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Abstract—The 2D stochastic completion field algorithm, introduced by Williams and Jacobs [1], [2], uses a directional random walk to

model the prior probability of completion curves in the plane. This construct has had a powerful impact in computer vision, where it has

been used to compute the shapes of likely completion curves between edge fragments in visual imagery. Motivated by these

developments, we extend the algorithm to 3D, using a spherical harmonics basis to achieve a rotation invariant computational solution

to the Fokker-Planck equation describing the evolution of the probability density function underlying the model. This provides a

principled way to compute 3D completion patterns and to derive connectivity measures for orientation data in 3D, as arises in 3D

tracking, motion capture, and medical imaging. We demonstrate the utility of the approach for the particular case of diffusion magnetic

resonance imaging, where we derive connectivity maps for synthetic data, on a physical phantom and on an in vivo high angular

resolution diffusion image of a human brain.

Index Terms—3D directional random walk, Fokker-Planck equation, completion fields, diffusion MRI, probabilistic connectivity,

spherical harmonics
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1 INTRODUCTION

CONTOUR completion involves “filling in” the missing
portions of partly occluded or fragmented outlines in a

visual image. This process is fundamental to computer
vision, where it constitutes an essential intermediate step in
many applications, including the perceptual grouping of
edge maps, image segmentation, and object recognition. Its
study also has a rich history in human vision, including
considerations by Kanizsa [3], whose work emphasizes the
importance of both modal and amodal completions in the
perception of visual forms. In fact, the notion of illusory
contours, where edges and surfaces that have no physical
reality in the scene are nonetheless perceived, has been and
continues to be a subject of active research [4]. Mathematical
contour completion is an ill-posed problem in that an
infinite variety of curves can serve as possible completions
while being faithful to the edge fragments in an image. As a
result, achieving computational solutions to contour com-
pletion is challenging and additional assumptions have to
be imposed, such as the minimization of total squared
curvature [1], [5], [6] or the minimization of total change in
curvature [7].

Among the first attempts to solve the problem of contour
completion is Ullman’s approach [5], which uses circular
arcs to fill the gap between two boundary segments,
searching for those which minimize the total curvature
squared and meet smoothly, while being tangent to the

given edges. Parent and Zucker [8] take a differential
geometric point of view, using co-circularity in a relaxation
labeling framework to approximate tangent vectors and
curvature fields to be used for curve completion. Similarly,
Guy and Medioni [9] implement a tensor voting approach
using a co-circularity kernel. Their kernel generates an
extension field starting from a given edge segment by
assigning a likelihood of connection to preferred directions
at every point in space. The superposition of extension
fields from two fragments provides a saliency map
describing connectivity between the two edges. Shashua
and Ullman propose a saliency network for perceptual
grouping which incorporates the notion of minimizing
curvature squared plus length [10]. The minimization of
total curvature variation has been explored by Kimia et al.
in [7], where Euler spirals are used to bridge the gap
between edges. The 2D completion algorithm of Williams
and Jacobs [1], [2] models the prior probability distribution
of completion curves by the trajectory of particles following
a 2D directional random walk. The maximum likelihood
curves derived from this model correspond to curves of
least energy, which, like Shashua and Ullman’s approach,
minimize a weighted combination of curvature squared
plus length. The derived probabilistic representation of
possible connections between two boundary segments is
dubbed a stochastic completion field. Williams and Jacobs
argue that the shape, salience, and sharpness of the
contours perceived by humans can be represented by the
mode, magnitude, and variance of this completion field. In
more recent work, Zweck and Williams [11] achieve
invariance to translation and rotation in 2D by computing
completion fields using shiftable-twistable functions.

Motivated by Williams and Jacobs’ model, the present
paper extends this framework to handle curve completion
in 3D. While the extension of the directional random walk is
straightforward, the computation of the stochastic comple-
tion field in 3D requires special treatment to achieve
rotation invariance. We accomplish this by developing the
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associated Fokker-Planck equation describing the evolution
of the probability density function of particles undergoing
the random walk and by using a spherical harmonics (SPH)
basis to achieve a rotation invariant solution on the two
spheres. We then tailor the 3D completion field algorithm to
include additional drift terms to incorporate spatially dense
orientation data when available. Whereas the basic method
is applicable to data from motion capture or 3D feature
tracking systems, we focus on the particular problem of
deriving completions in diffusion magnetic resonance
imaging (diffusion MRI) data along with probabilistic
measures of connectivity.

This paper is organized as follows: We start with a brief
introduction to diffusion MRI and review existing models
for curve completion in this context. Section 2 develops the
theory of 3D stochastic completion fields. In Section 3, we
formulate the Fokker-Planck equation, which describes the
evolution in time of the probability density function of
particles undergoing a 3D directional random walk.
Section 4 develops a modification of the model to include
additional drift terms in order to take into account spatially
dense measurements, should they be available. In Section 5,
we extend the model and its underlying Fokker-Planck
equation to also include diffusion on the spatial domain
variables. Section 6 develops a rotation invariant numerical
method for solving the Fokker-Planck equation by using
spherical harmonics to represent functions defined on the
2-sphere. In Section 7, we apply the 3D stochastic comple-
tion field algorithm to the problem of mapping connectivity
in diffusion MRI data. We explain how parameters for the
stochastic completion field are selected based on the
underlying diffusion MRI data, and develop a measure to
quantify connectivity. Qualitative and quantitative valida-
tion of this approach is provided in Sections 7.3.2 and 7.3.3
using synthetic multitensor data and the MICCAI 2009
Fibre Cup phantom [12]. We also carry out experiments on
some of the major fiber pathways in the human brain. We
conclude with a brief discussion of our results and
directions for future work in Section 8.

1.1 Curve Completion for Mapping Brain
Connectivity

The emergence of diffusion MRI [13] has led to noninvasive
ways to explore connectivity in fibrous tissue. It has been
used to assist neuroscientists in tasks such as virtual gross
anatomical dissections of the brain [14], analysis of the
language network [15], [16], human brain parcellation [17],
[18], and joint studies of functional/anatomical brain
networks [19], [20]. Measurements obtained from diffusion
MRI are sensitized to the anisotropic Brownian motion of
water molecules in living tissues, including brain white
matter. This anisotropic direction-dependent motion of
water molecules is primarily based on the higher diffusivity
of molecules along fiber tracts than across them, providing
information about the local orientation of white matter fiber
bundles [21]. A number of fiber tractography algorithms
have been developed to infer the pattern of white matter
connectivity by exploiting the local orientation measure-
ments in diffusion MRI [22], [23], [24], [25], [26], [27], [28],
[29]. The local fiber orientation is estimated using different
models of the diffusion signal, including the diffusion tensor
(DT) [30], the orientation distribution function (ODF) [31],

[32], and the fiber orientation density (FOD) [33]. The last
two models, which have been developed for high angular
resolution diffusion imaging (HARDI) data, are the standard
methods used for tractography in the recent literature.

