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Shape-from-shading on a cloudy day
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In the classical shape-from-shading model, surface luminance depends primarily on the unit surface normal.
However, under diffuse lighting conditions, such as the sky on a cloudy day, luminance depends primarily on
the amount of sky that is visible from each surface element, with surface normal of secondary importance.
This claim is formalized in terms of a dominating sky principle and a surface aperture function. An approxi-
mately functional constraint between surface luminance and aperture emerges. It is shown how to use this
constraint to recover a depth map from an image efficiently. A curious difference from the classical shape-from-
shading problem is uncovered. When one assumes a point light source, the local geometric constraints of the
shape-from-shading problem lie along the surface. However, in the diffuse-lighting problem, the local geometric
constraints are found in a visibility field, which is defined in the free space above the surface.

1. INTRODUCTION

Shape-from-shading has been defined as the problem of
computing a depth map from a piecewise smooth intensity
image.' Classical solutions to this problem are based on
an assumption that surface luminance is determined by
the surface normal. For outdoor scenes on a sunny day,
when there is a well-defined light-source direction, this
classical assumption is usually valid. However, in many
other situations the assumption fails. In particular,
when a scene is illuminated by a diffuse light source such
as the sky on a cloudy day, surface luminance is not deter-
mined by the surface normal. This is the situation with
which we are concerned.

To illustrate, consider a scene composed of a single
convex object resting on a ground plane. It has been
argued 2 that under diffuse lighting conditions classical
shape-from-shading techniques could be used to recover
the shape of the object. The idea was that the region of
the sky that directly illuminates a point on the convex
object would be entirely determined by the surface normal
at that point.

Observe, however, that these techniques would fail to re-
cover the shape of the ground plane. Because the surface
normal of the ground plane is constant, the classical shad-
ing model requires that the luminance of the ground plane
also be constant. However, this requirement is clearly
not met, because different points on the ground plane are
exposed to different amounts of the diffuse light source.
(In particular, points that are closer to the object receive
more light from the diffuse source than points that are
farther from the object.)

A second example should clarify this limitation of the
classical model. Figure 1 shows an artificial image
formed by overlapping a set of rectangles. Each rectangle
has a ramp intensity in the vertical direction. Most
people perceive this image as depicting a scene composed
of parallel flat surfaces (e.g., a skyline or a graveyard).
The percept is valid because, under diffuse lighting condi-
tions the luminance of such protruding surfaces would
vary with height. Points that are higher along a given

patch would receive more illumination from the diffuse
source than points below.

Clearly the percept of parallel flat surface patches is in-
consistent with classical shape-from-shading, which re-
quires that smooth luminance variations are entirely due
to surface normal variations. In the skyline interpreta-
tion, the surface normals are constant along each surface
patch, yet the luminance is clearly not constant.

The classical shape-from-shading model cannot, in gen-
eral, account for surface shading under diffuse lighting
conditions. In this paper we present a new shape-from-
shading model that is designed specifically for these con-
ditions. The main idea of the model is that under diffuse
lighting conditions surface luminance is determined pri-
marily by the amount of the diffuse source to which a sur-
face element is exposed. We show how this model can be
used to recover a depth map from a given image.

2. OVERVIEW

For a general scene the relationship among surface
material, surface geometry, and surface luminance is
governed by the radiosity equation,3'4 which is an integral
equation that explicitly relates the luminance of each
surface point in a scene to the luminance of all the other
surface points. In Section 3 we discuss the radiosity
equation for a scene composed of Lambertian surfaces
with constant albedo and illuminated by a uniform diffuse
light source.

In Section 4 we present a dominating sky principle.
This is an inequality that relates the luminance of sur-
faces in a scene to the brightness of the uniform diffuse
light source. In Section 5 we introduce a useful geomet-
ric quantity, the surface aperture, that measures the solid
angle of the light source that is visible from the surface.
A second inequality emerges from this definition. To-
gether these two inequalities allow us to approximate the
radiosity equation by expressing the surface luminance in
terms of the surface aperture and the surface albedo.

In Section 6 we extend our discussion from the geome-
try of incident light to the geometry of ambient light by
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Fig. 1. Image formed by overlapping a set of rectangles, each
having a vertical intensity gradient. Most people perceive a set
of flat surface patches protruding from a ground plane. A sky-
line and a graveyard are two typical interpretations. These
percepts cannot be explained by classical shape-from-shading
models, which require that smooth variations in image intensity
depict smooth variations in surface normal. Classical models
would interpret the tombstones as curved surfaces, such as
cylinders!

introducing geometric constraints that relate how much of
the light source is visible from various points in the free
space above the surface. In Section 7 we show how these
visibility constraints can be used to compute shape-from-
shading. Finally, in Section 8 we present a number of ex-
perimental results.

3. RADIOSITY EQUATION

As we discussed in Section 1, classical shape-from-shading
models are often inappropriate for scenes illuminated by a
diffuse light source. In this section we develop a frame-
work from which a more appropriate model can be derived.

