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Abstract
Cutting a deformable body may be viewed as an in-
terchange between three forms of energy: the elas-
tic energy stored in the deformed body, the work
done by a sharp tool as it moves against it, and
the irreversible work spent in creating a fracture.
Other dissipative phenomena such as friction can
optionally also be considered. The force applied
can be found by evaluating the work done by a
tool which is sufficiently sharp to cause local de-
formation only. To evaluate this work, we propose
a computational model that reduces cutting to the
existence of three modes of interaction: deforma-
tion, rupture, and cutting, each of which considers
the exchange between two forms of energy. During
deformation, the work done by a tool is recover-
able. During rupture, this work is zero. During
cutting, it is equal to the irreversible work spent
by fracture formation. The work spent in separat-
ing the sample is a function of its fracture tough-
ness and of the area of a crack extension. It is
in principle necessary to compute the deformation
caused by a sharp tool in order to recover the force.
This is in general an unsolved problem. However,
for the case of a sharp interaction, measurements
from tests performed on samples used in conjunc-
tion with analytical approximations to the contact
problem, make it possible to propose a model which
is applicable to haptic rendering. The technique is
then compared to experimental results which con-
firms the model hypotheses. An implementation
of the model that yields realistic results is also de-
scribed.

1 Introduction

When the elements of virtual mechanical envi-
ronments are assumed to be rigid, the problems

of haptic real-time simulation concern mostly colli-
sion detection, friction between bodies, multi-body
dynamics, point-to-surface and surface-to-surface
interaction, see for example [6], [7], [8], [14], [16],
[20], [22], [26], [27], [30], [31]. When the elements of
these environments are assumed to be soft, the sim-
ulation of deformation is required. This is gener-
ally computationally demanding. Assuming how-
ever that deformation is linear-elastic and that no
changes occur in the discretization of a body, the
linear superposition principle makes it possible to
perform most computations in preprocessing for a
given body [12], [20].

1.1 Difficulties with Simulation of Cutting

Virtual cutting has received little attention in
the literature despite its potential importance for
surgical simulators and other applications. Previ-
ous attempts made to address this subject relate
mostly to modifications made to the simulation
of deformation, and use similar computational ap-
proaches such as finite element methods (i.e. [28],
[13], [10], [25]). With these techniques, cutting is
assumed to take place when the force, or rather the
stress, created by a tool during deformation reaches
a threshold. The cutting process is typically sim-
ulated by eliminating one or several discrete ele-
ments from the virtual object, such as springs or
tetrahedral regions. This makes it difficult to eval-
uate a force to be experienced by a subject holding
a virtual cutting tool. One problem is to ensure
mathematical continuity of the computations re-
lated to deformation, while the topology of the un-
derlying mesh structure is changed. A physically
based approach should at least satisfy the law of
conservation of energy, a condition which is diffi-
cult to meet when modifying a mesh in real-time.
Physically based approaches must also ensure that
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the simulation results depend on measurable pa-
rameters and not on arbitrary choices. Mesh ap-
proaches do not meet this requirement since the
mesh density, which by principle should be arbi-
trary, has a direct influence on the result.

Aside from the issues of real-time computing, the
simulation of cutting with a sharp edge is itself
not easy because it appeals both to contact me-
chanics and to fracture mechanics [4]. Numerical
approaches such as finite element methods (fem)
and boundary element methods (bem) break down
as a result on their reliance on discretization of the
geometry of a solid. They require far too many
discrete elements to approximate a contact, com-
pared to those needed to compute global deforma-
tion. Other possible approaches employ approxi-
mations of body geometries by standard cases such
as half planes for contacts at uncut locations [18],
or infinite wedges for contacts where a cut is al-
ready initiated [23]. It is then possible to solve the
problems of deformation and contact analytically,
but even then, the cases of sharp contacts are still
open problems.

