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Examples of SLAM systems

Source Code:  https://github.com/erik-nelson/blam 



Examples of SLAM systems

Code: https://github.com/googlecartographer/cartographer

Google 
Cartographer:
2D and 3D laser
SLAM



libpointmatcher



Defining Estimation
• Quantities of interest:

• 𝑥":$ : world state, from beginning to end
• 𝑧":$ : sensor measurements, from beginning to end
• 𝑢":$ : motion/controls/commands/actions, from beginning to end
• 𝑚":( : (to come later) features of the world or map

• From last time: first-principle models of dynamics and sensing:
• 𝑥)*+ = 𝑓(𝑥), 𝑢))	: system dynamics knowledge

• 𝑧) = ℎ(𝑥))	: system dynamics knowledge

• We will assume only imperfect models corrupted by noise:
• 𝑝 𝑥)4+	 	𝑥), 𝑢)) = 	𝑓 𝑥), 𝑢) + 𝑤 where 𝑤 is drawn from an error model

• 𝑝 𝑧)	 	𝑥)) = ℎ 𝑥)	 + 𝑛 where	𝑛 is drawn from an error model



Visual Depiction
• Edges	in	the	graph	
correspond	to	
constraints:
• 𝑝 𝑥)4+	 	𝑥), 𝑢)) red 

transitions between 
poses
• 𝑝 𝑧)	 	𝑥)) yellow 

measurements of 
map features



Sensing and Motion Models
• The nature of our robot’s motion and sensors makes the 

estimation problem harder or easier:
• A rocket flying faster than sound tracked by long-range radar
• A humanoid without eyes using the sense of touch only
• A smart-phone moving slowly with GPS, IMU, Wifi localization

• More info and examples in Prob. Robotics

Start



Important Questions
• Estimate world state accurately from observables:
• 𝑥F":$ = 𝑎𝑟𝑔𝑚𝑎𝑥

JK:L
𝑝 𝑥":$	 𝑢":$4+, 𝑧":$)

• Make motions to reach a goal (requires foresight!):
• 𝑢∗":$4+ = 𝑎𝑟𝑔𝑚𝑎𝑥

NK:LOP
𝑝 𝑥$ = 𝑥QRST 𝑢":$4+, 𝑧":$4+)

• Make motions to reduce uncertainty:
• 𝑢∗":$4+ = 𝑎𝑟𝑔𝑚𝑖𝑛 𝐻 𝑝 𝑥":$ 𝑢":$4+, 𝑧":$4+)

NK:LOP
	, for H(.) entropy



Important Questions (cont’d)
• Design a robot such that it can be accurately estimated:
• Optimize over 𝑝 𝑧)	 	𝑥)) = ℎ 𝑥)	 + 𝑛 for a variety of sensors to get the 

least expected uncertainty along expected command/measurement 
sequence

• Create a “private” robot system:
• Try to maximize own localization ability while minimizing ability for 

external observation

• What are algorithms for each of these questions:
• Are they efficient?
• Are they exact?
• What assumptions are required?



Filtering vs. Smoothing

• Smoothing/Batch Estimation

• Filtering Estimation

Sequence 
of states

Sequence of
sensor

measurements
Sequence of
commands



What’s the difference?

• Smoothing/Batch Estimation

• Filtering Estimation

All measurements and 
controls are known 

in advance

Measurements and controls 
are processed online as they come.

Future measurements are unknown.



Why do we use filtering?

• Online belief updates: filters provide a principled way to 
incorporate noisy information from sensor measurements, 
which can change our prior belief, in an online fashion.

• Sensor fusion: filters enable us to combine measurements from 
multiple different noisy sensors into one coherent state 
estimate. E.g. camera + laser, camera + IMU, multiple cameras, 
sonar and IMU, GPS and IMU etc. Technically speaking, this is also 

true for smoothing estimators.



Bayes’ Filter
• A generic class of filters that make use of Bayes’ rule and assume the 

following:

• Markov Assumption For Dynamics: the state       is conditionally 
independent of past states and controls, given the previous state           . In 
other words, the dynamics model is assumed to satisfy

• Static World Assumption: the current observation is conditionally 
independent of past observations and controls, given the current state 



Bayes’ Filter
• A generic class of filters that make use of Bayes’ rule and assume the 

following:

• Markov Assumption For Dynamics: the state       is conditionally 
independent of past states and controls, given the previous state           . In 
other words, the dynamics model is assumed to satisfy

• Static World Assumption: the current observation is conditionally 
independent of past observations and controls, given the current state 

Note: the Markov assumption is 
more general than what we have 

presented here. 



