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The MDP setup — State feedback
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Linear Quadratic Regulation (LQR) B

Notation State: X; € R™
Action: Uy e R™

Dynamics Xii1 = AX¢ +B¢U;, where Ai € R™*™ By € R™X™,

Cost Perstepcost : ci(xe,ue) = xelgy, + luelg,
Terminal reward: ct(x1) = ||7<T||%2T
where [[X]lo = XTQX and forall t, Q; = Q{ > 0and R, =R{ > 0.

Control Choose U; = g¢(Xj.t, Us.¢_1) SO as to minimize

objective T—1
J(g) = Z et (Xe, Ug) + e1(xT)

t=1

» Regulation problem: keep the state of the system close to the origin.

» Tracking problem: To keep the state of the system close to a reference
trajectory {x{}, use the cost

ce(xeyue) = [xe —x¢ll, + lhuellr,, cr(x1) = lIxT — X3l QY-

]
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"Deterministic LQR is a MDP

System
Dynamics

Information
Structure

Objective
Function

Structure of
Controller

Dynamic
program

MDP Dynamic Model Deterministic LQR

Xe+1 = fe (X, Ug, W) Xi41 = AXy + By

Ue = g¢(Xq:4, Upig—1) Ue = ge Xy, Upig—1)
T-1 T—1

E| > ce(X¢yUy) + cr(X7) 2 e (Xg, Ug) +cr(X7)
t=1 t=1

Using Markov strategies does not entail any loss of optimality
U = ge(X)

Vr(xr) = er(xr);

Vel = max  {ec(xewe) + EVe (felxe wo Wl

w €U (x¢

t=T—-1,...,1.

k Linear systems--State feedback(Aditya Mahajan) [



Structure of optimal deterministic LQR B

Theorem The value function at time t is
Vi(Xe) = IXcli3,
and the optimal control action is
U, = —HeX¢

) where the gain matrices H; are determined recursively as follows:
Riccati  equations are

named after Count Jacopo Hr=0
Francesco Riccati (1670-
-1754) who studied the dif- H; = R + B S 1B Ay
ferential equations of the
form where
% = ax? + bt + ct?
and its variations. In mod- At = BISt+1At

ern control, such equations ) . o .
arise in the calculus of vari-|  @nd S are determined by the backward Riccati difference equations:
ations and optimal fltering.
The discrete-time version ST = QT
of these equations are also .

St — AISJH_]At + Qt - A:CI— [Rt + BISJH_] Bt] ]At

named after Riccati.
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rCompleting the squares lemma B

Lemma Let
» x€ R"andue R™
» Ac R and B € RM*m™m
» ReER™ M and Q € R™*™suchthat R=R" >0and Q = QT > 0.
Then

lullk + 1AX + Bullg, = llw + Hxllg + [z .
where

K=R+BTQB, K=KT >0

H=K A, where A = BTQA

L=ATQA - ATKA

Proof The result follows by completing the squares in two different ways.
LHS=u"Ru+u'BTQBu+x"ATQAXx +x"ATQBu+u'BTQAx
RHS = u"Ku +x"HTKu + uTKHx + x"THTKHx + x T Lx

Tooox,and xT -0 - x,

Compare the coefficients of u™ -+ - u, u
.

%
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"Proof of the structure of optimal determistic LQR

Proof Proceed by backward induction.
» Basis: V1(x) = c1(x) = [Ix||2 »
» Induction hypothesis: Vi 1(x) = ||X||§t+1'
» Induction step:

Va(x) = min[II, + I, + Ve (Acc+ Bew)]

= min[IxIy, + ik, + 1A+ B}, ]

completion of squares

= minIl, +lhu+ Hexl, + 2, ]
where
H; = [R{ + B! S 1B Ay, where Ay = B{ S 1A
Li =ATS 1A —A][R + B S, 1B "AL.
Thus, the optimal control action is u = —Hx and the optimal cost is
Vix) = Xy, + I, =IIxl§,,  where Sy = Q¢+ L.

Note that the update equation of S; is same as that in the Theorem.
I,
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Linear Quadratic regulator example
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" Generalized LQR: Cross-term in cost I

Minimizing Suppose that instead of minimizing the norm of the state X, we are
output error interested in minimizing the norm of the output Y; = C¢X; + DUy. In
such a case, the per-step cost function will be of the form

ce (X, Up) = [IX¢lIg . T IUellR, +2X{ N Uy

Assume that the terminal cost function does not change, and

[QtT N >0, or equivalently Q —NR-INT >0.
NI R,
Key Lemma Xl + Il +2x™Nu = ||x||% + Jlu+ RN Tx[%.

where Q = Q — NR'NT.