1.2 Stress Versus Energy Approaches

A body is cut, or rather, a crack or micro-
crack (most materials or structural materials con-
tain many pre-existing microscopic cracks) propa-
gates under two well defined conditions, the first
relates to stress and the second to energy. The
stress condition states that the stress at the tip of
a crack must exceed a certain value called “cohe-
sive stress”. Stress is locally magnified at tip of a
crack according to its shape, length, and orienta-
tion. This makes difficult to determine where and
when the cohesive stress is reached. The energy
condition states that sufficient energy must be sup-
plied to extend a crack [1]. In fracture mechanics,
the strength of a sample against fracture is often
studied by applying the energy condition although
it may not satisfy the stress condition. The en-
ergy approach yields different computational tech-
niques to investigate the strength of materials and
of structural materials [1]. Briefly, the change of
elastic energy in a body undergoing fracture is re-
lated to the variation of the global stress field. The
determination of this field can be complex in the
case of a sharp contact, but it is also reasonable to
ignore the change in elastic energy while a sharp
cut is made because it must be small compared to
the other two contributions to the total energy.

1.3 Sharp Interaction

The interaction between a body and a cutting
tool involves different forms of the deformation
problem: local, global, or even deformations which
cannot be reduced to one of these forms. A wide
range of contact areas can be considered: from the
macroscopic scale to microscopic dimensions (cell
walls for example). There are different forms of
damage, from brittle fracture to plastic flow.

For purposes of cutting simulations, however,
the most legitimate interaction cases should be
considered first. These cases normally involve
the creation of predictable and desirable cuts that
cause the least damage possible (of interest for dis-
section, for example). This corresponds to using a
tool which is sufficiently sharp to limit deformation
to a small region around the contact area. We call
such interaction a “sharp interaction”. Whether it
is possible to approximate a general interaction by
a sharp interaction depends on the sharpness of the
tool edge, the sharpness of contact, the extensibil-
ity of the deformable body, and how the body is
supported at its boundary. Clearly, sharp interac-
tions depend strongly on the microscopic geometry
of the tool edge and on proper support of the sam-
ple. The hallmark of sharp cuts is predictability.

The model introduced here is physically sound
and represents materials and tools by a small num-
ber of parameters which can be easily identified
from experimental tests, as later illustrated in this
paper. It also affords the general advantages of
physics-based simulation approaches in the sense
that ranges of parameter values give rise to dis-
tinct behaviors observed in cutting tests performed
under controlled conditions.

In Section 3, the concept of the work done by
fracture is recalled. In Section 4, we combine the
energy approach to fracture mechanics with local
properties of sharp interactions to propose a phys-
ically based model capable of real-time computa-
tional prediction of sharp cutting. Experimental
tests involving cutting samples of potatoes and of
calf liver are described and discussed in Section 5.
An implementation is presented in Section 6. The
applicability and the limitations of the approach
introduced in this paper are discussed in Section 7.

2 Related Work

A number of methods for haptic simulation of
cutting have been researched, all in the framework
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of surgery simulation. Song and Reddy described
a technique for cutting linear elastic objects de-
fined as finite element models [28]. Cutting takes
place when the force exerted by the user exceeds
the shear strength of the virtual object. The node
at which cutting occurs is released and creates two
new nodes. This technique was applied in two di-
mensions.

Delingette et al. consider cutting as a change
in topology, which precludes directly using pre-
computation as in their previous work [13], [25].
They propose a new model named “tensor spring”
related to particle methods in order to achieve
real-time simulation of cutting. It is a hy-
brid model which uses elastic modeling with pre-
computations, yielding a tensed mass model with
real-time ability. They simulate cutting by elimi-
nating tetrahedral elements from the model.

Bro-Nilsen also simulates cutting by the removal
of tetrahedral elements, combined with a technique
for updating the pre-computed inverse of the stiff-
ness matrix of finite element when cutting takes
place [10]. At each time step, a stiffness matrix
is found to be the sum of a previously computed
matrix and a matrix containing a small number of
nonzero values to account for the effect of a miss-
ing element. Then, the Woodbury formula is ap-
plied to compute the inverse of the updated ma-
trix, thereby re-using the inverse of the previous
one. However, the computational load is still too
high for large number of mesh elements.

There exists other approaches to deal with the
modeling of cutting forces, invariably indepen-
dently from energy considerations. Tanaka et al.
consider the cutting force to be a friction force be-
tween the rigid body and the tool related to ve-
locity [29]. Basdogan et al. simulate the interac-
tion force between cutting tool and body surface
as a spring force proportional to indentation depth
along surface normal and a damping force propor-
tional to tangential velocity [5].