Bayes’ Filter: Derivation

Conditional Bayes’ Rule

Normalizing factor that makes the integral/sum of the numerator in Bayes’ Rule be 1.



Bayes’ Filter: Derivation

Static World Assumption



Bayes’ Filter: Derivation

Marginalization, or law of total probability

where the sum enumerates all possibilities over 
the variable Bi. If we see Bi as a set, then the 
collection of Bi’s must be pairwise disjoint. I.e.
the collection of subsets Bi must be a partition of 
the sample space. 



Bayes’ Filter: Derivation

Marginalization, or law of total probability

Here we are actually using the law of total 
probability for conditional distributions, so



Bayes’ Filter: Derivation

Definition of conditional distribution



Bayes’ Filter: Derivation

Markov assumption for dynamics



Bayes’ Filter: Derivation

Control at time t-1 only affects state at time t

This is the belief at the previous time step!
This means we can perform filtering recursively.



Bayes’ Filter: Derivation
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Bayes’ Filter: Derivation



Bayes’ Filter: Derivation



Bayes’ Filter: Analysis

• Consider the types of operation needed for each phase:
• Prediction: For each possible previous location

• Update (potentially every) location with the likelihood to get from old to new
• Because the motion model is imprecise, this represents a loss of information 

almost always
• Measurement: For each possible current location

• Weight likelihood with it’s chances to generate the observed z
• This most often provides additional information and increases certainty

• How to compute this?



Discrete (aka 
Histogram) Filter

• Store a vector of N numbers, 
where world is split into 
bins of size W/N

• The value in each bin stores 
𝑏𝑒𝑙(𝑥)), with limited 
precision

• Bayes filter math becomes 
loops over the bins

31



32

1. Algorithm Discrete_Bayes_filter( Bel(x),d ):
2. h=0

3. If d is a perceptual data item z then
4. For all x do
5.
6.
7. For all x do
8.

9. Else if d is an action data item u then
10. For all x do
11.

12. Return Bel’(x)

)()|()(' xBelxzPxBel =
)(' xBel+=hh

)(')(' 1 xBelxBel -=h

å=
'

)'()',|()('
x

xBelxuxPxBel

Discrete Filter



Discrete Filter in Higher Dimensions

• Is this our solution?

• Consider the strengths and limitations?



Kalman 
Filter: 

an instance of 
Bayes’ Filter

Linear dynamics with Gaussian noise

Linear observations with Gaussian noise

Initial belief is Gaussian



Kalman Filter: assumptions

• Two assumptions inherited from Bayes’ Filter
• Linear dynamics and observation models
• Initial belief is Gaussian
• Noise variables and initial state 

are jointly Gaussian and independent 
• Noise variables       are independent and identically distributed
• Noise variables       are independent and identically distributed     



Kalman Filter: 
why so many assumptions?

• Two assumptions inherited from Bayes’ Filter
• Linear dynamics and observation models
• Initial belief is Gaussian
• Noise variables and initial state 

are jointly Gaussian and independent 
• Noise variables       are independent and identically distributed
• Noise variables       are independent and identically distributed     

Without linearity there is no closed-form 
solution for the posterior belief in the 
Bayes’ Filter. Recall that if X is Gaussian 
then Y=AX+b is also Gaussian. This is not 
true in general if Y=h(X). 

Also, we will see later that applying Bayes’ 
rule to a Gaussian prior and a Gaussian 
measurement likelihood results in a 
Gaussian posterior.



Kalman Filter: 
why so many assumptions?

• Two assumptions inherited from Bayes’ Filter
• Linear dynamics and observation models
• Initial belief is Gaussian
• Noise variables and initial state 

are jointly Gaussian and independent 
• Noise variables       are independent and identically distributed
• Noise variables       are independent and identically distributed     

This results in the belief remaining Gaussian
after each propagation and update step. This 
means that we only have to worry about how 
the mean and the covariance of the belief 
evolve recursively with each prediction step 
and update step  à COOL! 



