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Abstract. Several haptic shape display methods rely on the surface normal to
compute a force response. Instead, it is possible to use the change of height of an
interaction point to compute a force response when a subject explores the surface
of an object. The notion of surface normal is no longer needed, and the difficulties
associated with it are eliminated. An experiment is designed to illustrate some
differences between this approach and previous ones. Open questions are mentioned.

1 Introduction

For the haptic display of rigid objects, it is natural to replicate the experience
of point-wise surface exploration by producing a force normal to the simulated
surface whose intensity depends on penetration, assuming frictionless local
deformation of the said surface. With haptic devices moving and returning
forces in three dimensions (e.g. PhantomTM, [8]) this model applies directly
and gives rise to specific implementations [17,15]. If n is a vector normal to
the surface, p is the penetration, and r(.) is the response:

fnorm = −r(p) n. (1)

With haptic devices in two dimensions (e.g. [2,1,11], Immersions’s Impulse
EngineTM, Gravis’ XterminatorTM) the display of the shape of a surface can
be effected by projecting this force onto the workspace of the device [12]. If
that patch is represented by z = S(x, y), then only the lateral component of
the interaction force is returned to the user. This reduces to the calculation
of a force proportional to the gradient of the simulated surface at the contact:

flat = −r(p) ∇z. (2)

It is known that this approach is effective for producing the sensation of tex-
ture (high density of details) [9], smoothing geometric discontinuities [10,18],
building gui haptic landscapes [5,13], as well as displaying large shapes, even
when penetration is assumed to be constant [14,4].

In terms of the information gained by a user about the shape of a surface,
these equations indicate that, during exploration, this information entirely
originates from the change of the factor n in Eq. (1), or in the factor ∇z in
Eq. (2). In the absence of sliding movement, information is provided about
just one point at the surface which contains no indication of shape.
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2 Change of Height Method

While these approaches attempt to artificially replicate some key aspects of
the point-like interaction that occur when exploring an object with a small
tool, they also come with practical disadvantages.

In the first case (3d forces), the system must create by feedback a surface
stiff enough to yield a force of sufficient magnitude even with a small pene-
tration. It is known that this requirement puts demands on the device and
on its control to ensure the absence of limit cycles, of saturation, and of other
deleterious effects. In the second case (2d forces), either force sensing must be
used to measure the actual penetration in the direction normal of the device
workspace, or, if constant penetration is assumed, the device will “slide down
the slopes” on its own. A third problem results from the simulation of the
interaction of a point with a surface. Regardless of the device being used, the
normal may not be defined whenever the virtual surface is not smooth, for
example when it is polyhedral and has edges and vertices.

The proposed shape display method does not have these disadvantages.

2.1 Approach

With point-wise interaction, it was observed that shape information is gained
by a user only when there is movement. Without loss of generality, consider
a surface described with respect to two horizontal coordinates x and y (this
can be done in any orientation, given appropriate coordinate transformations,
or even with other kinds of coordinates, spherical coordinates for example).
Referring to Fig. 1 showing a point C sliding on a surface under user control,
P is the projection of C so that they are at distance z from each other.
The force direction is given by µ the direction of movement to oppose it.
The magnitude of the force returned to the user, instead of representing a
response to penetration, is now proportional to the change in height as the
user explores the virtual surface, the “height gradient” with respect to the
user movement.
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Fig. 1. Surface being explored.
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2.2 Force Calculation

An infinitesimal distance dl travelled by P is measured by the haptic device
in order to compute the height gradient dz/dl (in practice, it is a small
increment ∆l between two discrete updates). The vector µ = [dx/dl, dy/dl]>

is also found from the measurement of the position of P (subject to the same
proviso). A properly scaled product of this two quantities provides shape
information in the form of a change of force when moving in a particular
direction:

fheight = −k
dz

dl
µ, dl 6= 0. (3)

Please see Appendix A for a method to robustly estimate µ that eliminates
the problem of dividing by, comparing, or subtracting small noisy quantities.
Incidentally, the factor k can be related to a penetration as above, but can
also a constant.

To describe the effect of Eq. (3), consider the case when the local coordi-
nate v is parallel to y, and when the surface has a constant positive slope in
the x direction and no slope in the y direction. The force experienced by the
subject is zero when there is no movement, it opposes movement when the
subject “climbs” the slope in the direction of u (respectively assists move-
ment when the subject “slides down” in the direction of -u) and is also zero if
the movement is in the v direction. The force produced by Eq. (3) is related
to both movement and shape, and not to surface orientation at one point, as
in Eqs. (1) and (2). It also eliminates their respective disadvantages.

2.3 Possible Interpretations and Observations

The discussion in this section follows from the observation that point-wise
exploration of a rigid object can be abstracted to tracing a curve on its
surface. A curve describes locally the shape, but does not define a normal.