Let the free space in a scene be denoted as a point set,
i;. Light is both absorbed and reflected at the surfaces in
the scene, that is, at the boundary of free space, a9;. By
definition, agi does not include points at infinity. Assume
that the surfaces are smooth, so that the unit surface nor-
mal is well defined:

N: -*; unit sphere.

Thus, for each x E as;, there is a tangent plane at x as
well as a hemisphere of directions from which x can re-
ceive illumination. Let We(x) denote this unit hemisphere
of illuminant directions:

W(x)-{L:L E unit sphere, and L N(x) > 0},

so that We(x) is an open subset of the unit sphere (see
Fig. 2).

Definition 1. For any surface point x E O9;, the sur-

face visibility at x is the set of incident directions v(X) in
which the diffuse light source is visible from x. Thus the
directions in which other surfaces in the scene are visible
from x is v,(x) = XI(x)\v(x).

Notice that for any x E as, the set v(x) is an open sub-

set of W(x). Intuitively, if the light source were visible
from x in direction L, then there would exist a neighbor-
hood of directions (containing L) in which the source was
also visible from x.

The topology of v(x) could be complicated. For example,
if there were objects such as balloons or birds floating in
space, then isolated regions of the sky would be occluded,
and v(x) would have holes. Another example is that cer-
tain objects, such as the branches of a tree, could discon-
nect v(x) into a finite number of connected components.

It is essential to distinguish the light that is incident
upon and reflected from a surface element. Let Iin(x, L)
denote the brightness of the light ray that is incident at
x from direction L. The units of brightness are
lumens/(steradian/square meter).5 Let Iout(x) denote the
luminance of x also with the units lumens/(steradian/
square meter).5 Because we are assuming that the
surfaces are Lambertian, I0,t(x) does not depend on the
direction of reflection.

Let d denote a small solid angle, that is, a small
element of area on the hemisphere NW(x). This solid angle
is centered at direction L E W(x). Assuming that the
albedo, p, is constant throughout the scene, we integrate
over all incident directions to obtain

(1)

Next, assume that the diffuse light source has uniform
brightness so that, for any L E v(x),

Ii.(x,L) = Ia.

Here we are ignoring nonuniformities that often arise in
nature. For example, on overcast days there is a bright-
ness peak in the zenith direction,7 and on days when
the cloud layer is thin there is a peak in the direction of
the Sun.

The uniform-sky assumption permits a decomposition
of Eq. (1) as follows:

IO. (x)= P fI, L N(x)d

+ P Iin(xL)L N(x)d{.

N(x)

(2)

Fig. 2. Hemisphere of incident directions above a point on a sur-
face, which can be partitioned into two sets. v(x), shown by the
unshaded region, denotes the set of directions in which the light
source is visible from x. Its complement, v,(x), denotes the set of
directions pointing to other surfaces in the scene.
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The first component is due to the direct illumination from
the light source. The second component is due to the
light reflected off other surfaces in the scene.

For each L E v(x), let rI(x, L) denote the surface point
seen from surface element x in direction L. Thus
I 0Ut[HI(x, L)] is the luminance of the point Wl(x, L). Neglect
any light scattering within the free space so that, for any
x E a91 and for any L E v(x),

Iin(x, L) = It[II(x, L)]. (3)

The above assumptions can be summarized by the follow-
ing model, the radiosity equation:

I0.t(x) = fII L N(x)dfl

+ f 1oUt[1I(xL)]L N(x)dfl. (4)

Three shading factors are explicitly represented in this
equation. Mutual shadowing is represented by the parti-
tion of the integral into two domains. Mutual illumina-
tion is represented by the nonzero luminances within the
second integral. The classical dependence on surface
normal also plays a role.

Notice that if v(x) were independent of x, then the above
model would reduce to the classical model, in which an
equivalent point source is well defined. As we have ar-
gued, however, under diffuse lighting conditions, v(x)
often depends quite strongly on x.

Computational techniques for solving the radiosity equa-
tion (under far more general conditions) have been devel-
oped within the computer graphics community (e.g.,
Ref. 8). Their goal was to render accurately a scene with
known geometry and known surface material. Surface
geometry is approximated as a mesh of N planar surface
elements, and the radiosity equation is approximated as a
set of N linear equations.

A related technique has been applied to the classical
shape-from-shading problem.9 The strategy was to esti-
mate surface shape with classical techniques (that is,
ignoring mutual illumination and mutual shadowing) and
then to adjust the computed surface iteratively until its
luminance was consistent with the original image and sat-
isfied the radiosity equation. It was argued that this
method would converge, provided that the initial estimate
of the surface was sufficiently accurate, that is, provided
that the classical shading effects dominated.

In the present paper we develop a technique for estimat-
ing shape-from-shading under diffuse lighting conditions.
Our image formation model is quite different from the
classical model in that we assume luminance is determined
primarily by shadowing rather than by the surface normal.
In Sections 4 and 5 we show how to obtain this model by
an approximation of the radiosity equation.