Kalman Filter: 
why so many assumptions?

• Two assumptions inherited from Bayes’ Filter
• Linear dynamics and observation models
• Initial belief is Gaussian
• Noise variables and initial state 

are jointly Gaussian and independent 
• Noise variables       are independent and identically distributed
• Noise variables       are independent and identically distributed     

This makes the recursive updates of the mean and covariance much simpler.



Kalman 
Filter: 

an instance of 
Bayes’ Filter

Assumptions guarantee that if the prior belief before the prediction
step is Gaussian

then the prior belief after the prediction step will be Gaussian 

and the posterior belief (after the update step) will be Gaussian. 



Kalman 
Filter: 

an instance of 
Bayes’ Filter

So, under the Kalman Filter assumptions we get

Belief after prediction step (to simplify notation)

Notation: estimate at time t given history of observations and
controls up to time t-1 



Kalman 
Filter: 

an instance of 
Bayes’ Filter

So, under the Kalman Filter assumptions we get Two main questions:

1. How to get prediction mean and covariance from
prior mean and covariance?  

2.   How to get posterior mean and covariance from
prediction mean and covariance?  

These questions were answered in the 1960s. The resulting algorithm
was used in the Apollo missions to the moon, and in almost every
system in which there is a noisy sensor involved à COOL!



Kalman Filter with 1D state

• Let’s start with the update step recursion. Here’s an example:

Suppose your measurement model is
with 

Suppose your first noisy measurement is

Suppose your belief after the prediction step is

Q: What is the mean and covariance of              ? 



Kalman Filter with 1D state:
the update step

From Bayes’ Filter we get                                                  so 



Kalman Filter with 1D state:
the update step

From Bayes’ Filter we get                                                  so 

Prediction residual/error between
actual observation and expected 
observation.

You expected the measured mean 
to be 0, according to your prediction
prior, but you actually observed 5.

The smaller this prediction error is the better 
your estimate will be, or the better it will agree  
with the measurements.



Kalman Filter with 1D state:
the update step

From Bayes’ Filter we get                                                  so 

Kalman Gain: specifies
how much effect will the 
measurement have in the 
posterior, compared to the 
prediction prior. Which one do you 
trust more, your prior 
or your measurement                   ?   



Kalman Filter with 1D state:
the update step

From Bayes’ Filter we get                                                  so 

The measurement is more confident
(lower variance) than the prior, so
the posterior mean is going to be 
closer to 5 than to 0. 



Kalman Filter with 1D state:
the update step

From Bayes’ Filter we get                                                  so 

No matter what happens, the variance of the 
posterior is going to be reduced. I.e. new 
measurement increases confidence no matter 
how noisy it is.  



Kalman Filter with 1D state:
the update step

From Bayes’ Filter we get                                                  so 

In fact you can write this as
so                   and
I.e. the posterior is more confident than both 
the prior and the measurement. 



Kalman Filter with 1D state:
the update step

From Bayes’ Filter we get                                                  so 

In this example:



Kalman Filter with 1D state:
the update step

Another example:



Kalman Filter with 1D state:
the update step

Take-home message: new observations, no matter how noisy, always reduce 
uncertainty in the posterior. The mean of the posterior, on the other hand,  
only changes when there is a nonzero prediction residual.  



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then
Recall: this notation means
expected value with respect to
conditional expectation, i.e

Control is a constant with 
respect to the distribution

Dynamics noise is zero mean, 
and independent of observations
and controls



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then

Recall: this notation means
covariance with respect to
conditional expectation, i.e



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then

Recall: covariance neglects addition 
of constant terms, i.e. 
Cov(X+b) = Cov(X)



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then

Recall:
Cov(X+Y)=Cov(X)+Cov(Y)-2Cov(X,Y)If this algebra doesn’t make sense, see the GraphSLAM lecture.

Recall: we denote Cov(X,X)=Cov(X)
as a shorthand



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then

We assumed dynamics noise is independent
of past measurement and controls 

We assumed noise variables are 
independent of state. So this covariance 
is zero. 