Change in Height. The first interpretation follows from the reasoning that
led to it, that the force experienced by a subject exploring a surface patch to
gain information about its shape can vary, among other factors, with move-
ment and slope. In other words, it can depend on the path traced. This seems
to be a common mode of interaction when manually exploring an unknown
object. This is relevant since it is known that the acquisition of the properties
of objects, be it their shape, their structure, their material, is the result of
sequential exploration in many directions [6].

Change in Interaction. The exploration of surfaces with a pointed tool
in the total absence of friction is admittedly atypical. It also possible to
view Eq. (3) as a friction force modulated by a slope causing changes in
the the tool/surface interaction, “running into the surface”, so-to-speak. The
frictionless surface assumption is no longer needed.
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Non Smooth Surfaces. Eq. (3) is defined for any path on continuous
surfaces, even if they are not smooth, as illustrated by Fig. 1. No special
care is needed to handle undefined normals. Smoothing the haptic surface is
equivalent to smoothing dz/dl.

Force Fields. Virtual interactions using Eqs. (1) and (2) describe a field
that is uniquely defined for a given shape and a given surface response: to
each point in 3d or 2d corresponds a unique force. This is not the case with
Eq. (3) for which the force experienced at a point depends on each exploration
path.

Specification of Textures. In relation to the study in [16] regarding the
possible effects, or lack thereof, of particular models and devices as factors
that influence the experience of texture, we also observe that Eq. (3) provides
additional possibilities.

Consider the case of a grating represented as a corrugated surface, as
in Fig. 2. When that surface is haptically rendered using Eq. (1) or (2),
the returned forces tend to force the user to track the grooves. The natural
response of a user is then to diminish penetration to maintain free exploration.
In contrast, Eq. (3) returns a force which is always aligned with the movement
of the user and hence does not disturb its direction whatsoever, but only its
speed. It thus combines a damping-based approach with a stiffness-based one.

Fig. 2. With surface normal based schemes, it is hard to experience texture while
exploring in any direction other than orthogonally to the grooves.

3 Experiment

A preliminary experiment was designed to highlight some of the differences
between the present approach and the previous ones. It was also designed
to show that the scheme introduced herein was as effective as previous ones
in providing shape and texture information without having their limitations.
In this experiment, subjects were asked to judge of the relative slope of two
nearby surfaces, comparing their performance using the two shape display
approaches.
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3.1 Method

Subjects and Apparatus. Six unpaid subjects from McGill University
participated in the experiment. The subject pool consisted four males and
two females, aged from 25 to 32. All happened to be right handed. All had
some experience with a computer mouse, but none with a haptic device. The
haptic device was a PenCat/ProTM (Immersion Canada Inc.) which had a
pen-like handle moving in a 14 × 10 cm work-area (Fig. 3.1). It returned
forces up to 5 N in a plane. Because of its direct drive design, it operated
silently and opposed virtually no friction.

Fig. 3. PenCat/Pro haptic device.

Stimulus. A “virtual surface” was defined as three contiguous patches, each
of the form:

z(x, y) = tan(α) x + A sin(ω x) y. (4)

Such a patch is represented in Fig. 4a, where a general slope in the x direction
is defined by an angle α. The middle patch was horizontal, α = 0, and the
two other had slopes α1 and α2 (between 0 and 1.05 radian) of opposite sign
defining a trough pictorially represented in Fig. 4b. The surface had no slope
in the y direction. When the user explored the surface, the interaction point
was tracing a path constrained to y = 0, as indicated in the figure by a line.

a b

Fig. 4. See text.

The force vector generated by the normal based display approach, on
paths y = 0, obeys:

flat = −k

[

∂z

∂x
,
∂z

∂y

]>

y=0

= −k [tan(α), A sin(ωx)]
>

, (5)

where α depends on which of the three patches is being explored.
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The force vector generated by the height gradient display approach is

fheight = −k
dz

dl
µ, (6)

which in general cannot be specified further since µ is under the control of
the subject. But for the case of a path in the x direction and provided that
the subject moved, dl = dx, it reduces to

fheight = −k

[

∂z

∂x
, 0

]>

= −k [tan(α), 0]>. (7)

The scalar A was set to 1 and k was set so that the magnitude of the force did
not exceed 4.77 N for both approaches. ω was such that the surface oscillated
about 100 times over the length of the line.

The visual stimulus was the same in all conditions. A line was seen on
a computer screen as in Fig. 5a, with a red ball on the left (marked A in
the figure), a green ball on the right (marked B), and a blue cursor moving
in between under subject control. The subjects were not visually aware of
the location of the cursor on the surface, but only of its location on the line
between the colored balls. Fig. 5b shows the correspondence between what
was seen on the screen and the location of the interaction point on the virtual
surface.

a b

A B
y

x

A
B

a
1

a
2 x

z

Fig. 5. See text.