For global deformations, several techniques have
been proposed to reduce the computation time re-
quired for simulation. Astley and Hayward pro-
posed using a multi-layer fe mesh which can ac-
commodate nonlinear behaviors. A body is rep-
resented by a hierarchical mesh related by Norton
equivalents [3]. Bro-Nielson and Cotin described a
condensation technique in fem [9]. The computa-
tion time can be reduced to the computation time
of a model involving only the surface nodes of the

mesh. James and Pai applied boundary element
method which also only needs surface mesh [19].
Cotin et al. introduced the idea of pre-processing
for computation of deformation in linear-elastic
materials [12]. Zhuang and Canny considered the
effects of large deformations [32].

3 Work Done by Fracture

When a deformable body is elastically loaded as
in Figure 1a, all the work done to deform it is
stored. Upon unloading the body returns to its
initial shape and the elastic energy is entirely re-
covered. Figure 1b shows the same body in which
a crack is created during loading. For each dis-
placement, the unloading force is smaller than the
loading force. The shaded area corresponds to the
irreversible work consumed to create the crack [4].

f

x

a

f

x

b

Fig. 1. Work done a) in the deformation, and b) in
the fracture of a body.

In the case of elastic fracture (i.e. fracture in
which plastic deformation in the body limited to a
small region near the crack), the work required to
propagate a crack of unit of area inside a body is
specific to a material or structural material and is
called its fracture toughness Jc. Like other proper-
ties such as the elastic modulus, fracture toughness
can vary with the temperature, the environment,
aging, orientation and so-on. In the quasi-static
case (kinetic energy is neglected), the irreversible
work done to fracture a body is entirely consumed
by the crack formation [4]. Given a crack s of area
a(s), this work is given by:

Ws = Jc a(s). (1)

Consider now the case of a sharp tool propa-
gating a crack without friction and causing negli-
gible elastic energy to be stored. As exemplified
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in Figure 2, the shaded area inside a closed force-
displacement response represents the irreversible
work done while creating the cut. In the case of
a quasi-static linear fracture, this work is related
to the fracture toughness of the body and to the
size of a crack extension of length l and depth x:

Ws = Jc l x. (2)

f

x

f

l

dx

Fig. 2. Work done while cutting.

In [4], cutting tests of prepared samples is shown
to be a powerful method to determine the fracture
toughness of extensible structural bio-materials
which do not lend themselves to standard test
methods.1 These tests must be performed with
sharp tools that can guarantee the elastic energy
stored in the body to be much smaller than the irre-
versible work spent in creating a fracture, thereby
limiting the measurement error.

This approach can be adopted to evaluate the
tool force during haptic rendering of a sharp inter-
action, where in steady state, the tool work equals
the work of fracture. It requires the knowledge of
material toughness and avoids the need to accu-
rately compute deformation in order to predict the
extension of a crack. This is developed in the next
section.

4 Model for Sharp Interaction
A sharp interaction generally involves two

macroscopically distinct phenomena: deformation
and fracture. Before these can be defined, some
assumptions are needed:

1Atkins et al. measured the fracture toughness of selected
structural biomaterials. The values that they found make
it clear that fracture toughness is a property of these ma-
terial that is quite unrelated to their stiffness. In units of
kJ/mm; bone: 2, rabbit skin: 20, apple: 6, potato: 0.2,
muscle (perimysial tracts): 0.5 to 1.0.

1. The body under consideration is assumed to be
initially free from any residual internal stress and
from external loading.
2. Purely elastic deformation is assumed to occur
in the entire body except in a small region around
the crack front where elastic fracture occurs.
3. The displacement of the tool is normal to the
contact surface between the tool and the body.
When the contact is located at the end of a cut-
ting crack (a crack already created by cutting, or
otherwise), the tool displacement is along a fixed
cutting axis with no rotations. The displacement
of the contact edge defines a cutting plane.

4.1 Cutting Force

Figure 3 shows two states of a cutting process
separated by a short time interval ∆t. Fracture
is defined in terms of surface change, that is, in
terms of the spread of surface s+ (one wall of the
crack) to s+ + ∆s+ and of surface s− (the other
wall) to s− + ∆s− in Rs+∆s. Deformation, on the
other hand, refers to the change of body shape Rs

to Rs+∆s as a result of elastic deformation.

ft

l

cutting edge

s s+ ++ ∆s+

s− t t t+ ∆

Rs
Rs s+∆

cutting axis

ft

s s− −+ ∆

x

y

z

x

x = 0

c

c = 0

x x+ ∆

c c+ ∆

Fig. 3. Definition of a cutting process: x measures
the tool displacement and c the crack extent. The
difference is the local deflection.