4. DOMINATING SKY PRINCIPLE

Our discussion of shading under diffuse lighting condi-
tions begins with a few familiar observations. When an
object such as a tree or a bird is viewed against the sky, the
silhouette of the object is clearly demarcated, although the
luminance variations within the silhouette may be diffi-

cult to discern. Similarly, at dawn or dusk many objects
appear only as silhouettes. The reason for this phenome-
non is that under diffuse lighting conditions the sky is
typically much brighter than the ground. In particular
the following can be shown (see Appendix A for a proof):

Lemma 1. Dominating sky principle: Let a scene be
illuminated by a diffuse light source with uniform bright-
ness Ia, and let the surfaces be Lambertian with constant
albedo p. Then the luminance of the surface is bounded
as follows:

I pA3

In one large compilation of natural scenes,'0 the mean
albedo was found to be approximately 0.15." This datum
is consistent with a separate study in which measure-
ments of ambient light were made over a large number of
natural habitats.' 2 The data from the latter study indi-
cate that on overcast days the brightness of the sky is often
10 times as great as the brightness of the ground.

Many insect species provide wonderful support for the
dominating sky principle in the form of a mechanism that
has evolved for detecting the horizon.' 3 It has been shown
that certain insects cannot stabilize their roll (the rota-
tion about the longitudinal axis of the body) when they are
placed in a uniformly lit environment, that is, one that
does not contain a horizon. Such insects are believed to
stabilize their flight by visually controlling the attitudes of
their bodies with respect to the visible sky, thus maximiz-
ing the difference in illumination above and below them.

5. SURFACE APERTURE AND MUTUAL
SHADOWING

The dominating sky principle implies that there is a rela-
tionship between the luminance of a surface element and
the amount of the diffuse light source that is visible from
that element.'4 If the entire source were visible, then the
luminance would be maximal, whereas if none of the
source were visible, then the luminance would be relatively
low. A simple example should clarify this idea.

Figure 3(a) shows a scene consisting of a cylinder lying
next to a deep gully. The brightest region of the scene is
the top of the cylinder, because from there the entire dif-
fuse source is visible. The luminance decreases continu-
ously as one moves to the bottom of the cylinder. From
there none of the diffuse source is visible. Similarly, as
one descends into the gully, the diffuse source gradually
becomes occluded, and the surface becomes darker. This
shadowing effect, that different regions of the diffuse
source are visible from different points on the surfaces, is
represented geometrically in Fig. 3(b).

In this section we address the question of how much
of the luminance variation along a surface is due to this
shadowing effect. The following definition allows us to
specify the degree of shadowing:

Definition 2. The surface aperture at x E a9; is the per-
centage of incident directions in which the hemispheric
source is visible. Formally,

2W (dflx
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PIsf L * N(x)dfl Iout(x)

' p21a + (1-p) P I.f L N(x)df.
7r LWx

(6)

Substituting inequality (5) into inequality (6) yields

pI A(x)2 ' I0 ~(x) ' p2I, + (1 - p)pIeA(x)[2 - A(x)],
(7)

which can be rewritten as follows:
Proposition 1. Aperture-luminance inequality:

max 0, 1 - {1 [1 Ou( ]l) AWx

[lout (x) /2

L PI I

(b)
Fig. 3. (a) Surface luminance function. (b) Shadowing effects
represented geometrically by the partition of the hemisphere of
incident directions for each point. Notice that points in which
less of the sky is visible tend to have lower luminance.

For the scene in Fig. 3, the aperture would be 1 along the
top of the cylinder and 0 along the bottom of the cylinder.
The aperture would increase as one moved along the
ground plane and away from the cylinder and would de-
crease as one descended along the wall of the gully.

A useful bound on surface aperture is the following:

Lemma 2.

A(x) < f L N(x)dfl ' A(x)[2 - A(x)]. (5)
Vr (x)

These bounds are calculated in Appendix B. The idea
is to fix A(x) and to consider what v(x) would have to be to
maximize or minimize the given integral. For a maxi-
mum, v(x) would be a set of directions bounded by a cone
centered on N(x). For the minimum, v(x) would be an
annulus of directions crowded around the horizon of We(x).

The radiosity equation and the dominating sky principle
may be combined to yield

How tight are these bounds of relation (8) in practice?
To answer this question, we examine the values of Io0 t(x)
and A(x) for a number of surfaces. Figure 4(a) is a mesh
plot of a drapery surface whose aperture values are well
distributed over the range of 0 to 1. This surface was
rendered with 40 point sources (an approximation of a
uniform diffuse light source) by the use of the radiosity
equation. (Our rendering algorithm differs from the one
described in Ref. 7. We plan to present details in a future
paper.)