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then



Kalman Filter with 1D state:
the propagation/prediction step

Suppose that the dynamics model is

and you applied the command                      . Then



Kalman Filter with 1D state:
the propagation/prediction step

Take home message: uncertainty increases after the prediction step,
because we are speculating about the future.



Kalman Filter with 2D state

Suppose we have a robot that moves on a 1D line, but we also 
want to estimate its velocity. Then the 2D state vector is

Suppose we do not have any control over this robot, i.e. we are just 
trying to estimate its state through observations of the position 
only. I.e.:  

Also suppose that we predict zero acceleration in the near future, so

which in vector form is expressed as  

p

v



Kalman Filter with 2D state

Suppose we have a robot that moves on a 1D line, but we also 
want to estimate its velocity. Then the 2D state vector is

Suppose we do not have any control over this robot, i.e. we are just 
trying to estimate its state through observations of the position 
only. I.e.:  

Also suppose that we predict zero acceleration in the near future, so

which in vector form is expressed as  

p

v

For this example suppose dt=1 
r = 1 and



Kalman Filter with 2D state

p

v

Suppose that at time t the state is distributed as
with

In other words, we are confident that in the beginning
the position is with high probability (~0.997) within range

of the mean position, 0.   

We are not very confident in the velocity, however. We just know
a priori that with high probability (~0.997) it is within range   

of the mean velocity, 1.



Kalman Filter with 2D state

p

v

Suppose that at time t the state is distributed as
with

In other words, we are confident that in the beginning
the position is with high probability (~0.997) within range

of the mean position, 0.   

We are not very confident in the velocity, however. We just know
a priori that with high probability (~0.997) it is within range   

of the mean velocity, 1.

Notice that when the cross-correlation terms                
then the ellipse is axis-aligned. This means that the position
and velocity are initially uncorrelated. 



Kalman Filter with 2D state:
the propagation/prediction step

p

v

After the prediction step the state is distributed as
with



Kalman Filter with 2D state:
the propagation/prediction step

p

v

After the prediction step the state is distributed as
with

Many things to notice here:

The covariance has nonzero off-
diagonal terms, so the position and 
velocity are now correlated. This is 
why the orange ellipse is rotated.

Also, the orange ellipse is “larger” 
than the initial blue ellipse, which 
means that our uncertainty has 
increased by speculating for future 
outcomes. 

There is now large uncertainty in the 
predicted position, since there was 
large uncertainty in the velocity.



Kalman Filter with 2D state:
the update step

p

v

Before the update step the state is distributed as
with                          and                      

At this point we predict that the next measurement of the 
position is going to be                                                        with 
uncertainty            which depends on previous uncertainty 
and measurement uncertainty.

Suppose that we actually measure                 which means that 
our mean estimate of the velocity was way off (it was 1).
Therefore, there is a prediction residual/error
How confident are we about this residual? 



Kalman Filter with 2D state:
the update step

p

v

Before the update step the state is distributed as
with                          and                      

At this point we predict that the next measurement of the 
position is going to be                                                        with 
uncertainty            which depends on previous state’s 
uncertainty and measurement uncertainty.

Suppose that we actually measure                 which means that 
our mean estimate of the velocity was way off (it was 1).
Therefore, there is a prediction residual/error
How confident are we about this residual? 

This means that our 
measurement was within 
a range of               from the
true position with high 
probability (~0.997)   



Kalman Filter with 2D state:
the update step

p

v

How do we update our belief based on the noisy measurement?
We’re not going to provide a proof here (see Probabilistic 
Robotics, section 3.2), but the updated belief is

with

Kalman Gain:

determines 
how much the 
state and the 
covariance 
needs to be 
updated



Kalman Filter with 2D state:
the update step

p

v

How do we update our belief based on the noisy measurement?
We’re not going to provide a proof here (see Probabilistic 
Robotics, section 3.2), but the updated belief is

with

Kalman Gain:

determines 
how much the 
state and the 
covariance 
needs to be 
updated

After the measurement the 
covariance was reduced. We are 
now more confident than both
the measurement and the 
prediction estimate. 



Kalman Filter with 2D state:
the update step

p

v

How do we update our belief based on the noisy measurement?
We’re not going to provide a proof here (see Probabilistic 
Robotics, section 3.2), but the updated belief is

with

Also, notice how we MEASURED 
position, and through correlation, 
we were able to INFER velocity. 
This is not always possible.



