Lecture 8: Properties of Linear Time-Invariant Systems



 seq MTSec \h   

  seq MTEqn \r \h 

 seq MTSec \h  

  seq MTEqn \r \h 

 seq MTSec \h  

3 Properties of Linear Time-Invariant Systems

LTI systems are completely characterized by their impulse responses (a nonlinear system is not). It should be no surprise that their properties are also characterized by their impulse responses.

3.1 The Commutative Property of LTI Systems
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The output of an LTI system with input 
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 is identical to the output of an LTI system with input 
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 and impulse response 
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. This results from the fact that a convolution is commutative, as we've already seen.

[image: image71.wmf]h

[image: image72.wmf]h

1

[image: image73.wmf]x

[image: image74.wmf]h


[image: image5.wmf]y

n

x

k

h

n

k

h

k

x

n

k

k

k

[

]

[

]

[

]

[

]

[

]

=

-

=

-

=

-¥

¥

=

-¥

¥

å

å


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.1)

[image: image75.wmf]y

x

=

[image: image76.wmf][image: image77.wmf]h

2


[image: image6.wmf]y

t

x

h

t

d

h

x

t

d

(

)

(

)

(

)

(

)

(

)

=

-

=

-

-¥

+¥

-¥

+¥

z

z

t

t

t

t

t

t


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.2)

3.2 The Distributive Property of LTI Systems
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Comes from the fact that a convolution is distributive:
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which means that summing the outputs of two systems
subjected to the same output is equivalent to a system
with an impulse response equal to the sum of the impulse 
responses of the two individual systems. 
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Application: May facilitate the evaluation of a convolution integral.

For example if we want to calculate the output of a system S with impulse response 
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 to the input signal 
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, it is easier to break down 
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 as a sum of its two components 
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, then to calculate the two convolutions 
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 and sum them to obtain 
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3.3 The Associative Property of LTI Systems

This property of LTI systems comes from the fact that the convolution operation is associative.
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Application: A bandpass filter design problem is sometimes approached in stages, where a first filter stage with impulse response 
[image: image16.wmf]h

t

lowpass

(

)

 would filter out the high frequencies in the input signal, while a high-pass stage with impulse response 
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 would filter out the low frequencies and DC component of the input signal. Once the two stages are designed (i.e., their impulse responses have been determined), they are combined together as   
[image: image18.wmf]h

t

h

t

h

t

filter

hipass

lowpass

(

):

(

)

(

)

=

*

 for a more efficient implementation as an op-amp circuit (you may be able to save a few op-amps while reducing the potential sources of noise).

3.4 LTI Systems with and without Memory

Recall that a system S is memoryless if its output at any time depends only on the value of its input at that same time.

For an LTI system, this property can only hold if its impulse response is itself an impulse, as is easily seen from the convolution equations 
(3.2)

. When (3.1)

 and  gotobutton ZEqnNum577606  and 
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Thus, to be memoryless, a continuous-time LTI system must have an impulse response of the form 
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 and a discrete-time LTI system must have an impulse response of the form 
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. The system has memory otherwise.

3.5 Invertibility of LTI Systems

We've already seen that a system S is invertible if and only if there exists an inverse system S-1 for it such that S-1S is the identity system.

[image: image98.wmf]1/RC

 

1

 

[image: image99.wmf]h

t

RC

e

u

t

t

RC

(

)

(

)

=

-

1

[image: image100.wmf]s

t

e

u

t

t

RC

(

)

(

)

(

)

=

-

-

1

[image: image101.wmf]x

[image: image102.wmf]y

For an LTI system with impulse response 
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,
this is equivalent to the existence of another 
system with impulse response 
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 such that 
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Application: For low-distortion transmission of a signal over a communication channel (telephone line, TV cable, radio link), the signal at the receiving end is often processed through a filter whose impulse response is designed to be the inverse of the impulse response of the communication channel. 

Example: A system with impulse response 
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 delays its input signal by a time 
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. Its inverse system is a time advance of 
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 with impulse response 
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, as we now show. (Here we make use of the sampling property of the impulse function, and we also use the fact that 
[image: image36.wmf]d

d

(

)

(

)

t

t

=

-

.)


[image: image37.wmf]h

t

h

t

h

h

t

d

T

t

T

d

T

t

T

d

T

t

T

d

T

t

T

d

t

T

T

t

T

d

t

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

(

))

(

)

(

)

(

)

(

(

))

(

)

(

(

))

(

)

*

=

-

=

-

-

+

=

-

-

-

-

=

-

-

-

=

-

-

+

=

+

-

-

+

=

-¥

+¥

-¥

+¥

-¥

+¥

-¥

+¥

-¥

+¥

-¥

+¥

z

z

z

z

z

z

1

1

t

t

t

d

t

d

t

t

d

t

d

t

t

d

t

d

t

t

d

t

d

t

t

d

d

t

t

d


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.4)

3.6 Causality of an LTI System

We've seen that a system is causal if its output depends only on past and/or present values of the input signal. Specifically, for a discrete-time LTI system, this requirement is: 
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. Thus, looking back at the convolution sum in 
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, the impulse response should satisfy  gotobutton ZEqnNum577607 , which is equivalent to 
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. Therefore a discrete-time LTI system is causal if its impulse response is zero for negative times. This makes sense as the system should not have a response before the impulse is applied at time n=0.

A similar analysis for a continuous-time LTI system leads us to the same conclusion. Namely, a continuous-time LTI system is causal if 
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Example: A linear time-invariant RLC circuit is causal.

3.7 BIBO Stability of LTI Systems

Recall that a system is BIBO stable if for every bounded input, the output is also bounded. Let's consider a discrete-time system with impulse response 
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and we conclude that if 
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 is bounded and the LTI system is stable. It turns out that this condition on the impulse response is also necessary for BIBO stability, as we now show. Suppose that 
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, which is bounded by 1 and leads to an output that's unbounded at n=0.
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Therefore, a discrete-time LTI system is BIBO stable if and only if 
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The same analysis applies to continuous-time LTI systems for which stability is equivalent to 
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Example: The discrete-time system with impulse response 
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Example: Is the continuous-time integrator system 
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 stable? Let's calculate its impulse response first: 
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, the unit step. A unit step is not absolutely integrable, so the system is unstable.

3.8 The Unit Step Response of an LTI System

The step response of an LTI system is simply the response of the system to a unit step. It conveys a lot of information about the system. For a discrete-time system with impulse response 
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. This convolution can be interpreted as the response of the accumulator system with impulse response 
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Conversely, the impulse response of the system is the output of the first-difference system with the step response as the input:
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For a continuous-time system with impulse response 
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. This convolution can also be interpreted as the response of the integrator system with impulse response 
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. Thus, the step response of a continuous-time LTI system is just the running integral of its impulse response:
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Conversely, the first-order derivative system (the inverse system of the integrator), applied to the step response yields the impulse response of the system:
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Example: The unit step response of an RC circuit
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