Notice that the bounds of inequality (8) are quite loose
relative to the plotted values of Io0 t(x) and A(x). In par-
ticular the data points are clustered near the middle of the
permitted range. This clustering was expected. For a
surface point to attain the upper (or lower) bound of in-
equality (8), it is necessary that the upper (or lower)
bounds of inequalities (5) and (6) be attained simulta-
neously. This latter requirement is rarely met for two
reasons. First, inequalities (5) and (6) represent distinct
constraints, so an attainment of the bounds of one relation
implies nothing about the attainment of the bounds of the
other. Second, as is discussed in Appendixes A and B,
the conditions under which each of the bounds of in-
equalities (5) and (6) are attained are rarely met.

To carry this investigation one step further, we examine
a well-known situation that is problematic for classical
shape from shading. Concave surfaces that have large
albedos typically do not satisfy the classical shading model,
because the mutual illumination effect for such surfaces
is large. 5 "6 Does a similar difficulty arise under uniform
hemispheric lighting conditions?

We address this question by rendering a smooth concave
surface, again using the radiosity equation. The depth
map is a 50 X 50 concave Gaussian function having a
standard deviation of 15 pixels and a depth ranging from
0 to 50 pixels. In Figs. 5(a)-5(c), rendered images are
shown for three different values of p. In Figs. 5(d)-5(f),
scatter plots of the [I 0ut(x), A(x)] pairs are shown.

Clearly the albedo affects the mean value of A(x) for a
given value of Io0 t(x). That is, when p is large, the values
of Iouj(x) are skewed toward larger luminances. However,
the variance of A(x) for a given value of Io0 t(x) is roughly
the same for all three albedos. The same qualitative ob-
servation can be made from the scatter plots of Fig. 4.

(a) (8)
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LUMINANCE
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>: .... . .B lg i Fig. 4. (a) 50 x 50 smooth surface. The depth values of the
iB,'.'.,B>82 i-.,..,...CF^Fl ...surface span a range of 0 to 25. (b), (c), (d) Surface rendered