The first group of tractography algorithms proposed are
purely deterministic schemes which reconstruct the most
likely fiber pathways by tracing along the fiber ODF
maxima [23], [34], [35]. To improve upon these methods
probabilistic tractography techniques incorporate measure-
ments of noise and model uncertainty [27], [29], [36].
Kalman filtering-based methods [37] treat model estimation
and tractography simultaneously by recursively updating
the local model parameters, estimating their mean and
variance, and indicating the most probable direction of
heading. Global tractography methods take a different
approach by searching for minimal cost pathways between
regions of interest (ROI) [25], [38], [39]. The major advantage
of global methods is their ability to trace through regions of
local perturbation by optimizing a global criterion. Follow-
ing this, a connectivity measure can be assigned to the
reconstructed fiber pathways based on the employed energy
metric. Approaches which try to find the steady-state
solution of a partial differential equation (PDE) represent
another class of probabilistic algorithms. A direct computa-
tion of a connectivity map discriminates these PDE-based
algorithms from other tractography methods.

Among the PDE-based tractography techniques,
O’Donnell et al. [42] work directly with the diffusion
equation in an anisotropic medium, using 3D tensors as
conductivity tensors. The degree of connectivity is approxi-
mated by the steady-state flow along the maximum flow
path. Batchelor et al. [41] modify this algorithm by adding a
convection term to the PDE, integrating a measure of
anisotropy into the concentration flow. In [44], Hageman
et al. extend the probabilistic first-order PDE methods by
simulating a fluid flow through a diffusion tensor field. In a
related approach, Fletcher et al. propose a front evolution
scheme to compute the minimal cost of connecting two
regions of interest [45]. Pichon et al. [46] generalized PDE-
based methods to HARDI by solving the Hamilton-Jacobi-
Bellman equation to extract the minimum cost pathways.

Our 3D stochastic completion field algorithm applied to
white matter connectivity is a PDE-based scheme that has
certain global properties. In particular, the most likely
completion curves under this model map to a notion of 3D
curves of least energy. The algorithm is linked to the
physical process to which diffusion MRI measurements
have been sensitized—the anisotropic Brownian motion of
water molecules. One of the main contributions of the
proposed approach is that global tractography is performed
with a true probabilistic nature, where probability values
are assigned to every state in the volume. Furthermore, as
discussed in Section 7.2, a measure of connectivity between
two regions of interest emerges as an inherent characteristic
of the algorithm. This measure has the potential to
distinguish real connections from false ones. In the
following section, we develop the 3D stochastic completion
field model.

2 3D STOCHASTIC COMPLETION FIELD

The 3D stochastic completion field, first used in [47] for the
purpose of tractography in diffusion MRI, arises as a direct
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extension of Williams and Jacobs’ 2D model [1]. This
approach models the prior probability distribution of 3D
completion curves with a 3D directional random walk.

Let a particle’s state be given by its position ðx; y; zÞ and
orientation ð�; �Þ in IR3 � S2. At each time step, the
particle’s state is updated according to a 3D directional
random walk which is composed of two principal compo-
nents: the motion equations which update the position and
orientation of the particle and the decay component which
models the particle’s exponential decay in time to favor
shorter pathways. The motion equations of the directional
random walk are given by

dx ¼ sin � cos�dt; dy ¼ sin � sin�dt; dz ¼ cos �dt

d� ¼ ��dWt �ð Þ; d� ¼ ��dWt �ð Þ
dWt �ð Þ; dWt �ð Þ � N 0; dtð Þ:

ð1Þ

Here, ðx; y; z; �; �Þ and their corresponding perturbations are
given with respect to a fixed global coordinate frame. Fig. 1
presents a schematic view of the update of a particle’s state at
each time step. Under this model a particle tends to travel
with constant speed in a straight line along its current
direction of heading, with a slight perturbation in orientation
at each step. This perturbation is controlled by two successive
orientation changes which can be interpreted, respectively,
as deviations in the local osculating and binormal planes,
given by two Brownian motion terms ��dWtð�Þ and
��dWtð�Þ. The parameters �� and �� control the magnitude
of the successive orientation changes at each time step.

The second component of the directional random walk is
a decay term which depends on the lifetime parameter, �,
associated with each particle. This component allows a
certain fraction of particles ð1� eð�1=�ÞÞ to decay per unit
time. Thus, the longer the trajectory followed by the
particles is, the larger the fraction of particles which die
out is. This results in greater support for shorter pathways.
Section 7.1 describes how the parameters of the directional
random walk, i.e., ��, ��, and �, are selected at each voxel
based on the available local diffusion MRI data. In Section 5,
we develop a more general case with diffusion on the entire
state space, where a perturbation term is also added to the
positional coordinates.

Using the machinery developed by Williams and Jacobs
in [1], a stochastic completion field represents the probability
that a particle passes through a given location ðx; y; zÞ with

orientation ð�; �Þ in 3D, while completing a path between a
source and a sink region in the course of its 3D directional
random walk. The source and the sink regions are each
given by a fixed collection of starting and ending states,
respectively. Using the Markov property underlying the
random walk, this completion field can be computed as the
product of a stochastic source field and a stochastic sink field.
The former is defined as the probability of passing through
a particular state ðx; y; z; �; �Þ having started in a particular
set of source states (the source region). The latter, in a
similar fashion, represents the probability of passing
through a particular state ðx; y; z; �; �Þ while ending in a
sink region. By construction, for chosen source and sink
regions, the 3D stochastic completion field describes the
likely trajectories between them. In Section 7.2, we shall
exploit this property to derive probabilistic connectivity
measures for diffusion MRI data.