Accounting for all energy terms entering an en-
ergy balance equation, the law of energy conser-
vation applied between two consecutive states at

4



times t and t + ∆t yields:

∆We = ∆U + ∆Ws, (3)

where ∆U is the change of elastic potential energy
stored in Rs and Rs+∆s: ∆U = URs+∆s

−URs , ∆We

is the external work applied by the tool during the
change from Rs to Rs+∆s, and ∆Ws is the irre-
versible work of fracture. For a quasi-static frac-
ture, calling a(∆s) the area of ∆s:

∆Ws = Jc a(∆s). (4)

∆We is a function of the tool displacement, ∆x,
and of the force ft it applies:

∆We = ft ∆x. (5)

From the second assumption, the tool displacement
and the tool force are vectors normal to the contact
surface. Substituting Equations (4) and (5) into
Equation (3) gives:

ft =
∆U

∆x
+

Jc a(∆s)
∆x

. (6)

4.2 Modes of Interaction

The entire process of a sharp interaction can be
reduced to three possible modes defined by equat-
ing one of the three terms of the energy balance
equation to zero.

Deformation (∆Ws/∆x = 0). In this mode,
no separation occurs, so ∆s = 0. A deformation
mode for sharp interaction can be subdivided into
two states, distinguishing between places that had
already been cut and those that had not, that is,
whether a crack pre-exists or does not.

Referring to Figure 4a, State 1 represents a de-
formation problem when the loading is reduced to
the contact of an object of a given geometry with
an infinite half plane. There exists analytical so-
lutions for some tool geometries. Numerical ap-
proaches to compute the elastic contact for any tool
geometry also exist [21]. A sharp tool, however,
may cause large deformation and plasticity around
the zone of contact. If it is acceptable to represent
the body geometry by a half plane, a small set of
deformation measurements for a given tool will be
sufficient to solve the deformation problem for any
body shape. For a sharp interaction with uniform
deflections around a contact line, we also assume
that the shear along contact line can be neglected.

Deformation State 1 Deformation State 2

Cutting Rupture

a b

c d

Fig. 4. Tool-body interaction modes. Legend: a wavy
line indicates a region subject to global deforma-
tion; a straight segment symbolizes a wall of the
original body or a wall created by fracture; a curved
segment symbolizes a wall subject to deformation.
As these phenomena may occur at various scales, a
precise sense of scale is not implied in the figure.

This is similar to the approximation used in con-
tact mechanics when the contact problem cannot
be solved. This makes it possible to extend the re-
sult of measurement for a uniform line contact of
unit of length, to any length of line contact. Call-
ing δ the local deflection of the body, f1 represents
the force deflection response measured for a line of
contact of unit length:

ft = l f1(δ). (7)

State 2 of Figure 4b represents a different con-
tact problem. The effect of a crack formation is to
shrink the deformation of the body to a small zone
around the edge, where the tool displacement is
along the cutting axis. The geometry of the body
as well as the crack length can be ignored. There-
fore, a set of cutting tests should be sufficient to
solve the problem of deformation of any body shape
and cutting any crack length. Calling now f2 the
force deflection response measured for a line con-
tact of unit of length:

ft = l f2(δ). (8)
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For haptic rendering purposes, an important fac-
tor for realism is stability. At high stiffness, a uni-
lateral interaction can creates limit cycles similar
to those that occur in the case of simulated con-
tact with hard objects. It is known that fast up-
date rates of the rendered force and some device
damping can be sufficient to quench them [11].

Cutting (∆U/∆x = 0). In this mode, dur-
ing the displacement of a cutting tool and with-
out change in the total elastic energy stored in the
body, the deformed region around the cutting edge
shifts to a new contact location as in Figure 4c.
Since ∆We = ∆Ws, the force applied by the tool
is given by:

ft =
∆Ws

∆x
=

Jc a(∆s)
∆x

. (9)

The shape of ∆s can be estimated from observa-
tions based on the tool shape. For instance, in the
case of a line cut with a thin knife, ∆s can be con-
sidered to be rectangular with length l, and width
∆x:

ft = Jc l. (10)

Rupture (∆We/∆s = 0). In this mode repre-
sented by Figure 4d, the tool does not exchange any
energy with the body. The stored elastic energy
instantaneously creates a crack ∆s, with ∆t = 0.
The area of ∆s can be evaluated to be

a(∆s) =
∆U

Jc
. (11)

The shape of ∆s could again be estimated from
observations on rupture. a(∆s) can however be es-
timated from another approach. Here, it can be
assumed that a rupture mode always switches to a
cutting mode. This defines a(∆s) for a given ∆s.
However, this approach can be used only where
a(∆s) is smaller than that predicted by Equa-
tion 11. This means that the stored elastic energy
is sufficient to create a crack that defines the transi-
tion from deformation in State 1 to a cutting mode
associated to deformation in State 2.