Change of Let U, = U + R;y'N{X,. Then
Varlables Xt+] = AtXt + Btflt, Whel‘e At = At — BtR;] N;r

» Thus, the system is in the same form as the standard LQR.

LN
i’ll\‘
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Generalized LQR: Cross-term in cost B

Theorem The value function at time t is
Vi (X¢) = [X¢lls,

and the optimal control action is

Ut = _HtXt
where the gain matrices H; are computed recursively as follows:
Hr=0

Hy = [Re+BJ7Si 1B A,
where
Ac=N{ +Bl S 1A
and S; are determined by the modified backward Riccati equations:
St=Qr
St =ATS 1A + Qi —AJ [R +B{S( 1B A,

» Note that the only change from the standard LQR equations is in the
definition of A .

%
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Generalized LQR: Proof for cross-term in cost

Y

Proof Consider the system with the change of variables. The structure of the

optimal controller and the form of the value function are given as before.
Recall that U, = Uy — R; "N X,. Hence,

—1 ~ —1
Ht = [Rt+BISt+1Bt] BISt+]At+R.t_1 Nt = [Rt+B.—trSt+] Bt] /‘

where
At - BISt+]At SN [Rt SN BIStJr]Bt} Rt_]Nt

=B{St11[At — BR{'N{| + [Re + B{ St 1B Ry Ny
=B{ St 1AL + N{

Furthermore, since the terminal cost is the same as before, the initial
condition of the backward Riccati equation does not change. The Riccati
update is given by
~ ~ ~ ~ T _] ~ .
St =AlS 1A+Q—[B{ St 1A [Re+B{Si 1B [B{Si1A¢
Substituting the value of A, and Qt and some (messy) algebraic
manipulation gives the result (see next page).

I

g -
\ Linear systems--State feedback(Aditya Mahajan) ([ “w“Wy ‘



Generalized LQR: Proof for cross-term in cost (cont.) B

Proof (cont.) Ignore the subscripts for ease of notation.

1.

OO swN

let K=R+BTSB. Thus, B"SB = K — R.

ASA =ASA+NR '(BTSB)R'NT —2ATSBR'NT.
Q=Q-NR'NT.

BTSA=BTSA—(BTSB)R"'NT =A —KR'NT.

(BTSA)TK ' (BTSA) = ATK TA+NR KR 'NT—2ATR'NT.
(2) + (3)- (5) =Result - 2IN+ATSB—ATIR"'NT,

where the last term is zero by definition of A.

A
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"LQR Tracking problem B

Tracking setup Suppose that we want to ensure that the output signal Y; = CiX; is
close to a reference trajectory {yg}!_;. Then, the cost functions are

ce(Xe, W) = ICeXe—yilip, HUill,,  er(X7) = ICrXr—y$l, -

Theorem The value function at time t is
Vi(Xe) = HXtH%t + &t
and the optimal control action is
Uy = —HeX¢ + Hre g

Recursive » {S¢}_; and {H¢}{_, follow the same recursion as before;
computations , The gain matrices Hg are given by H¢ = [R + BtTStHBtT]BtT
» The correction terms r; are given by
-
rr=CTQ1y5, Ty = [At — Bth} i1 + C Quys
» The tracking error « is given by
o o l
X1 = HHTH%)T> Xt = IIytIIZQt - ZT'LHBt [Rt + BISt+1Bt] B;rftﬂ + g

‘12"
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rStochastic Linear Quadratic Regulator (LQR) setup )

Stochastic Xep1 = AXe + By + Wy, where EWr T W] = Iy
dynamics  The ahoue model is similar to the deterministic LQR setup with the
exception that the state evolution is stochastic. The structure of the
optimal controller is as given below.
Theorem The value function at time t is

~
Certainty Equivalence
principle (Simon, 1948)
Let f:R™ x R™ — R and
X be a R™ valued random
variable. If f is quadratic in
its arguments, then
u* =arg min E[f(X,u)]
ueRm™

=arg min f(E[X],u)
ueR™

Note: f is quadratic means
flx,u) = Ax+Bu+[x[g +
[z +xTGu + o where all
matrices are of appropriate
dimensions.

Vi(Xe) = IXel3, + o
and the optimal control action is
ut — _HtXt
where S; and H; follow the same recursion as before and

OCTZO

oy = X1 + IT[ZwSiiq] =

Z Tr[ZwS.]

T=t+1

Thus, the optimal controller is the same as in the deterministic case.

The only effect of the noise is to increase the value function.

phenomenon is unique to LQG systems).
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"Proof of the structure of optimal stochastic LQR B

The proofis similar to that of deterministic LQR and follows from the following observation.