2.1 3D Curves of Least Energy

We now show that in analogy to the 2D case [1], the
maximum likelihood (discrete) paths generated by the 3D
completion field model correspond to a form of elastica [6]
or curves of least energy. Using the underlying Markov
assumption behind the process, the paths generated by the
3D directional random walk can be obtained by a number of
independent identically distributed (i.i.d.) discrete steps.
Consider a given particle which starts its random walk from
the source voxel p and traces a path �p with n unit length
steps ending at sink voxel q. Each step is associated with
two changes in the orientation: 1) a change in the osculating
plane and 2) a change in the binormal plane, given by
�1; . . . ; �n and �1; . . . ; �n, respectively. According to the
stochastic differential equations of (1), these orientation
changes are given by two normal distributions with zero
mean and variance �2

�dt and �2
�dt. In the discrete domain,

we choose the time step to be equal to 1, which simplifies
the variance terms to �2

� and �2
�. Thus, adopting the notation

in [1], the density function for the set of paths leaving
source voxel p under the i.i.d. assumption is given by

P �p
� �

¼
Yn
i¼1

e�
1
�

1

��
ffiffiffiffiffiffi
2�
p e

�
�2
i

2�2
�

1

��
ffiffiffiffiffiffi
2�
p e

�
�2
i

2�2
� : ð2Þ

To get the density function for the set of paths starting at
source p and ending in sink q, i.e., �pq, the above density
function is divided by the integral of P ð�pÞ over all paths
ending in q, i.e., �q:

P �pq
� �

¼ 1R
�q
P �p
� �

d�p

�
Yn
i¼1

e�
1
�

1

��
ffiffiffiffiffiffi
2�
p e

�
�2
i

2�2
�

1

��
ffiffiffiffiffiffi
2�
p e

�
�2
i

2�2
� :

ð3Þ

Taking logarithms of both sides leads to

logP �pq
� �

þ C ¼ �
Xn
i¼1

�2
i

2�2
�

�
Xn
i¼1

�2
i

2�2
�

� n 1

�
þ log ð��

ffiffiffiffiffiffi
2�
p
Þ þ log ð��

ffiffiffiffiffiffi
2�
p
Þ

� �
:

ð4Þ

If we consider polygonal arcs with n segments and associate
the orientation changes �i in the osculating plane with
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Fig. 1. The 3D directional random walk. After taking a step in the current
direction of heading, the particle’s orientation is rotated by �� and �� in
the osculating and binormal planes, respectively.



curvature, and the orientation changes �i in the binormal
plane with torsion, the maximum likelihood polygonal paths
in (4) in a discrete sense can be seen to minimize a weighted
sum of length, curvature squared and torsion squared. With
a curve of least energy in a continuous sense minimizing

	

Z
�

� tð Þ2dtþ 

Z

�

� tð Þ2dtþ �
Z

�

dt; ð5Þ

which is a natural extension of elastica in 2D (as in [6]) to

3D, the association between the weights in the discrete and

the continuous cases is given by 	 ¼ 1
2�2

�

, 
 ¼ 1
2�2

�

, and

� ¼ 1
� þ log ð��

ffiffiffiffiffiffi
2�
p
Þ þ log ð��

ffiffiffiffiffiffi
2�
p
Þ.

3 FOKKER-PLANCK EQUATION FOR THE

3D RANDOM WALK

While Monte-Carlo simulation of the stochastic process

formulated in (1) is a straightforward approach for compu-

tation of the stochastic source and sink fields, a parallelizable

and hence more efficient computational model is provided

by exploiting the Fokker-Planck equation of the underlying

stochastic process of the 3D directional random walk, as in

[2]. The Fokker-Planck equation, formulated as a PDE,

describes the time evolution of the probability density

function of particles following a 3D directional random

walk in space. The general form of the Fokker-Planck

equation in N-dimensions is given by Risken [48]:

@P

@t
þ
XN
i¼1

@

@Xi

�
D

1ð Þ
ið Þ X; tð ÞP

�
¼
XN
i¼1

XN
j¼1

@2

@Xi@Xj

�
D

2ð Þ
ijð Þ X; tð ÞP

�
;

ð6Þ

where D
ð1Þ
ðiÞ for i ¼ 1; . . . ; N are the drift terms and D

ð2Þ
ðijÞ are

the diffusion coefficients for the i; j ¼ 1; . . . ; N variables on

which the probability density function P depends. As

shown in [47], the drift vector and the diffusion matrix

associated with the 3D directional random walk are given by

Dð1Þ ¼

D
ð1Þ
ðxÞ

D
ð1Þ
ðyÞ

D
ð1Þ
ðzÞ

D
ð1Þ
ð�Þ

D
ð1Þ
ð�Þ

2
666666664

3
777777775
¼

sin � cos�
sin � sin�

cos �
0
0

2
66664

3
77775; ð7Þ

Dð2Þ ¼

D
ð2Þ
ðxxÞ D

ð2Þ
ðxyÞ D

ð2Þ
ðxzÞ D

ð2Þ
ðx�Þ D

ð2Þ
ðx�Þ

D
ð2Þ
ðyxÞ D

ð2Þ
ðyyÞ D

ð2Þ
ðyzÞ D

ð2Þ
ðy�Þ D

ð2Þ
ðy�Þ

D
ð2Þ
ðzxÞ D

ð2Þ
ðzyÞ D

ð2Þ
ðzzÞ D

ð2Þ
ðz�Þ D

ð2Þ
ðz�Þ

D
ð2Þ
ð�xÞ D

ð2Þ
ð�yÞ D

ð2Þ
ð�zÞ D

ð2Þ
ð��Þ D

ð2Þ
ð��Þ

D
ð2Þ
ð�xÞ D

ð2Þ
ð�yÞ D

ð2Þ
ð�zÞ D

ð2Þ
ð��Þ D

ð2Þ
ð��Þ

2
66666666664

3
77777777775

¼ diag 0; 0; 0;
�2
�

2
;
�2
�

2

" #
:

ð8Þ

Replacing the above coefficients in (6) leads to the following

partial differential equation:

@P

@t
¼ � sin � cos�

@P

@x
� sin � sin�

@P

@y
� cos �

@P

@z

þ
�2
�

2

@2P

@�2
þ �

2
�

2

@2P

@�2
� 1

�
P :

ð9Þ

Here, P is the probability that a particle passes through
state ðx; y; z; �; �Þ in the course of its random walk from a
seed region. The last term 1=� � P is added to the PDE to
incorporate the exponential decay of particles in time. The
stochastic source and sink fields can now be computed by
time integration of the above PDE. We shall achieve this by
introducing a rotation invariant numerical scheme in
Section 6.

4 EXTRA DRIFT TERMS IN THE PRESENCE OF

SPATIALLY DENSE MEASUREMENTS

In many pattern analysis problems, e.g., those involving 3D
tracking, motion capture, or diffusion MRI, orientation data
are available at dense spatial locations and this must be taken
into account into the computation of completion shapes. In
the 3D directional random walk developed in Section 2, the
orientation change in a particle’s motion is given by
stochastic terms which are entirely Brownian. In such a
setting, a larger orientation change has a lower probability of
occurring. This characteristic leads to lower probability
values being associated with states reached through a curved
pathway, relative to those reached with a straighter one.
While this property can be suitable when bridging the gap
between two edge segments with no other informative
features in between, it is desirable to remove the bias when
the underlying data support larger orientation changes.