according to the radiosity equation for three values of the albedo

'' '':'"'(0.2,0.5,0.8, respectively). The uniform hemispheric source was
~~~ ~~~~~ ~~approximated with 40 point sources. (e)-(g) Scatter plot of

.*.*.* by .- -***.* .. gs.g by , M aperture versus luminance for each of the three albedos. The

two solid curves represent the upper and lower bounds of the
aperture-luminance inequality. These bounds are quite weak

(d) ~~~~~~~~~relative to the values found for a typical surface.

11 . .......
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LUMINANCE
(d)(a)

(b) (e)

.. : .: .. 0
0 0.1 02 0.3 OA 0.5 0.6 0.7 0.8

LUMINANCE

(c) (f)
Fig. 5. (a), (b), (c) Concave 50 x 50 Gaussian function having standard deviation 15 pixels and a maximum depth of 50, rendered accord-
ing to the radiosity equation with three values of p (0.2,0.5,0.8, respectively). (d)-(f) Scatter plots of aperture versus luminance. (The
leakage of the data beyond the bounds is a quantization effect.) Clearly, the average aperture for a given luminance varies with p. How-
ever, the variation of the aperture for a given luminance is roughly the same for all three values of p. This suggests that the variation in
A(x) for a given value of I(x) is independent of p.

The data suggest that the effect of mutual illumination
is to skew the surface luminance distribution. In particu-
lar, as the albedo of a surface is increased, the distribu-
tion is skewed toward larger values. This result should
be familiar to anyone who has skied. On a cloudy day, the
snow-covered hills (which have an albedo close to 1) have
little contrast because the luminance distribution is

greatly skewed toward a maximal value. As a result the
hills appear flat. This issue is discussed again in Sub-
section 8.A, in which various choices of albedo are consid-
ered for a given image.

The above experiments suggest that one can estimate
surface aperture by considering the average of the bounds
of relation (8). Let A(x) denote this estimate, so that

M. S. Langer and S. W Zucker
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Azx) 1 [[I~utIx)]/2

+ (max0,1 {1 - P1 - PIx]9)] )

To summarize, under uniform diffuse lighting condi-
tions the luminance of a surface depends quite strongly
on the surface aperture, that is, on the mutual shadowing
of surfaces. This dependence is quite different from
classical shape-from-shading models, in which it is as-
sumed that surface luminance is determined primarily by
the surface normal.

6. VISIBILITY FIELD

Thus far we have developed three functions: visibility,
v(x); luminance, Iout(x); and aperture, A(x). Each of
these was defined along the surfaces in a scene. We now
extend the domains of v(x) and A(x) to the free space, 9i.
That is, we extend our discussion from the geometry of
incident light to the geometry of ambient light. This
extension is useful because there are strong local con-
straints on the geometry of ambient light.

Definition 3. For any x E 9;, let v(x) be the set of unit
directions in which the sky is visible from x. We refer to
v(x) as the visibility field at x.

There are strong local constraints on the visibility field.
Intuitively, for any x E ;, if the diffuse light source were
visible in a particular direction L, then any translation
within 51 and parallel to L would not affect this visibility.
This constraint is formally expressed as follows:

Local visibility constraint. Let x E 9; and e > 0 be
such that the open ball centered at x and of radius e is
entirely contained in 9;. For any direction L and for any
8 E [-E,e], we have L E v(x) if and only if L E v(x + 8L).

The local visibility constraint allows us to compute
shape from shading. The main concept (which is devel-
oped in Section 7) is that, if the visibility field were
known in a neighborhood within free space, then the local
visibility constraint could be used to expand locally this
neighborhood.

The visibility field is related to a classical construction
in illumination engineering.5 The light field is the vector
field on 93 defined by

D x) fv~x) I~fvx

This vector field, D(x), is physically meaningful. It is
the flux density of radiant energy coming directly from
the diffuse light source. Although we do not make use
of the light field when computing shape-from-shading, we
make use of the following scalar field:

Definition 4 For any x E 9i, the aperture field at x is
the percentage of the hemispheric source that is visible
from x:

A(x)--I d(1.
2 7r (x)

Both the visibility and aperture fields play an important
role in our shape-from-shading computation. It is this
computation to which we now turn.

7. COMPUTATIONAL PROBLEM AND
SOLUTION

A viewer is faced with the following computational prob-
lem. Given an image, compute a depth map that is con-
sistent with the image, where consistency is defined with
respect to Eq. (9). There are two stages to the solution.
The first is to transform the image into an estimate of the
surface aperture function. The second stage is to use this
estimated aperture function to compute the depth map of
a surface.

A. Definition of Quantized Variables
Because digital images are used as input, it is necessary
to quantize the variables of the problem. We use the
superscript * to remind the reader that a variable has
been quantized.

Let 2 be the set of integers. We begin by quantizing
space with a cubic lattice of nodes:

2' {x = (x,y,n):x,y,n E

The set of free nodes in a scene is denoted 9i*. These are
the nodes lying strictly above the surfaces. The surface
nodes are then denoted aS;*.

Assume that the image occupies a small solid angle of
view, so that perspective distortions can be ignored. That
is, the image projection is orthographic. Let (0,0,1) be
the viewing direction. QP is an N X N lattice of pixels, so
that a depth map is a function:

Z:9 -- { 10,...}

A viewed surface is thus a set of nodes:

aS;* _{[x, y, z(x, y)]:(x, y) E 9P} C 2'.

Because of the limited field of view, it is necessary to
make an assumption about the image boundary conditions.
Assume that beyond the image window the surface has
constant depth. Intuitively, the viewer is looking directly
down at a pit that has been excavated from the ground.
Further assume that the boundary depth is identical to