Kalman Filter in N dimensions

Prediction Step

Update Step 

Received measurement            but expected to receive

Prediction residual is a Gaussian random variable                                                        
where the covariance of the residual is   

Kalman Gain (optimal correction factor):

Dynamics Measurements

Init



Kalman Filter in N dimensions

Prediction Step

Update Step 

Received measurement            but expected to receive

Prediction residual is a Gaussian random variable                                                        
where the covariance of the residual is   

Kalman Gain (optimal correction factor):

Dynamics Measurements

Init

Potentially 
expensive and
error-prone  
operation: matrix 
inversion 
O(|z|^2.4)



Kalman Filter in N dimensions

Prediction Step

Update Step 

Received measurement            but expected to receive

Prediction residual is a Gaussian random variable                                                        
where the covariance of the residual is   

Kalman Gain (optimal correction factor):

Dynamics Measurements

Init

Numerical errors may make the covariance 
non-symmetric at some point. In practice, we 
either force symmetry, or we decompose the 
covariance during the update. 

See “Factorization methods for discrete 
sequential estimation” by Gerald Bierman
for more info.



Kalman Filter with 4D state
Suppose a cannonball is shot from a cannon, and assume we can somehow measure its position in flight. 

Assuming zero drag and resistance from the air the only force acting on the ball after it is ejected is its weight 
(suppose mass=1kg).

Then the continuous dynamics of the system are given by                                  where w is noise in the acceleration.

The discrete-time version of this dynamics model is

which can be expressed in matrix form as                                                            where

Since we can measure its position the measurement model is                                   where                          and 



Kalman Filter with 4D state
Suppose a cannonball is shot from a cannon, and assume we can somehow measure its position in flight. 

Assuming zero drag and resistance from the air the only force acting on the ball after it is ejected is its weight 
(suppose mass=1kg).

Then the continuous dynamics of the system are given by                                  where w is noise in the acceleration.

The discrete-time version of this dynamics model is

which can be expressed in matrix form as                                                            where

Since we can measure its position the measurement model is                                   where                          and 

Notice here that we don’t actually control the system, 
but we include         to account for additive constants in the dynamics. 



Kalman Filter with 4D state

This is the
uncertainty around
the mean estimate.
With probability ~0.997
the true      should be 
within these bounds,
as long as the system
has been initialized 
close enough to the 
true initial state, and
as long as the KF 
assumptions hold.    



Kalman Filter with 4D state

We initialized the KF estimated 
mean position to be [0, 2] 
when the true value was [0, 0]
and we assigned high 
uncertainty in the initial
position estimate, which
was reduced after the first
few measurements. 



Kalman Filter with 4D state

We initialized the KF estimated 
mean y-velocity to be 5 
when the true value was 10
and we assigned high 
uncertainty in the initial
y-velocity estimate.

Even though we do not measure
the velocity directly, through 
correlation with position, the KF
is able to INFER it and the 
initially large uncertainty shrinks
as more measurements become
are received.



Kalman Filter with 4D state

We initialized the KF estimated 
mean y-velocity to be 5 
when the true value was 10
and we assigned high 
uncertainty in the initial
y-velocity estimate.

Even though we do not measure
the velocity directly, through 
correlation with position, the KF
is able to INFER it and the 
initially large uncertainty shrinks
as more measurements become
are received.

Parameters and code to reproduce this can be found at    https://github.com/florianshkurti/comp417/tree/master/filtering_examples



Appendix 1
Claim:                                                                           where

Proof: 

Define

where



Recommended reading
• Chapters 2 and 3.2 from Probabilistic Robotics

• Chapters 4.9 and 8.3 from Computational Principles of Mobile 
Robotics 

• Lesson 2 in https://www.udacity.com/course/artificial-intelligence-for-robotics--cs373

• This illustrative blog post: 
http://www.bzarg.com/p/how-a-kalman-filter-works-in-pictures/
Careful: the figure between equations (9) and (10) is wrong. The blue Gaussian should be taller and   
peakier than the other two Gaussians, the prior and the measurement models. This is not fixed as    
of March 15, 2017. 