To resolve this issue and to take into account spatially
dense orientation information, we propose to add two extra
angular advection terms to the stochastic process. The
magnitude of these angular drift terms should incorporate
the available local orientation information. An implementa-
tion of these terms is studied to reconstruct diffusion MRI
connectivity in Section 7.1. The introduction of these extra
terms modifies the motion component of the 3D directional
random walk as follows:

. The particle moves in 3D in the direction of its
current heading:

dx ¼ sin � cos�dt; dy ¼ sin � sin�dt;

dz ¼ cos �dt:
ð10Þ

. The particle’s orientation is then changed by apply-
ing two deviations, one in the osculating plane and
one in the binormal plane. Unlike the original
directional random walk, a drift term is added to
the orientation changes d� and d� whose magnitude
is proportional to �� and ��. Should a local estimate
of orientation be available at a voxel during the
propagation of completion fields, that information
can be exploited to set �� and ��. In the context of
diffusion MRI, as described in Section 7.1, these
values are chosen for each state based on its angular
difference from the available orientation data, which
provides a local estimate of the direction of fibers.
The angular diffusion terms �2

� and �2
�, on the other
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hand, govern the amount of random angular change
allowed at each step, contributing to the Brownian
component of the directional random walk:

d� ¼ ��dtþ ��dWtð�Þ; d� ¼ ��dtþ ��dWtð�Þ;
dWtð�Þ; dWtð�Þ � Nð0; dtÞ:

ð11Þ

As before, we also allow a certain fraction of particles
ð1� e�1

�Þ to decay per unit time. The net effect of the
stochastic differential equations given in (11) is to push the
incoming direction toward the most likely orientation at
each voxel (when available) via the associated nonzero drift
terms. This encourages the particles to move along the
pathways supported by the already available dense
orientation data. At the same time, the angular diffusion
terms allow the particles to explore other possible trajec-
tories by moving along other directions. This can account
for other contributing random factors (such as Brownian
motion of molecules in diffusion MRI) and can compensate
for noise and other model-dependent inaccuracies.

4.1 Modified Fokker-Planck Equation

The angular drift terms added above modify the original
Fokker-Planck equation as follows:

@P

@t
¼ � sin � cos�

@P

@x
� sin � sin�

@P

@y
� cos �

@P

@z

� ��
@P

@�
� ��

@P

@�
þ
�2
�

2

@2P

@�2
þ �

2
�

2

@2P

@�2
� 1

�
P :

ð12Þ

5 A MODEL WITH DIFFUSION COMPONENTS ON THE

ENTIRE STATE SPACE

It is straightforward to generalize the completion field
algorithm to model a 3D directional random walk which
also includes diffusion components in the spatial domain.
To do so, random perturbations are also added to the
change in a particle’s position ðx; y; zÞ. The differential
equations according to which the particle’s state is updated
at each time step are then given by

dx ¼ sin � cos�dtþ �xdWt xð Þ;
dy ¼ sin � sin�dtþ �ydWt yð Þ;
dz ¼ cos �dtþ �zdWt zð Þ;
d� ¼ ��dtþ ��dWt �ð Þ; d� ¼ ��dtþ ��dWt �ð Þ;

dWt xð Þ; dWt yð Þ; dWt zð Þ; dWt �ð Þ; dWt �ð Þ � N 0; dtð Þ:
ð13Þ

The corresponding Fokker-Planck equation describing the
evolution of the probability density of a particle is then
given by

@P

@t
¼ � sin � cos�

@P

@x
� sin � sin�

@P

@y
� cos �

@P

@z

þ �
2
x

2

@2P

@x2
þ
�2
y

2

@2P

@y2
þ �

2
z

2

@2P

@z2

� ��
@P

@�
� ��

@P

@�
þ
�2
�

2

@2P

@�2
þ �

2
�

2

@2P

@�2
� 1

�
P:

ð14Þ

Current diffusion MRI modeling techniques lead to a single
diffusion ODF/FOD maximum for a single fiber, a fanning
or a branching structure, making it difficult to distinguish
between these three cases. Whereas the spatial diffusion
coefficients have been set to zero in the experiments in this
paper, the use of nonzero values could be helpful in the
recovery of fanning/branching configurations by allowing
for particles to propagate not only in the direction of ODF
maxima but also in a range of possible directions, if there is
evidence that such configurations are present in a region.

6 A ROTATIONALLY INVARIANT NUMERICAL

SCHEME

Given a region of interest as the initial source state or the
final sink state, one needs to integrate the PDE given by
(12) over time to compute the stochastic source or sink
fields. We accomplish this using operator splitting, which
divides (12) into five PDEs, three of which are in the
Cartesian space, one in the spherical domain, and the final
one incorporates the decay term. Each of these PDEs can
be solved separately using an appropriate stable numerical
scheme. Since the advection coefficients for the x, y, and z

coordinates are always smaller than 1ð� sin � cos�;

� sin � sin�;� cos �Þ, a simple explicit numerical method,
such as upwind differencing, suffices. An upwind differ-
encing method avoids transport errors by approximating
derivatives based on the direction of the underlying
physical process.

The main challenge in the numerical estimation of (12) is
to achieve rotation invariance in the solution of the PDE
involving the spherical terms. Rotation invariance, in the
context of the application to diffusion MRI, implies that a
measure of connectivity should not depend on the orienta-
tion of the diffusion weighted image (DWI) in a given
global coordinate system. Although uniform sampling of
the � and � parameters (the colatitude and azimuth in
spherical coordinates) offers the possibility of solving the
spherical PDE using a simple numerical scheme, such as the
Crank-Nicholson method, such a sampling pattern suffers
from the inherent problem of having singularities at the
poles. In particular, the sampling of the spherical surface
ends up being nonuniform since the sampling density
varies with distance from the poles. A rotation invariant
computation of (12) requires a uniform sampling of the
spherical surface, but this in turn makes the application of
the finite differencing methods to the spherical domain a
challenge since the notion of the nearest neighbor in the �
and � coordinates is no longer well defined.

In the section that follows, we introduce a new metho-
dology for achieving rotation invariance in the solution of
the spherical PDE underlying the stochastic completion field
algorithm. The key idea is to use a spherical harmonics basis
to represent functions defined on a spherical surface [40].
While the development in this paper is tailored to the
specific PDE of (12), the basic idea of solving PDEs on
domains with a spherical topology has been of significant
interest in the fields of astronomy, geophysics, and nuclear
physics [50] and can find applications in other computer

MOMAYYEZSIAHKAL AND SIDDIQI: 3D STOCHASTIC COMPLETION FIELDS FOR MAPPING CONNECTIVITY IN DIFFUSION MRI 987



vision or medical imaging applications where 3D orientation
data are involved.