the depth of the node nearest to the viewer.

The quantized hemisphere of possible light source direc-
tions is denoted as

W* {L:k = 1...MI.

These are the M directions above the ground plane from
which a surface node can potentially be illuminated. W*
is defined such that each direction is a unit vector point-
ing from the origin to a node in 2'. Figure 6 depicts two
quantizations of We* with M = 32 and 64.

Fig. 6. Two different quantizations of We*, having 32 (left) and
64 (right) light-source directions, respectively. Each of these
unit vectors points from the origin to a node in 23.
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-V v-v- -V

v it v v 10 N\0

Fig. 7. Example of a quantized visibility field for five light-
source directions. Free nodes, 5F*, are represented by open
disks. Surface nodes, da;, are represented by filled disks. Nodes
below the surface are represented as points.

Definition 5. For any node x E ;* U aS;*, the quan-
tized visibility field at x, v*(x) C W*, is the finite set of
directions in which the sky is visible from x. (See, for
example, Fig. 7.) For any finite set U the number of ele-
ments of U is denoted Uf.

Definition 6. For any node x E ;* U as;*, the quan-
tized aperture field is

A*(x)- Ixsl

Finally, for any node x = (x, y, n), denote

Vn*(x,Y) v*(x), An*(x,y) A*(x).

B. From Image Brightness to Surface Aperture
Let P*(x, y) be the quantized image brightness, with units
of lumens/(steradian/square meter). In particular the
maximum image brightness is denoted Imax*. According
to the assumed image boundary conditions, the brightest
surface node has an aperture equal to 1. Hence the fol-
lowing estimate is obtained from Eq. (9):

A*(x) 1 [[10tx11/2

r1 F Iout(x 1 1/2\
+ max 0,1 - { - [1 - Imax )J- (10)

Notice that it is necessary to choose a particular value of
p. This choice should be familiar to the reader, as it is
also required in the classical shape-from-shading problem.
As we illustrate in Subsection 8.A, although the amplitude
of the recovered surface varies with the error between the
actual p and the chosen p, the location of the hills and
valleys of the surface is approximately preserved.

C. From Surface Aperture to Depth
The second stage of the computation is to recover a depth
map from the estimated surface aperture function. The
algorithm is iterative, beginning at the depth of the node
nearest to the viewer. The main idea is that, if the visi-
bility field were known up to depth n, then it could be
extended to depth n + 1 with the following analog of the
local visibility constraints discussed in Section 6.

Quantized local visibility constraints. Let x E 5P* U
a9* and L E W*. If x' E 2' is the nearest node to x in
direction L, then L E v*(x) if and only if all the following
hold:

1. x E 9i*, that is, x' lies strictly above the surface;
2. L E v*(x');
3. any node on the open line segment between x and x'

belongs to s;*.

It is crucial to appreciate that these are local con-
straints. For each node at fixed depth, the directions in
which the diffuse source is visible from that node can be
computed by examination of a small neighborhood above
that node. The computation begins at the depth of the
node nearest the viewer. For all nodes at this depth, the
entire source is assumed to be visible. Then, for any
given depth n, and for any node (x, y, n) E i* U 89;*, the
visibility field at (x, y, n) is computed with the quantized
local visibility constraints. If the aperture of (x, y, n)
were larger than the estimated aperture value of the cor-
responding pixel, then it would follow that (x, y, n) E i*.
For pixel (x, y), the surface is reached when the computed
aperture has decreased to the estimated aperture.

Algorithm. Given an estimated aperture function, A*,
compute a depth map, z:

V(x, y) E , z(x,y) := 0;
V(x, y) E , Vn O,vn*(x,y) := W*;
n := 0;
REPEAT
V(x, y) E f
IFz(x,y) = n

compute v*(x, y) with the local visibility
constraints; compute A*(x, y) with relation (6);

IF An*(X, Y) > A*(x, y)
z(x,y) := z(x,y) + 1;

n := n + 1;
UNTIL V(x,y) E 9P, An*(x,y) ' A*(x,y) .

We have proved a number of results concerning the behav-
ior of the algorithm. 7

Proposition 2. The algorithm always converges.
Proof Because of the image boundary conditions, all

nodes beyond a certain depth, Zmax, would have minimum
aperture. For points beyond this depth, the quantized
diffuse source would not be visible. It follows that the
algorithm could not proceed beyond Zmax iterations. U

Proposition 3. Suppose that for a given an aperture
function A* there exists a depth map that is consistent
with A*. Then, the algorithm computes the shallowest
depth map that is consistent with A*.

To summarize this section, we have partitioned the
problem of computing shape-from-shading into two prob-
lems. First, a surface aperture function is estimated
from a given image by use of an image formation model
based entirely on mutual shadowing. Second, a depth
map of a surface having that estimated aperture function
is computed.

8. EXPERIMENTAL RESULTS

We address three questions concerning the performance of
our algorithm.

A. Choice of Albedo
In the first step of the algorithm, the surface aperture
function is estimated. This estimate depends on a chosen
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P = 0.2

p = 0.5

p = 0.8

Fig. 8. Shape-from-shading on a cloudy day algorithm applied to each of the three rendered images of Fig. 4. Each column corresponds
to a single rendered image of Fig. 4. Each row above corresponds to a different chosen value of p (0.2,0.5,0.8). The three surfaces along
the diagonal thus correspond to the correctly chosen values of p. See the text for a discussion of the errors.

Table 1. Mean Squared Depth Error of the
Computed Surfaces of Fig. 8a

p 0.2 0.5 0.8

0.2 64.6 16.5 30.0
0.5 99.0 8.8 22.5
0.8 144.8 7.0 10.2

aIn general one would expect the errors to be smallest along the diagonal
(when the albedo is chosen correctly). Of course, because inequality (6) is
an estimate, an incorrectly chosen albedo may produce a smaller error.
Indeed, for the example shown, the diagonal elements do not always have
the smallest error.

albedo, p. The following experiment illustrates how the
