of on .
Numerical Example: Experimental frequency-response

data obtained on a planar two-link flexible robot [18] are
used for a numerical example illustrating the result. The plant
has two motor voltage inputs at the joints and two outputs,
namely the tip position of the first link and the angle of the
second joint. The measurements were taken in the zero-angle
configuration. Here we want to test a coprime factor model
of the SISO plant from the motor voltage of the first joint to
the tip position of the first link.

A factorization was derived from the nominal model of
the flexible robot given in [18], and a boundon the factor
uncertainty was obtained using the method proposed in [5] for
factorizations of LFSS’s. Note that Assumption A1) holds. The
noise level in the data was estimated to be roughly .
The measurements were taken at 211 distinct frequencies
ranging from 1 to 64 rad/s. Here is the nominal tenth-order
model composed of five flexible modes

(18)
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Fig. 7. Fit between the magnitudes of the measured frequency response and
the nominal model.

where

(19)

(20)

(21)

Notice that rigid-body modes were not included in order to
keep the nominal model stable, although the data in Fig. 7
show that there seem to be two poles at , as one would
expect. Nonetheless, we will check if the data are consistent
with this model and the noise level . The weighting function
bounding the factor uncertainty is .

The structured singular value is plot-
ted in Fig. 8. Because the structured perturbationhas only
one scalar block and one full block, can be computed to
any desired accuracy [1]. It is seen to be smaller than one at
many measurement frequencies. Hence, it can be concluded
that the family of plants and the noise set are not
consistent with the data using the selected. One would have
to reshape the boundand perhaps even adopt a new nominal
coprime factorization to get consistency. Note that once the
LFT’s were computed, the-test only took a few seconds on
a Sun SPARCstation 10.

Fig. 8. Structured singular value test for consistency withr.

V. CONCLUSION

The general model/data consistency problem was formu-
lated and specialized to perturbed coprime factor models
and frequency-response data. The first problem considered,
the open-loop noise-free MIMO case, led to a boundary
interpolation theorem in . This theorem was used for the
other cases as well and allowed us to focus on consistency at
one measurement frequency at a time. This simplifies the prob-
lem because then the consistency equations involve constant
complex matrices only. Hence the tests for consistency boil
down to showing that there exist constant factor perturbations
of norm less than one such that the complex consistency
equations hold at each measurement frequency. These tests in-
volve singular value or structured singular value computations
on LFT’s constructed with the complex frequency-response
data and thea priori information of the nominal coprime
factorization and the factor uncertainty and noise bounds. In
the open-loop case it was shown that the bound on
the factor uncertainty can be modified such that consistency is
obtained for all measurements. It is now clear howcan be
constructed and improved as new experimental data become
available. This allows the control system designer to reduce
the uncertainty about the size of the plant’s uncertainty.

APPENDIX A
PROOF OF THEOREM 2

A few results must be introduced before the Proof of
Theorem 2 can be presented.

The interpolation problem at hand can be scaled as fol-
lows: find a function interpolating the product

at and such that
. The interpolation problem in of the right half-plane

is then transformed into an interpolation problem in
by using the one-to-one scalar bilinear transformation
defined by which maps the closed right
half-plane onto the closed unit disk . Thus the boundary
interpolation problem can be stated as follows.
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Problem 6: Given a set of distinct points on the
unit circle and a set in satisfying
for for , and
for , does there exist a function

such that ?
To solve Problem 6, a classical result on interpolation in
from Feďcina [10] (see also [8]) is needed. A modified

version of it in [24, Th. 71] leads to a corollary that gives
a necessary and sufficient condition for the following matrix
Nevanlinna–Pick problem to have a solution.

Problem 7: Given a set of distinct points in and
a set in satisfying

for , and for ,
does there exist a matrix such that

?
The result derived from [24, Th. 71] goes as follows.
Theorem 5: Problem 7 has a solution iff the block–Pick

matrix is positive definite, where

...
...

... (22)

Proof: We see in [24, Th. 71] that there exists a function
interpolating the matrices as given in

Problem 7 iff is positive definite. This result is equivalent
to the theorem statement for Problem 7 modified so thatis
allowed to be in , the open unit ball of
complex-rational matrices in . Based on this, we are
ready to prove the two implications in the theorem statement.

Sufficiency: If is positive definite, then there exists in
such that . Let

denote the complex-rational matrix-valued function with
its coefficients replaced by their complex conjugates. Define
the function

Note that and it interpolates the
matrices .

