Lecture 19: Lowpass, bandpass and highpass filters
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6.9 Frequency-Selective Filters

Ideal frequency-selective filters are filters that let frequency components over a given frequency band (the passband) pass through undistorted, while components at other frequencies (the stopband) are completely cut off. 

The usual scenario where filtering is needed is when a noise 
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 is added to a signal, but the noise has most of its energy at frequencies outside of the bandwidth of the signal. We want to recover the original signal from its noisy measurement. 
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Here the noise spectrum is assumed to have all of its energy at higher frequencies than the bandwidth W of the signal. Thus, an ideal lowpass filter would perfectly recover the signal, i.e., 
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6.9.1 Lowpass Filters
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An ideal lowpass filter cuts off frequencies higher than its cutoff frequency 
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. The frequency response of this filter is given by:[image: image53.wmf]w
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The corresponding impulse response was found to be a sinc function of time in Section 6.4 (it is even and real, as expected).
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Recall that the convolution property of the Fourier transform is the basis for filtering: the output of an LTI system with impulse response 
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 subjected to an input signal 
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 is given by 
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Even though the above filter is termed "ideal" in reference to its frequency response, it may not be so desirable in the time-domain for some applications because of the ripples in its impulse response. For example, the step response of the ideal lowpass filter is the running integral of the sinc function. Its plot indicates that there are potentially undesirable oscillations before (because the impulse response is noncausal) and after the discontinuity.
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As mentioned before, the impulse response of the ideal lowpass filter is not realizable as it is noncausal. Approximations to the ideal lowpass filter that can be realized by causal LTI differential equations have been proposed in the past, and some of them have found widespread use. One of these filters is the Butterworth filter. The magnitude of the frequency response of an 
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-order Butterworth filter with cutoff frequency 
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 is given by:
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Remarks:

· The dc gain 
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· The attenuation at cutoff is 
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 (or -3dB) for any order 
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Here is a plot of the magnitude for N=2 (second-order) compared to the ideal "brick wall" magnitude.  The transition band is the frequency band around 
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 where the magnitude "rolls off". The higher the order, the narrower the transition band gets.
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The second-order Butterworth filter is defined by its characteristic polynomial
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Therefore the differential equation relating the input and output signals of this filter must have the form
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Note that it is necessary to add a gain of 
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 multiplying the input signal to obtain a dc gain of 1 for the filter. Recall that the dc gain is the gain of the filter when the input and the output signals are constant, which means that the derivatives of 
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Let's check that the frequency response of this differential equation has the magnitude of Equation (6.71)

. The frequency response of the second-order Butterworth filter is given by:  
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and the magnitude is
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The impulse response of a butterworth filter is given by (following a partial fraction expansion of the frequency response):
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This impulse response does not oscillate much even though it is a damped sinusoid. The decay rate is fast enough to damp out the oscillations. For example, if we plot the step response of this second-order Butterworth filter, we obtain
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6.9.2 Highpass Filters
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An ideal highpass filter cuts off frequencies lower than its cutoff frequency 
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. The frequency response of this filter is given by:[image: image66.wmf]h
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Notice that the frequency response of an ideal highpass filter can be written as the difference between 1 and the frequency response of an ideal lowpass filter. 


[image: image25.wmf]H

j

H

j

hp

lp

(

)

(

)

w

w

=

-

1





 MACROBUTTON MTPlaceRef \* MERGEFORMAT (6.77)

The resulting impulse response is simply
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This suggests one possible approach to obtain a realizable highpass filter. Firstly, design a lowpass filter with cutoff frequency 
[image: image27.wmf]w
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 and desirable characteristics in the transition band and the stopband. Secondly, form the frequency response of the highpass filter using Equation (6.77)

. 

Example: We can design a highpass filter using the second-order lowpass Butterworth filter of the above example.
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The corresponding causal LTI differential equation is
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and the impulse response is as given by Equation (6.78)

:
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6.9.3 Bandpass Filters
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An ideal bandpass filter cuts off frequencies lower than its first cutoff frequency 
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 and higher than its second cutoff frequency 
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. The frequency response of such a filter is given by:
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The frequency response of an ideal bandpass filter can be written as the product of the frequency responses of ideal overlapping lowpass and highpass filters. The highpass filter should have a cutoff frequency of 
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 and the lowpass filter 
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This is one approach to design bandpass filters.  
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