Notably, this SPH-based formulation is not linked to any
particular sampling scheme. Thus, we choose a quasi-
uniform point set obtained by an electrostatic repulsion
approach on the sphere, known as the minimum energy
point distribution [26]. It is important to note that there is no
known point set that achieves the analog of uniform
sampling on a spherical surface as in euclidean space.
However, our goal is to minimize the error associated with
the global properties of the sampling points.

6.1 Spherical Harmonics-Based Numerical Solution

SPHs, normally denoted by Y m
l , are the spherical analog of

the Fourier transform basis defined for complex functions
on the unit sphere. They form a complete orthonormal
system of the space of square integrable functions on the
sphere L2ðS2Þ. SPHs have been widely used in different
application areas dealing with data on a sphere, including
geophysics, astrophysics, quantum mechanics, and ima-
ging. Many algorithms have also been introduced in the
diffusion MRI community which have adapted the SPH
basis to model the diffusion signal [32], [33].

Using this basis, any spherical function can be written as
P ð�; �Þ ¼

P1
l¼0

Pl
m¼�l c

m
l Y

m
l ð�; �Þ, where the expansion is

usually truncated at some order L. In this section, we
develop an algorithm which uses SPH expansion of the
probability function to solve the spherical part of the PDE
given in (12), i.e.:

@P

@t
¼ � ��

@P

@�
� ��

@P

@�
þ
�2
�

2

@2P

@�2
þ �

2
�

2

@2P

@�2
: ð15Þ

We use the real form of the spherical harmonics since the
function to be expanded is a real-valued probability density
function. The real SPHs are formulated in terms of the
complex SPHs as follows:

YYm
l ¼

ffiffiffi
2
p

Re Y m
l

� �
�l � m < 0

Y 0
l m ¼ 0ffiffiffi
2
p

Img Y m
l

� �
0 < m � l:

8<
: ð16Þ

Given N data points on the sphere P ¼ fP1; . . . ; PNg and
choosing an approximation order of L, a linear least-squares
scheme can be used to solve for the unknown SPH
coefficients C ¼ fc0

0; c
�1
1 ; c0

1; c
1
1; . . . ; cLLg [51]. The linear

least-squares approach seeks to find the SPH coefficients
which satisfy the following overdetermined linear system of
equations while minimizing the 2-norm of the error term at
the sample data points:

YY0
0 �1; �1ð Þ . . . YYL

L �1; �1ð Þ
..
. . .

. ..
.

YY0
0 �N; �Nð Þ . . . YYL

L �N; �Nð Þ

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
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..
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P

: ð17Þ

The mean least-squares error estimation of the SPH
coefficients is computed using the pseudo-inverse of the
SPH matrix:

YC ¼ P; C ¼ YþP ¼ YTY
� ��1

YTP: ð18Þ

The SPH expansion together with (18) is next used to
rewrite (15) in terms of SPHs:

@P
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¼ ���

@P
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� ��
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@2P

@�2
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l �; �ð Þ
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l �; �ð Þ
@�2

	
:

ð19Þ

Note that in (19) the x, y,z-dependence of P is implicit since
the spherical PDE is solved locally for each voxel,
independently of the neighboring voxels. Equation (19)
can be written simultaneously for all the sample points in
matrix form, leading to a linear system of ordinary
differential equations (ODEs):

@P

@t
¼ �M�Y� �M�Y� þ��Y�2 þ��Y�2

� �
C

¼ �M�Y� �M�Y� þ��Y�2 þ��Y�2

� �
Yþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D
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ð20Þ

where
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In the above equations, the partial derivatives of Y m
l with

respect to � and � at a point can be expressed as the
combination of SPHs of different phase factors m and of the
same order l. The obtained linear system of ODEs updates
the probability values of all the states at a voxel simulta-
neously and thus can be applied to any kind of sampling
scheme. We use the Runge-Kutta-Fehlberg (RKF45) method,
which is an adaptive step size numerical algorithm, to solve
(20) in order to avoid too large or too small time steps.
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6.2 The Overall Computational Model

The overall computational model is described in (22). As
mentioned before, a time splitting approach is employed to
solve the Fokker-Planck equation given by (12) in five steps.
The three first steps use an upwind-differencing algorithm
to solve the PDE in x, y, and z coordinates. The spherical
harmonics based formulation of the previous section is
implemented in the fourth step to solve the equation in the
spherical domain. And the final step involves the multi-
plication by an exponential to take the effect of particle’s
lifetime into account:

P
tþ1

5

x;y;z;�;� ¼ Pt
x;y;z;�;�

� sin � cos�
Pt
x;y;z;�;� � Pt

x�1;y;z;�;� if sin � cos� > 0
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xþ1;y;z;�;� � Pt

x;y;z;�;� if sin � cos� < 0;

(
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Both the source field and the sink field are computed by
time integration of the probability density function,
computed by (22), over time starting from the given source
and sink regions:

P 0 x; y; z; �; �ð Þ ¼
Z 1

0

dtP t x; y; z; �; �ð Þ

�
Xt0

0

Pt x; y; z; �; �ð Þ:
ð23Þ

Examining the set of (22), it is clear that the computation can
be performed locally for each state, which offers the
possibility of parallelizing the algorithm, resulting in
significant computational savings.

7 APPLICATION TO CONNECTIVITY MAPPING IN

DIFFUSION MRI

7.1 Local Selection of Parameters

In the application of the 3D stochastic completion field to
fiber tractography, we are interested in those curves of least
energy between a source and a sink region that are also
supported by the underlying diffusion MRI data. One
simple way to incorporate local fiber orientation informa-
tion obtained from diffusion MRI acquisitions into the
completion field framework is to employ a Bayesian
approach where the stochastic completion field is calculated
independently of the local diffusion MRI FODs/ODFs. The
completion field obtained forms the prior probability of

passing through any state in the 3D volume in the process
of reconstructing the possible trajectories between two
regions of interest. Subsequently, the probability density
for the plausible fiber pathways is found by multiplication
of this prior distribution by the FOD/ODF probability
profiles, considered as the conditional probability. The
multiplication outputs the posterior probability of the initial
completion field given the diffusion MRI data. Whereas
theoretically simple, this approach requires empirical
adjustments of angular diffusion and advection parameters,
and this emerges as a significant challenge without prior
knowledge of the fiber pathways being estimated.