Necessity:Suppose is not positive definite. Then by
[24, Th. 71], there exists no function in in-
terpolating the ’s. It follows that there exists no func-
tion in interpolating these same matrices as

.
For interpolation points on the unit circle , it is not

possible to use Theorem 5 directly. Consider the mapping
defined by .

Now define the open disk of radius

(23)

and consider the class of square matrix-
valued real-rational functions analytic and with norm less than
one on .

Lemma 2: For small enough, there exists a function in
solving Problem 7 modified such that the

interpolation points are on the unit circle.
The proof requires the following proposition from [13, p.

367, ex. 2].
Proposition 2: Let be both Hermi-

tian. Let be the ordered eigenvalues ofand
be the ordered eigenvalues of . Then

.
Proof of Lemma 2:Apply to to get

. Construct the block–Pick matrix for Problem 7
but for the ’s in instead of the ’s on the unit circle
as shown in (24), at the bottom of the page. Note thatis
positive definite iff is positive definite. Write as

(25)

where

and . Note that each nonzero (off-diagonal)
block in has as a factor. Clearly is positive definite,
thus . Also, note that and
are both Hermitian. Identifying with and with in
Proposition 2, we get the following inequality:

(26)

This says that since we can make the spectral radius
as small as we want by proper choice of, we can make it
smaller than for some , thereby causing to be positive
definite. Hence there exists solving
Problem 7 for the set of interpolation points

. Now let , i.e.,
. Then is analytic, belongs

to , and takes on the value at for
.

The idea of extending to and using the function
comes from [14]. We now have all the tools to establish

the following result on boundary interpolation which gives an
answer to Problem 6. Note that [2, Ch. 21] is an excellent

...
...

...

(24)
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source for problems related to boundary Nevanlinna–Pick
interpolation.

Theorem 6: Given a set of distinct points on
and a set in satisfying for

and for , there exists a function
satisfying

iff for .
Proof (Necessity):The proof follows immediately from

the bound on the norm of .
Sufficiency: Let . Append zeros to the

complex matrices to make them square

if (27)

if (28)

Note that . By Lemma 2,
there exists taking on the value at the
boundary point . Extract the
matrix from the matrix (the first rows and

columns). Then, , and takes on the
value at the boundary point , for .

With Theorem 6 in hand, proving our main result
(Theorem 2) on consistency of the perturbed CF model with
the noise-free experimental frequency-response data becomes
a simple matter. Given a nominal coprime factor model

, an uncertainty set and a set of frequency-
response measurements , it suffices to compute the
minimum-norm complex matrices for and to
check that . If this inequality
does not hold for some , then no perturbation
of the coprime factors in could have produced the data.
This is summarized in the following Proof of Theorem 2.

Proof of Theorem 2:Scale the minimum-norm with
to get and compute for

. Then apply Theorem 6 to show that there
exists a function in that interpolates the ’s at
the ’s iff for all . Use the bilinear
transformation on this function and unscale to get the factor
perturbation . Finally, notice that the corresponding

is stable from Assumption A1).

APPENDIX B
PROOF OF THEOREM 3

In order to establish Theorem 3, we need to study consis-
tency at one frequency. The consistency problem at frequency

is stated as follows.
Problem 8: Given a noise-free invertible frequency-

response datum at frequency , does there exist
such that ,

i.e., ?
Let be the Moore–Penrose left-inverse of the full

column-rank matrix given by .
It is easy to show that the left-nullspace
row span , an -dimensional subspace of .

Notice that is invertible and recall that subspaces

are said to be independent if their intersection is . The

first lemma, proven in [4], is of a rather technical nature
and is used in the proof of Lemma 4 which gives equivalent
conditions for consistency at frequency.

Lemma 3: Let row span
invertible . Then -dimensional

subspaces of that are independent of .
The following lemma gives equivalent conditions for con-

sistency at frequency .
Lemma 4: For , we are given the noise-free, in-

vertible frequency-response measurement . Assume
is invertible. Then for , the following

consistency conditions are equivalent.

1)
2) for some

3)

Proof: First note that implies that
is nonsingular by Assumption A1).

1) 2): This follows after simple algebraic manipulations
on the consistency equation in 1); see [4] for details.

3) 2): Suppose that 3) holds. Then
. We now show that and

are independent, that is, for any
nonzero . We
have

The last inequality follows from the fact that the matrix
has full rank from our assumption that and A1).