computed surface varies with the chosen p.

Consider again the depth map of Fig. 4 and the ren-
dered images of Figs. 4(b)-4(d). We apply our shape-from-
shading algorithm to each of these images, using three dif-
ferent albedos for each image. The resulting nine depth
maps are shown in Fig. 8, and the mean squared errors
between the original depth map and the computed depth
maps are shown in Table 1. In general one would expect
that the errors are smallest along the diagonal, that is,
when the albedo is chosen correctly._ Of course, because
Eq. (9) is defined as an estimate of A(x), cases may arise
in which an incorrectly chosen albedo produces a smaller
error. Indeed, for the example shown, the diagonal ele-
ments do not always have the smallest errors.

When the chosen albedo is larger than the actual albedo,
the reconstructed depth map has greater amplitude of
variation than the actual depth map. The opposite effect
occurs when the chosen albedo is too small. To appreciate
why this occurs, recall how the rendered images of Figs. 4
and 5 varied with the actual albedo. As the albedo is in-
creased, the surface luminance becomes skewed toward a
maximal value. Thus, if the albedo were overestimated,
then the image brightnesses would be less skewed than
one would expect. This wider distribution of bright-

nesses would then be accounted for by a greater amplitude
of variation in the computed depth map. Similarly, if the
albedo were underestimated, then the skewing in the
actual image brightnesses would be larger than expected.
(That is, the image contrast would be smaller than ex-
pected.) Again, this unexpected brightness distribution
would be accounted for by the computed depth map. It
may be possible to use the distribution of image bright-
nesses in choosing the albedo of a given image. We are
currently investigating this idea.

(a)

(b)
Fig. 9. Because z and XC* are quantized, the two algorithms-
aperture from depth (see Appendix C) and depth from aperture-
are not inverses of each other. When these two algorithms are
run in succession on an original constant depth map, the result-
ing computed depth is not constant. (a) Mesh plot of a computed
depth map for an original 50 X 50 depth map having constant
depth (z 40) and with relatively coarse quantization parame-
ters (M = 32, and z quantized to unit steps). (b) Mesh plot for a
finer quantization (M = 64, and z quantized to half-unit steps).
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errors are smaller for the finer quantization, although they
are not nearly fine enough to be ignored. Second, the
errors are quite biased. The computed depth map is much
shallower than the original. (The bias illustrates the ef-
fect mentioned in proposition 3.) Third, the errors are
greater for deeper depth maps. The reason is that as the
surfaces become deeper, the aperture becomes small. In
this case the diffuse source effectively becomes a local
source, such as a window or a lamp. Clearly, the quan-
tization of W(x) is no longer appropriate in this limiting
case. This issue is discussed in greater depth in Ref. 17.

C. Relation between Depth and Surface Luminance
Finally, we use our theory to address a classical issue
in shading from the artistic literature. As Leonardo
da Vinci observed, "among bodies equal in size and dis-
tance, that which shines the more brightly seems to the
eye nearer."' Notice, for example, how in the rendered
images of Fig. 4 our own visual systems are not able to
infer precisely the depth map of the drapery surface, al-
though there is a strong sense that the bright regions are
hills and the dark regions are valleys. Artists often take
advantage of this darker-is-deeper heuristic when render-
ing drapery surfaces.' 9

2

1.

so

(b)
Fig. 10. Aperture from depth and depth from aperture al-
gorithms were run in succession on a set of depth maps, each
having constant depth. The mean and the standard deviation of
the difference between the original and the computed depth map
are plotted. (a) Coarse quantization (M = 32, and z quantized
to unit steps), (b) fine quantization (M = 64, with 2 quantized to
half-unit steps). See the text for a discussion of the errors.

B. Quantization Errors
Although our mathematical results hold in principle,
quantization effects are an issue and require careful
investigation. In the next experiment, seven constant
depth maps were created. For each depth map, the aper-
ture function was computed (see Appendix C). Then, a
depth map was computed from each of these aperture
functions. If the two computations (aperture from depth
and depth from aperture) were inverses of each other,
then their successive application would reproduce the
original constant depth maps. However, this is not the
case. These errors in the computed depth map are en-
tirely due to quantization.

Figures 9(a) and 9(b) show the computed depth maps
corresponding to z 40 for coarse and fine quantization,
respectively. The symmetry of the error surface reflects
the quantization of We.

In Figs. 10(a) and 10(b) the mean and the standard de-
viation of the difference between the original constant
depth map and the computed depth map are plotted for
both coarse and fine quantization. Notice first that the
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Fig. 11. Scatter plot of luminance-depth pairs for the rendered
images of Fig. 4: (a) p = 0.2, (b) p 0.8. A darker-is-deeper
heuristic is valid only in a loose statistical sense. The large vari-
ance of the relation implies that the heuristic is unreliable for
recovering a depth map from an image.
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The shape-from-shading algorithm developed in this pa-
per also (at first glance) suggests a heuristic that darker
surface nodes tend to be deeper. To examine the validity
of this heuristic, we again consider the smooth depth map
and rendered images of Fig. 4. Figure 11 shows a scatter
plot of luminance-depth pairs for these images. The plots
suggest that, on average, darker surface elements do have
greater depth. However, the large variance of this rela-
tion implies that the heuristic is unreliable.

A few examples should clarify why the heuristic can fail.
Wrinkles on a person's face or cracks in the floor are dark