Lemma For any particular values x € R™ and u € R™, matrices A, Q € R™*"
and B € R™*™, and a random variable W such that EWTW] = Ly,

E[JAx + Bu + Wllé] = ||Ax + Bull%2 +Tr(QZw)

Proof

=13=
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The POMDP setup — Output feedback

rocess Observa tion

Noise
Plant u

Controller Observer




"Problem formulation B

Notation State : Xg € R™ Action: Uy € R™
Observation: Y; € RP

DynamICS XtJr] = AtXt+BtUt+Wt, where A; € R™x™ Bt € Rnxm,Wt e R™,
Observations Y = C{X; + N, where C; € RP*™ N, € RP.

Random Primitive RV.s {X7, N1.1, W;.7} are independent and Gaussian with
variables  x; ~N(0,Zx), Ne~N(0,Zn), Wi ~N(0,Zw).

Cost Perstepcost : ci(xe,ue) = xelgy, + luelg,
Terminal reward: cr(xt) = [xllg,
where [[X][o = XTQX and forall t, Q; = Q{ > 0and R, =R{ > 0.

Control Choose U; = g¢(Y7.t, Us.¢_1) SO as to minimize
objective T—1
J(9) =B [ Y culXe, Uy + erlxr)

t=1
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"Sufficient statistic for control I

Theorem The state-estimate X; = E[X; |Y1.¢, Uq.¢—1] is a sufficient statistic for
(Sufficient control, i.e., there is no loss of optimality in restricting attention to
statistic) control laws of the form: U, = gt(>A<t).

Kalman filtering This sufficient statistic is updated using the Kalman filtering equations

2t+1 = Atx\t +BiU; + K4 [Yt—i—] — Ct—b—l)/(\t}

where K, is the Kalman gain given by
K =L En+CPCI] " with L,=AP.C].

The initial mean is given by
Xi=...

and the covariance matrices Py are precomputable and are given by

forward Riccati difference equation

Pt = APA] + Iy — L [In + CP.CT] LT
with
P= ..

2
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Structure of optimal controller I

Theorem The value function at time t is
Vi(Xe) = ||Xt||§t + &t

and the optimal control action is

Ut = —Htﬁt
where S; and H; follow the same recursion as before and
ot = Tr[PrQr]

o = a1 + T1[P Qi + (Ew + APLA] — Py 1)Si11]

T
=Tr[PrQ+]l + Z Tr[Pi Qi + (Zw + APtA] — Piy1)Siiq]
T=t

3
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"Further Reading I

1. The Kalman Fflter (and its generalization to non-linear systems called extended Kalman
filter) was used by NASA in the Ranger, Mariner, and Apollo missions, including the lunar
module of Apollo 11. For a history of Kalman fltering in NASA see:

Leonard A. McGee and Stanley F. Schmidt, “Discovery of the Kalman Filter
as a practical tool for aerospace and industry,” NASA Technical Memorandum
TM-86847, Nov 1985.

http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19860003843_1986003843.pdf

2. A slightly more cumbersome form of “Kalman Flter” was derived in:

Peter Swerling, “A proposed stagewise differential correlation procedure for
satellite tracking and prediction,” RAND Corporation report P-1292, Jan 1958; also
published in Journal of Astronomical Science, vol 6, 1959

| 4
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C Decentralized Linear Quadratic Control

Static teams
Witsenhausen Counterexample

Appendices on background material



Static teams



"Problem formulation B

The system consists of n agents.

Primitive
random variables

Notation

Cost

Control
Objective

(X,Y',...,Y") jointly Gaussian with
EXI=%, E[YI=g9" cov(X,Y")=Z cov(Y,Y)=2%.

Observation of agent i: Y!
Action of agent i S ut
Let U =vec(U',...,U™).

mn n
c(X, W) =UTRU+UTPX =) » (U)TRyW +Z (UH TP X
i=1j=1 i=1

where R = [Ry;] is symmetric and positive definiteand P = [P, ..., P]]T.

Choose U' = g*(Y') so as to minimize
J(g) = E9c(X,W)]
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Witsenhausen Counterexample



"Problem Formulation j

Primitive » (Xj,N3) zero mean independent (scalar) Gaussian.
variables » var(X;) = 0% and var(N,) = 1.

State equations X5 = X7 + U
X3 =X —U;

Observations Y, =X,
Y, =X + No

Cost k2U% + X3
Objective Choose U; = g;(Y;) to minimize the expected cost.

Note The dynamics are linear, cost is quadratic, and noise is Gaussian. But
the information structure is non-classical. Controller 2 does not know
the observation of controller 1.