This shows that and are in-

dependent, but also that .

The latter implication follows from the inequality
and the

inequality obtained above: .
But by Lemma 3, this implies that

. Hence, invertible, such that

row span

and therefore

where .
2) 3): Suppose that such that

But has full row rank , hence

.
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With this lemma in hand, it is now possible to set up an
optimization problem to find a of norm less than one such
that .

Problem 9: Compute
.

If the infimum is less than one, then the coprime
factor model is consistent with the datum, otherwise it
is not. Problem 9 is readily solved by a version of the
Schmidt–Mirsky theorem [23].

Theorem 7 (Schmidt–Mirsky):Let .
Then for

Furthermore, the infimum is achieved by a matrixfor which
.

The result of Theorem 7 tailored to our problem is just
. Hence the main lemma leading to

our main consistency result, Theorem 3, goes as follows.
Lemma 5: For a frequency and an invertible measure-

ment datum with also invertible, Problem 8
has a positive answer iff .

Proof (Sufficiency):Suppose .
Then by Theorem 7, such that

. Moreover, is nonsingular since

where the last inequality follows from A1). Hence by Lemma
4, .

Necessity:Suppose that for
. Obviously, is nonsingular

since . Thus by Lemma 4, this is equivalent to
, which implies that , i.e.,

.
Finally, Lemma 5 and the boundary interpolation theorem

(Theorem 6) can be used to prove the consistency result of
Theorem 3.

Proof of Theorem 3 (Sufficiency):Suppose that
. Then for each, Lemma 5

says that making the perturbed CF model
and the datum consistent at frequency . The unscaled

is such that , and the boundary interpolation
theorem (Theorem 6) used as in the proof of Theorem 2 says
that there is a stable perturbation that interpolates
the matrices at .

Necessity:Suppose that for some
. Then Lemma 5 says that is

inconsistent with the model at frequency, i.e., the answer
to Problem 3 is negative.

APPENDIX C
PROOF OF THEOREM 4

We must first prove Lemma 1. Let .
Proof of Lemma 1 (Sufficiency):Suppose that

. Then such that
. Now

is invertible by assumption, so we can write

Let be defined as . Note that .
Premultiply the last equation by to get

where the last equation follows from the identity
. Let be defined as

, premultiply both sides of the last equation
by , and bring all the terms on the left-hand side to get

This last equation implies .
Necessity:Suppose that , that is

Let be the Moore–Penrose left-inverse of . Then the
last equation is equivalent to

or, equivalently, after a few algebraic manipulations (see [4]
for more details)

for some nonzero . By orthogonality of and
, this implies that is singular.
Definition 1: Let be complex and let

have the same dimensions as . Then the LFT
is well-posedif is invertible.

The following two lemmas are easily proven.
Lemma 6: The LFT is well-posed

iff .
Lemma 7: The LFT is well-posed .
Introduce the normalized perturbations and

. For each , the consistency equation to be
satisfied by admissible normalized perturbation and noise of
norm less than one is just (13) at . This equation can
be rewritten in the form of (15), i.e., in LFT form with
as a feedback

(29)

Thus for each frequency , a problem equivalent to the
consistency problem can be formulated.

Problem 10: Does there exist a perturbation of norm
less than one that satisfies (29)?

This problem can be readily solved by computing
and checking that its value is larger

than one (the MATLAB -Analysis and Synthesis toolbox
[1] contains algorithms to compute). That is, for each ,
the consistency problem can be interpreted as atest for
nonrobustness of the feedback interconnection in Fig. 6. This
result is summarized in the following lemma.
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Lemma 8: We are given a frequency and a
nonzero complex measurement. Then such that

iff .
Proof: We have iff there exists

such that is singular. By
Lemma 7 on well-posedness of is
nonsingular, so Lemma 1 applies and we have that

is singular iff .
We can now proceed with the proof of Theorem 4.

Proof of Theorem 4 (Necessity):Suppose that Problem 4
has a positive answer, i.e., there exist and
complex noises in such that

. Then , and by Lemma 8,
, for .

Sufficiency: Suppose that , for
. Then by Lemma 8, there exist

of norm all less than one, such that the consistency
equation (29) holds for each. If we let
and (the unscaled perturbations and noises),
it follows that for each and .
Finally, the boundary interpolation theorem (Theorem 6) is
used to show that there exists a that interpolates
the matrices at . Hence, the corresponding
perturbed plant belongs to , and Problem 4 has a positive
answer.
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