but not deep. Here, darkness results from small surface
aperture, rather than from large depth. Conversely, a
surface such as a large valley could have great depth, but
it need not be dark. In particular, if the width of a valley
were much greater than the depth, then the luminance of
the valley could be nearly as great as that of the surround-
ing hills. The conclusion is that darkness is neither
necessary nor sufficient for deepness but rather is coupled
to the surface aperture function.

9. DISCUSSION
There are many types of shape-from-shading problems.
The most basic is to distinguish the sky from the ground.
We have discussed how a dominating sky principle, which
holds that the sky is much brighter than the ground in
natural environments, could allow a flying organism to
orient itself. A simple visual system would be sufficient
for such a task.

A slightly more complex visual system could distinguish
different brightnesses coming from the surfaces in a
scene. An organism might behave differentially toward
these different brightnesses. In particular, if an organ-
ism tended to move toward relatively low (or high) bright-
nesses, then it would on average move into (or out of)
holes or shadows. Whether this behavior was advanta-
geous to the organism would depend, of course, on the par-
ticular organism and its environment.

A more complex visual system would be able to use the
variations in brightness to compute the geometric struc-
ture of surfaces in a scene. There are many different
lighting conditions under which an organism might solve
this problem. The classical example of a point light source
has been studied in great detail. Another example is a
scene illuminated by a nearby light source, such as a lamp
or fire. For such a scene, a model relating surface lumi-
nance and scene geometry would have to take account of
how the lighting varies with the position of a surface ele-
ment in the scene.

In this paper we have considered scenes that are illumi-
nated by a uniform diffuse light source, such as the sky on
a cloudy day. We have developed, from first principles, a
method for computing a depth map of a Lambertian sur-
face from an image. The first half of the paper is an ar-
gument that surface luminance depends primarily on the
surface aperture function and that the surface normal is a
secondary factor.

In the second half of the paper, we discuss local visibility
constraints on the geometry of ambient light. An algo-
rithm for computing a depth map is derived from these
constraints. The algorithm uses simple operations at each
computational node and local connectivity between nodes.

Conceptually, the geometric constraints that allow one to
compute shape from shading are along the surface for the
classical point source situation but above the surface for a
diffuse light source. It is nevertheless pleasing that the
latter, seemingly more complex, situation still admits of
efficient solutions.

APPENDIX A

We begin by addressing a folk belief held by many that, by
a fortuitous arrangement of surfaces, it could happen that
a surface element is brighter than the uniform, hemi-
spheric source. The following lemma shows this belief to
be unfounded. From the lemma, we derive the dominat-
ing sky principle.

Lemma 3. Vx E a9, Iout(x) • I9.
Proof Let x* be the brightest surface point in the

scene, so that Iut(x) It(x*) for any x E aSi;. Suppose
that I < It(x*) (we derive a contradiction). From the
radiosity equation,

Iout (x*) = P f IL N(x*)dQ

+ P f Iout(x*,L)L N(x)dfl
IT fc(X*)

< P I1ut(x*)L N(x*)dfl.

Thus Iout(x*) < pIout(x*), which is a contradiction because
0 sp •1. U

From the radiosity equation and lemma 3 we have

I0 ut(x) = P I I9L N(x)dQ

+ P I0Ut[l(x,L)]L N(x)dfl
Ir v

0
(x)

- IaL N(x)dfl
Ir Jfe(x)

= PIn,

which proves the dominating sky principle.
It is important to observe that the bounds of the domi-

nating sky principle are attained only under exceptional
circumstances. For any x E 9i, the upper bound would be
attained only if all surfaces visible from x had luminance
equal to Ig. However, if p < 1, then (by the dominating
sky principle) this last condition would be met only in the
trivial case that no surfaces were visible from x.

The lower bound of the dominating sky principle would
be attained in the limiting case that none of the diffuse
source was visible from x and that those surfaces that
were visible from x all had zero luminance.

APPENDIX B

Proofof lemma 2. Given N(x) andA(x), define a spheri-
cal coordinate parameterization of W(x) with a pole at
N(x) as follows:

L(O, ) :[0, 2 7r][0, "/2] -* unit sphere,
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where

L(O,4) N(x) = cos 0,

dfl = sin dedO.

Let Omin and kmax be the unique real numbers such that

Er f~max

A(x) = J J sin OdpdO

72r f/2

= O |min kdkdO.

A straightforward calculation shows that

A(x) = 1 - cos m,ax = cos min- (B1)

Define

'max--{L(0,4):0 0 c 27r,0 < < max},

Vmin {L(0,O):0 0 - 2
7rmin < < V2}-

These sets of directions are the result of taking any given
solid angle of directions and, first, crowding them around
N(x) to form Vmax and, second, crowding them into an an-
nulus around the horizon to form Vmin. These definitions
imply the following:

- L N(x)dfQ If L N(x)dfQ
,7r Vmi In r p(X)

- L N(x)dfQ. (B2)

This inequality does not make any topological assump-
tions about the connectedness or number of holes of v(x),
beyond requiring that the integrals be defined.

A straightforward calculation shows that

1f L * N(x)dQl = COS
2

'Pmin,

P7r min

If L N(x)dfl = 1-cos' max.
7' Vmax

Using Eq. (Bi), we substitute the above equations into
Eq. (B2), yielding

A(x) -f L N(x)dfl c A(x)[2 - A(x)]. U
Ir v(X)

Observe that vmax and Vmin are quite symmetric. Be-
cause such symmetry rarely arises in natural scenes, it
follows that the bounds of lemma 2 are rarely attained.

APPENDIX C
Algorithm: Given a depth map z, compute the surface

aperture, A*.
V(x, ) E 9,Vn 0, vn*(X, y) : *;
n := 0;
REPEAT

V(x, y) E 9,
IFz(x,y) = n

compute vn*(x, y), using the local visibility constraints;
n := n + 1;

UNTIL V(x, y) E QP, n > z(x, y);
V(x, y) E 9, compute A*(x, y) with relation (6).
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