The Fokker-Planck equation developed in Section 6
provides a more principled way to incorporate the local
diffusion MRI data. As (20) and (22) demonstrate, the
proposed numerical scheme affords the possibility of local
specification of the angular advection and diffusion para-
meters ��; ��; ��; �� and also the lifetime coefficient �, for
every state. This selection can be done based on the
diffusion MRI data available throughout the volume.
Empirical tuning of the parameters is no longer required,
and this significantly extends the applicability of the
stochastic completion field model to fiber tractography
and connectivity measurement.

For the purpose of our experiments, we have used the
FODs calculated by the spherical deconvolution method of
Anderson [52]. Nevertheless, the completion field algorithm
can employ any other type of diffusion profile, irrespective
of the actual method used to estimate it. The basic idea for
local selection of parameters is to align the heading
direction of the particles with the FOD’s maxima and to
then introduce some perturbation around the heading
direction to account for noise and other sources of
uncertainty. To accomplish this, for all states whose
orientation is within a certain angular difference from the
FOD maxima, �� and �� are set equal to the angular
difference between the closest FOD maximum and their
respective orientation. In the current setting, �� and �� are
set to some fixed value to model the effect of the underlying
noise and inaccuracies. Our future goal is to set these
angular diffusion parameters according to the actual values
of uncertainty measured at each voxel. Finally, the particle’s
lifetime � for each state is also chosen based on the angular
difference from the closet fiber maxima. That is, the lifetime
coefficient takes a maximum value, �Max, for those states
which are aligned with the available local fiber maxima. A
very small lifetime is assigned to those states far from the
fiber maxima which is obtained by scaling �Max with a very
small value. For other states, the lifetime reduces linearly
with the angular difference, reaching its maximum (�Max)
for angular difference of zero. The value of �Max is chosen
based on the number of iterations required to get from the
source to the sink, and vice versa, which means that to
propagate along a longer fiber tract, particles are assigned a
larger lifetime. Such a selection criterion for �Max reduces
the length dependency of the output connectivity measures.

The strategy described above allows parameters to be set
automatically from the field of FODs. It supports smoothly
varying fiber tracts while avoiding an excessive penalty for
curved fiber pathways. To compute the value of �Max, the
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algorithm is run once using a large enough �Max. Following
this initial run, the estimated number of required iterations
is used to set the value of �Max in a final second run.

7.2 A Measure of Connectivity

Most of the methods proposed thus far in the literature for
quantification of white matter connectivity are based on
tractography. Two of the most commonly used connectivity
measures reported in the literature are: 1) voxel counting,
which enumerates the number of times an ROI has been
reached from a seed region employing a Monte-Carlo
simulation [27], [29], [53], and 2) the weakest link approach
[24], [26], [55], where the lowest confidence value of all tract
segments along a reconstructed streamline specifies the
confidence in it. Confidence in each tract segment is
computed based on certain criteria defined by the under-
lying tracking process or the previously mentioned Monte-
Carlo approach. While these connectivity measures have
been used extensively in the literature, they have limitations
and are heuristic in nature. Furthermore, not all the relevant
information along the reconstructed fiber tracts is incorpo-
rated in a principled fashion. These approaches also suffer
from the issue of being length dependent, where reduced
connectivity is observed with distance from the seed region.

We suggest a different notion of connectivity, which is
given by the average of the probability values assigned to
all possible states within the source and sink ROIs by the
stochastic completion field. Denoting the final probability
density function by P , the connectivity measure is
mathematically defined as:

Connectivity ¼
P

x;y;z2Src;Snk
P

�

P
� P x; y; z; �; �ð Þ

#states in all voxels of source & sink ROIs
:

ð24Þ

These probability values have been calculated during the
evolution of the probability density from the source and the
sink regions and thus reflect the information accumulated
along the connectivity pattern. While the local nature of the
Fokker-Planck-based algorithm provides the opportunity to
tune parameters in a data dependent fashion, the length-
dependence issue is addressed by setting the maximum
particle lifetime �max based on the minimum number of
iterations required to bridge the gap between the source
and sink regions. In the present work, the parameter
selection process is performed by exploring the use of fiber
ODF maxima and their consistency with the local direction
of heading. However, the local parameter settings can be
tailored to incorporate other measures such as the under-
lying fiber fractional volume, fractional anisotropy (FA), or
fiber tract radius if available.

7.3 Experimental Validation

In this section, we evaluate the performance of our
algorithm by running a series of validation experiments.
Qualitative and quantitative validations of our method are
provided using synthetic multitensor data and the MIC-
CAI 2009 Fibre Cup phantom, which is made of small-
diameter acrylic fibers [12]. We also compute connectivity
patterns on FOD reconstructions of HARDI measurements
acquired in vivo from a human brain. In the series of
validation experiments, we show that the computed

connectivity measures are consistent with the known
ground truth. We compare the performance of the
completion field algorithm to that of a standard probabil-
istic fiber tractography algorithm based on residual boot-
strapping, similar to that of [29]. Comparative results are
also provided between the connectivity measures com-
puted by the completion field algorithm and the weakest
link approach. Our results show that the stochastic
completion field outperforms the other (state of the art)
method by providing more consistent measures across the
volume. Throughout our experiments, we use a quasi-
uniform minimum energy label set of 100 unit directions,
distributed isotropically over a hemisphere, as our set of
orientations defining a particle’s state at each voxel.

In all the experiments performed, the probability values
computed by the completion field algorithm over the entire
state space are visualized by representing each state, i.e.,
every location and orientation ðx; y; z; �; �Þ, by a stick. To
further facilitate the visualization of these probability
values, they are first multiplied by a scalar and then
transformed by a sigmoid-like function due to their wide
range. The transparency of every stick is then made
inversely proportional to the transformed probability of
the corresponding state. As mentioned in the previous
section, the connectivity values for different source and sink
pairs are calculated as the average probability of all the
states within them.

7.3.1 Probabilistic Fiber Tractography Using the

Residual Bootstrap

Residual bootstrapping, in the context of high angular
diffusion MRI, is a widely used technique for nonpara-
metric characterization of uncertainty in the estimated
diffusion profiles and fiber orientations [29], [54]. This
method can approximate probability density functions of
the true fiber orientations, which can then be used in a
probabilistic framework to perform tractography. The
potential of such an approach for reconstruction of white
matter fiber tracts has been demonstrated through various
tractography studies [28], [29], [36], [54]. We have therefore
chosen to compare our method against a probabilistic
tractography method similar to the residual bootstrap
algorithm of Berman [29], which is explained in the
following paragraphs.