[ 4
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Reformulation using a change of variables B

Reformulation Let X =X, N =N, and
f(x) =x+ g1(x)
9(y) = 92(y)
Then,
J(f,9) = E [K3(X — £(x))? + (£(X) — g (F(X) + N))]
The optimization problem is
J* = (if[\gFJ J(f, 9)

Theorem An optimal solution exists.

Remark The existence of an optimal solution was proved by Witsenhausen. For

the purpose of what we want to show, the existence result is not that
important.
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Structure of optimal strategies B

Llemma 1.0 < J* < min(1,k?0?).
2. For any (f, g), there exists (f, g) such that
E[f(X)] =0, E[(X — f(X))?] < o2 and J(f, ) < J(f, g).

Proof 1. Since the cost is positive, J* > 0. Now consider the following two
strategies:
» f(x) =0, gly) =0. J(f, g) = E[k?X?] = k?0?.
» (X)) =x g(y) =y. J(f,g) = E[(X = (X + N))?] = 1.
Hence, J* < min(1,k?0?).

2. IFE[(X — f(X))?] = o2, then J(f,g) > o%. Set f(x) =0 and g(y) =0.
Then f satifies the required conditions and J(f, §) = 0% < J(f, g).
IFE[(X—f(X))?] < o2, then E[f(X)?] < 402 (why?). Therefore, E[f(X)]
exists. Let m = E[f(X)].

» Define f(x) = f(x) —mand §(y) = g(y + m) — m.

» E[f(X)] =0and E[(X —(X))?] = E[(X —f(X))%] —m? < o2,
» f(X) = §(f(X) + N) = f(X) — g(f(X) + N).

Consequently J(f, g) < J(f, g).
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"Performance of an affine strategy -

Affine strategy From the previous lemma, we can restrict attention to strategies such
that E[f(X)] = 0. Thus, when considering affine strategies for the frst
stage, we only need to consider f(x) = Ax.

The best response to f(x) = Ax is g(y) = ny where

02\2
AR Y.
The corresponding performance is
12,201 _ A\2 02\?
JA) =Ko (1 =N+ s

Proof Let X =AX ~N(0,02A%). Then, Y = X+ N, and we want to choose g(y)
to minimize E[(X — g(Y))?]. Since all random variables are Gaussian,
the best estimator is g(Y) = EX + Zy3ZyyY and the corresponding
performance is Zyx — ZxyZyyZg,- The result follows from observing
that

252

Lgx =0°N, Lyy=1+ 0'27\2, and Loy = o2A2.

e
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Best affine strategy -

Best affine Let A = t/o. Then, the best choice of t satisfies
strategy t

m :kz(U—t)

Proof This follows by taking the derivative of J(A) wrt A and setting it to zero.

A family of Let k? < 7 and ko = 1. Then,
solutions
A=p= % (1 +/1 —4k2) and Tt =1— k2

Proof It is easy to verify that this satisfes the solution above.

54
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"Non-linear strategies can outperform the best lienar strategv

A non-linear Note: This is different from the strategy presented in Witsenhausen's
strategy paper.

Consider
f(x) =osgn(x) and g(y) =Asgn(y).
Let X = f(X). Then,
J(f,9) = K2 E[(X = X)2] + E[(X — (X + N))?]

= 2k? o2 <1 —E {

XD 1+ 462 P(N > o)
(0}

= 2k?o? (1 — \/%) + 402 erfc(o)
Comparison Let ko =1 and consider k — 0. Then

Jo =1 but J(f,g)=2 <1 —\/%> ~ 0.404

Thus, the non-linear strategy given above outperforms the best affine strategy!
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Appendices on background material



rAppendix: Positive definite matrices B

Positive definite A mn x n symmetric matrix M is
» positive definite (written as M > 0) if

forany x #0,x € R™, xTMx > 0.
» positive semi-definite (written as M > 0) if
forany x #0,x € R™, x"Mx > 0.

Eigenvalues A symmetric matrix is positive definite (resp., positive semi-definite) if
characterization and only if all of its eigenvalues are positive (resp., non-negative).

Examples (3 0] _x1_ 3 0
_ 352 2
[m xz] 0 2||x = 3x7 +2x5 — 0 2 > 0.
0 ol[x] ., 0 0
[X‘ "2] 0 2|l [o 2| =0

B
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rAppendix: Linear estimation of Gaussian signals B

Conditional Let (X,Y) be jointly Gaussian with mean u = (ux, wy) and covariance

expectation
P . T = Ixx  Zxy . Then,
of Gaussian =T, Svy
vectors

E[X|Y] = px + ZxyZyv(Y — py)

is a Gaussian random variable with mean 1. and covariance ZxyZyyZ .

The mean square error (X — E[X|Y])2 is Tr[Zxx — ZxvZyvZ iyl
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