Procedure. For each trial, the values of α1 and α2 were randomly selected,
and so was the display method. The task was to determine haptically which
side had the largest slope.

Subjects were asked to sit on a chair approximately 60 cm away from
the computer screen, with their dominant hand holding the stylus as if they
were writing. The other hand was placed on the computer keyboard. Subjects
were instructed to explore back and forth the line segment, to experience the
sliding forces, and to simultaneously watch the cursor on the screen. They
were asked to make a decision as to which side had the largest slope based on
the haptic stimulus and to indicate their decision by pressing a key dyed with
the corresponding color. When the decision was acknowledged, the computer
would automatically prompt the subject for the next trial. If after a few
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tens of seconds, a subject was still unable to make a decision, she/he would
give her/his best guess and proceeded to the next trial. Each subject was
informed that both the accuracy and decision making time would be recorded
automatically, and was encouraged to proceed as accurately and quickly as
possible. Each subject completed 151 trials and was asked before hand to
practice for 10 trials in order to learn how to use the stylus to manipulate
the cursor on the screen. Feedback was never given as to their performance.

3.2 Results

Fig. 6 shows a summary the subjects’ average performance in terms of accu-
racy and decision-making time plotted as a function of the slope difference
between the two sides of the trough.

a b

0 0.2 0.4 0.6 0.8 1 1.2
−0.5

0

0.5

1

1.5

Slope Difference

A
cc

u
ra

cy

old approach 
new approach

0 0.2 0.4 0.6 0.8 1 1.2
0

5

10

15

20

25

30

Slope Difference

D
e

ci
si

o
n

 M
a

ki
n

g
 T

im
e

 (
s)

old approach 
new approach

Fig. 6. Accuracy vs the difference of slope (radian) (a). Task completion time vs
the difference of slope (radian) (b).

For both display methods, subject performance improved with the slope
difference, both in accuracy and task completion time. Their performance
was however always greater and more consistent with the height change dis-
play approach than it was with the lateral force display method. The mean
accuracy for the height change approach was 92.4% with a standard devia-
tion of 26.5% compared to 84.6% with a standard deviation of 36.1% for the
lateral force approach. The two approaches are significantly different in mean
accuracy of slope difference judgment, taccuracy=5.4571, p < 0.005. The mean
decision making time for the height change method was 8.6 seconds with stan-
dard deviation of 6.52 seconds compared to 11.52 seconds and 8.04 seconds
respectively for the lateral force approach. The two approaches are signif-
icantly different in their effect on decision making time, tdecision=-3.3681,
p < 0.005.
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It can be concluded that a textural component in a direction orthogonal
to movement direction may have a dramatic effect on subjects’ ability to
judge slope haptically, given that slope is probably an important component
of the haptic experience of shape. Moreover, in both cases the underlying
“virtual surface” was the same, but the display method was different.

4 Discussion and Conclusion

The change-of-height display method addressed practical problems in the
artificial display of shape. The results show, however, that the law of the
variation force at the point of a virtual interaction with a surface in a virtual
setting can be subject to arbitrary choices. These choices can be made by the
designer to convey specific aspects of the available information to a subject
using a haptic interface. Experimental evidence suggests that these choices
can have dramatic effects on human performance according to the task being
performed, that of judging the slope of a surface in this example.

Of course, these results open more questions than they answer, as briefly
discussed in Section 2.3. These questions apply equally to 1d, 2d, 3d, and
other devices.

Undoubtedly, there are surfaces and tasks that would yield the same
subject performance regardless of the method employed. Alternatively, there
probably exist surfaces and tasks that would yield even more dramatic dif-
ferences. It is likely that the display of round shapes would yield differences
in tasks such as discriminating their geometry or their size. What about the
display of combination of small and large scale features, of material prop-
erties, and so-on? These questions clearly have strong connections with the
notion of exploratory movement pioneered by Lederman and Klatsky [7].

The discussion and results also indicate that the surface normal, which
plays such an important role in vision research and in computer graphics
because of its influence on the reflection of light, may also plays a role in
the haptic perception of objects, but a possibly very different one, since an
effective display of key aspects of shape may be achieved without it.
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A Robust estimate for µ

A robust technique to estimate µ was provided in [3] (Section 4.1). It is such
that µ is defined when P is stationary, i.e. when ∆l = 0 or when ∆l it is very
small.

Compute the location of a point W from a measurement P̄ as:

Wk =

{

P̄k −
P̄k−Wk−1

|P̄k−Wk−1|
zmax, if |P̄k −Wk−1| > zmax,

Wk−1, otherwise.
(8)

where zmax is set according to the resolution of a particular device. Then
a robust estimate of µ (no division nor difference of measurements involved
when |P̄k −Wk−1| is small) is found from scaling the quantity Zk = Pk −Wk

to one:

µ̂k =
1

zmax

(P̄k −Wk). (9)
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