First, a residual bootstrapping scheme is implemented to
generate 1,000 diffusion weighted images. In a residual
bootstrap approach, the acquired diffusion weighted signal
is fit to an SPH basis, and for each iteration, the residuals
from this SPH fit are added at random without replacement
to the SPH profile to generate a new DWI. The random
placement of the residuals reflects the noise characteristics
of the original acquisition [29]. For each DWI, the fiber
orientation distributions are computed using spherical
deconvolution and are subsequently used to extract the
direction of maximal diffusion at each voxel. The uncer-
tainty profiles are then approximated by a Gaussian
distribution whose parameters are computed by matching
the FOD maxima across iterations to obtain the mean FOD
maxima and their associated variances. We also compute
the occurrence rate of each FOD maximum, representing
the number of times a given direction has been observed.
Tractography is performed by running standard streamline
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tracking in a probabilistic setting. Given a user defined seed
region, tracking is performed iteratively, starting from the
seed ROI, where at each step the direction of propagation is
chosen randomly from within the uncertainty profile of the
closest FOD maximum.

To measure anatomical connectivity, a confidence value
is associated with each tract segment according to the
previously computed Gaussian distribution at the corre-
sponding voxel. In a final step, the weakest link approach is
used to assign a confidence value to each streamline. This
confidence value is determined by choosing the support of
that segment along the tract that is weakest. The con-
nectivity index for each voxel to the seed region is
determined by finding the maximum confidence value over
all the streamlines connecting the seed ROI to that voxel. In
our experiments, the connectivity measure between a pair
of source and sink ROIs is computed using the above
approach by running probabilistic tractography starting
form both ROIs. The mutual measure of connectivity
between the two ROIs is given by taking the average of
connectivity indices obtained for sink ROI voxels starting
from the source and vice versa.

7.3.2 Experiment on Synthetic Data

In this first series of experiments, we look at the
connectivity patterns and indices obtained from running
the completion field algorithm on synthetic data. These
experiments are designed to evaluate specific features of
our algorithm, such as its robustness to noise and curvature.

Synthetic data are generated using Alexander et al.’s
multitensor model [51]. For diffusion encoding directions, a
quasi-uniform minimum energy point set of 100 directions is
chosen, similar to the label set used to define the particle’s

state in the directional random walk. A crossing fiber
configuration is also considered, where a curved pathway
crosses a straight one. The synthetic data are created by
placing DTs along the fiber pathways where the major
eigenvector of tensors aligns with the tangent vector of the
curves at a given voxel. Partial volume averaging is also
considered for voxels in crossing regions and background
voxels are filled with isotropic tensors with eigenvalues
equal to 600 � 10�6 mm2

s . The eigenvalues for the anisotropic
voxels are chosen based on the desired fractional anisotropy.

Finally, we simulate the effect of noise by adding complex
Gaussian noise to the raw signal. To investigate the effect of
noise and change in fractional anisotropy, synthetic data
were generated for two different values of FA (0.84 and 0.6)
and three levels of noise (1, 35, and 10). The crossing fiber

configuration and the FODs computed for FA ¼ 0:84 and
SNR ¼ 35 are demonstrated in Fig. 2.

To evaluate the performance of our algorithm, four
different ROIs are chosen. The top left image in Fig. 3 shows
the chosen ROIs overlaid on the FA image of the synthetic
data. The completion field algorithm is run for four pairs of
ROIs, i.e., AB, CD, BC, and BD, where the first two are
associated with true connections while the latter two are not.
As an example, the completion fields obtained for these
pairs are illustrated in Fig. 3 for the same FA and SNR as in
Fig. 2. One can observe that although our algorithm connects
all four ROI pairs, the associated probability values for the
BC and BD pairs are much lower than those for the AB and
CD connections. The same behavior is observed as one
varies the level of noise and FA in the synthetic data.

We have investigated the behavior of the completion field
algorithm more thoroughly by looking at how the computed
connectivity measures change as the incorporated noise level
and the fractional anisotropy value of the synthetic data are
modified. Table 1 provides a summary of these connectivity
indices, obtained for different ROI pairs with different
parameter settings. We observe that the connectivity
measures associated with the curved and straight pathways
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Fig. 2. Left: Crossing fiber configuration used to generate the synthetic
data. Right: FOD reconstruction for FA ¼ 0:84 and SNR ¼ 35.

Fig. 3. Steady-state probability distributions obtained by the completion
field for the synthetically generated DWI data with FA ¼ 0:84 and
SNR ¼ 35. Top left: The FA image of the synthetic data together with the
seed regions used. For visualization, every state is illustrated by a stick,
whose transparency is inversely proportional to a sigmoid transformation
of that state probability.

TABLE 1
Connectivity Indices of Four ROI Pairs

for Different SNR Levels and FA Values



are of the same order for the whole range of parameter

settings. On the other hand, it can be observed that for high
enough SNR (SNR ¼ 1; 35), that latter being a typical SNR

level for in vivo diffusion MRI, the connectivity indices
associated with the true connections (AB and CD) are at least

an order of magnitude larger than those of the false
connections. As the SNR level falls, true and false connec-

tions become less distinguishable. Moreover, comparing the
values in the last three columns of Table 1 with those given in

the first three shows that, for lower values of FA, SNR
decrease affects the connectivity measures more consider-

ably since FOD maxima are modified to a greater extent by
the added noise. We conclude that as long as the SNR level is
within an acceptable range for real data acquisition, the

completion field algorithm shows promise in differentiating
true connections from false ones.

7.3.3 Experiment on a Physical Phantom

We also test our proposed algorithm on the MICCAI 2009
Fibre cup phantom by Poupon et al. [12], for which the

ground truth connections are known. The phantom is made

of hydrophobic acrylic fibers whose diameter is of the same
scale as that of myelinated axons. Two diffusion MRI
datasets have been provided with different spatial resolu-
tions, of which we have selected the higher resolution
image (3 � 3 � 3 mm3) with an associated b-value of
1;500 s=mm2.

The steady-state probability densities output by the
completion field algorithm for eight different source and
sink region pairs are shown in Fig. 4. Based on the ground
truth, it is known that the first five pairs (a)-(e) are
associated with a true fiber tract, while there is no real
tract associated with the latter three (f)-(h). The connectiv-
ity measures assigned to each ROI pair are summarized in
Table 2. For the purpose of comparison, Table 2 also
provides the connectivity indices output by the weakest
link approach and the probabilistic tractography algorithm
explained in Section 7.3.1.

The connectivity indices presented in Table 2 demon-
strate the failure of the probabilistic tractography method to
recover all the existing connections and the inability of the
weakest link measure to provide consistent connectivity
indices across different ROI pairs. The probabilistic boot-
strap algorithm did not find any connection between ROI
pairs (f), (g), and (h) and consequently the weakest link
approach correctly assigns zero connectivity to these cases.
However, the tractography fails to recover the nearly
straight connectivity pattern between the source and sink
ROIs of (b) and (e), which leads to a zero connectivity index
for these pairs too. The fact that the connectivity measures
obtained are not consistent across true and false connections
makes any kind of inference based on these measures
inaccurate. It is important to note that this failure is due to
deficiencies in both the connectivity measure and the
tractography algorithm. Nevertheless, both of these meth-
ods are among the state-of-the-art algorithms for tracto-
graphy and measuring connectivity.

In contrast, the connectivity values computed by the 3D
stochastic completion field algorithm are very promising.
As can be observed form the first row in Table 2, the
completion field algorithm finds a connectivity pattern for
all given pairs of ROIs. However, the connectivity values
assigned to the (f), (g), and (h) ROI pairs are much lower (at
least two orders of magnitude) than those computed for the
first five pairs, where the latter represent true connections.
Additionally, among the five connectivity measures asso-
ciated with true connections, those obtained for cases (d)
and (e) are an order of magnitude lower that the other three.
This is mainly due to the complex configuration of fiber
tracts at the top part of the phantom. The computation time
for each ROI pair on the phantom, with state space
dimension of 64� 64� 3� 200, was about 15 minutes on
average, running on four 2.8 GHz Intel Xeon processors.
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Fig. 4. Visualization of the completion fields obtained for a set of ROI
pairs on the physical phantom. Top-Left: Mean diffusivity image and the
ROIs used. Every state is illustrated by a stick whose transparency is
inversely proportional to a sigmoid transformation of the probability of
that state.

TABLE 2
Connectivity Indices Assigned to Eight Different Seed Region Pairs of the Physical Phantom [12]



7.3.4 Experiment on Human Brain Data

We now present experiments in which the 3D completion
field algorithm is applied to in vivo human brain HARDI
data. The diffusion weighted images were acquired in vivo
from a healthy subject on a Siemens 3T Trio MR scanner
using an 8-channel phased-array head coil. Diffusion
encoding was achieved using a single-shot spin-echo
planar sequence with twice-refocused balanced diffusion
encoding gradients. A dataset designed for high-angular
resolution reconstruction was acquired with 99 diffusion
encoding directions, 2 mm isotropic voxel size, 63 slices,
b ¼ 3;000 s=mm2, TE ¼ 121 ms, TR ¼ 11:1 s, and GRAPPA
parallel reconstruction. The series of experiments were
performed on FOD reconstructions of the HARDI data of
the human brain. We also only considered voxels with a
fractional anisotropy value higher than 0.1.

We have examined the performance of the completion
field algorithm on a selection of ROI pairs chosen from
some of the major fiber tracts in the brain. This choice of
ROIs, for which the associated anatomical connectivity is
known, allows us to assess the validity of the obtained
results. Out of the four chosen ROI pairs, one is not
associated with any known connection. (The ROIs are
actually located in the medial part of the corpus callosum,
one anterior and one posterior. The slice shown below the
ROIs is chosen such that the reconstructed completion field
can be observed.) The other three pairs are chosen as part of
the genu of the corpus callosum, the splenium of the corpus
callosum, and finally as part of the cortico-spinal tract. On
average, the computation for each ROI pair took about a
day, with a state space dimension of 128 � 128 � 63 � 200,
while running on four 2.8 GHz Intel Xeon processors. Fig. 5
shows the computed completion fields for the four sets of
source and sink regions. For reference, the results are

overlaid on the T1-weighted image and the source and sink
regions are shown with red and green blobs. The top right
and the two bottom subfigures in Fig. 5 illustrate true
connections, while that on the top left shows the con-
nectivity pattern of the ROI pair for which a connection
should not exist. Table 3 also shows the associated
connectivity measures for the four ROI pairs. As mentioned
earlier, the probability value of every state is multiplied by a
scalar and then transformed by a sigmoid function to aid in
visualization, but this also leads to a reduction in transpar-
ency contrast between high and low probability states. The
difference in the degree of connectivity is reflected in the
connectivity measures which demonstrate that the comple-
tion field algorithm is capable of distinguishing true
connections from false ones. The connectivity measure
associated with the ROI pair located in the cortico-spinal
tract is higher than that for the other two connections.
Referring to Fig. 5, this higher connectivity strength is
consistent with the presence of more trajectories connecting
these two regions. In all cases the connectivity patterns
obtained for the true connections are consistent with the
known anatomy of the underlying regions.

8 CONCLUSION

The 3D stochastic completion field extends Williams and
Jacobs’ curve completion model in computer vision [1] to
provide a probabilistic representation of the connectivity
pattern between two given regions of interest. We have
formulated the computation of the 3D stochastic comple-
tion in an efficient local parallel computational framework,
exploiting the Fokker-Planck equation of the underlying
3D directional random walk. Further, we have introduced
a rotation invariant numerical scheme by using a spherical
harmonics basis to represent functions defined on the
2-sphere. Adding extra angular drift terms allows for
incorporation of dense orientation data into the algorithm.
This extension paves the way for applications of the
stochastic completion field to computer vision and pattern
analysis applications in 3D where dense orientation data
arises. For the particular application we have focused on
in this paper, the local nature of the proposed computa-
tional model allows diffusion MRI measurements to be
directly incorporated.

We have demonstrated the potential of this algorithm
for distinguishing real connections from false ones in
diffusion MRI through experiments performed on syn-
thetic data and on data from a physical phantom. We
observe that as long as the SNR of the acquired data is
within an acceptable range, the obtained connectivity
measures can distinguish true connections from false ones,
while the associated completion field renders a reliable
probabilistic representation of the underlying connectivity
patterns. The same observations hold for the physical
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Fig. 5. Visualization of the completion fields obtained for four different
sets of ROI pairs. The top left figure shows a pair with no underlying
physical connection while the other three correspond to regions with real
connections in the brain. Top row, from left to right: False connection,
splenium. Bottom row, from left to right: Genu of corpus callosum,
cortico-spinal tract.

TABLE 3
Connectivity Indices for Four ROI Pairs of Human Data



phantom, where ground-truth knowledge confirms the
validity of the computed connectivity measures. We have
also demonstrated that the proposed measure qualitatively
outperforms the weakest link index. Additionally, although
no ground truth is available for the human brain dataset,
the connectivity patterns obtained are consistent with the
known anatomy of the brain.

In future work, we plan to extend this approach to
integrate measurements of the underlying noise and
uncertainty in the dataset into the framework. In application
to diffusion MRI, this can be done through proper selection
of angular diffusion parameters at each voxel, based on the
associated noise and uncertainty levels. The use of comple-
tion fields for probabilistic segmentation of the cortical-
subcortical regions in the brain and for the classification of
controls versus patients suffering from white matter dis-
eases are additional fruitful directions to explore.
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