4.3 Interaction Modes Sequence

Figure 5 summarizes the interaction modes and
the transition conditions between them in terms of
the deflection responses f1(.) and f2(.), fr the force
at which a rupture occurs, and Jc, the toughness
of the body. x represents the displacement of the

No contact

Deformation State 1

xf1( )δ
δ δ r

fr

c

x x x

f x l x f
r

t

=
= ≤ ≤
=

0

0

1

δ δ
δ

( )

( ) ( ) ( )

  for 

Deformation State 2

xf2 ( )δ
δ δc

Jc

δ δ
δ

( )

( ) ( ) ( )

x x c x c

f x l x f
c

t

= − ≤ − ≤
=

  for 0

2

c

x

δc

Jc

c

c x x

f l x J
c

t c

= − >
=

δ   for  ∆ 0

( )

Cutting

  Initial Contact
 (no crack)
x = 0

x < 0 x c<

Contact
       (in a crack front)
              x c>

Rupture
    x r> δ

x c c− > δ

∆x < 0
fr

Fig. 5. Possible sequences of interaction modes.

tool and c the extent of the crack, as depicted by
Figure 3.

A collision at an uncut location determines the
beginning of a deformation mode in State 1. The
interaction remains in this mode as long as the tool
is in a contact with the body (x ≥ 0), and as long
as the local deflection is smaller than δr, the de-
flection at which a rupture occurs, and which is
such that fr = f1(δr). At the rupture point, a
switch to the cutting mode occurs with a crack of
extent c = x− δc where δc is a deflection such that
Jc = f2(δc). In other words, δc is the deflection in
deformation State 2 corresponding to the forma-
tion of a crack. It stays in this mode as long as the
tool moves inside the body (∆x ≥ 0), otherwise
the interaction mode switches to a pure deforma-
tion mode in State 2.

When the tool contacts the body at a location
which has already been cut (inside a crack front),
a deformation mode in State 2 begins and contin-
ues as long as the tool is in a contact with the
body (x > c), and as long as the local deflection
is smaller than δc. For a tool displacement that
causes a deflection greater than δc, the interaction
switches back to a cutting mode, wherein the crack
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length extends with the tool displacement, that is
δ = δc.

5 Experiments

A series of cutting tests on samples were carried
out under controlled conditions to test the model
hypotheses:
• Displacement-force curves should be repeatable
and should resemble each other for the same cut-
ting conditions and similar samples. This would
indicate that cutting processes can be predicted.
• The existence of three distinct regimes should be
observed, corresponding to at least three tool-body
interaction modes discussed in Section 4.2, namely
deformation, rupture, cutting, as well as the ex-
istence of switching conditions between them, in-
dependently from epiphenomena involving friction
and variations due to sample inhomogeneity or
anisotropy.
• The dependency of the cutting force on contact
length should be observed.

5.1 Materials and Methods

The tests involved cutting precisely shaped pris-
matic samples of two different biomaterials: potato
and fresh calf liver. These samples were bonded by
one face to a solid metallic plate using a cyanoacry-
late adhesive which is capable of long term bonding
even to moist objects. This provided a traction sur-
face, free of residual stresses. One potato sample
was a rectangular prism, 15 mm deep, 20 mm wide,
and 40 mm long. Another sample was a triangular
prism forming wedges 17 mm deep, 18 mm wide at
the base, and 50 mm long. The liver sample was a
rectangular prism 10 mm deep, 20 mm wide, and
90 mm long.

A robot manipulator holding a sharp razor blade
was used to perform cutting in a direction orthog-
onal to the axes of the prisms. It was programmed
to cut at one mm/s with a blade firmly clamped to
the manipulator’s terminal link. The manipulator
configuration was optimized to minimize the effect
of link and drive flexibility (see Figure 6). The re-
sulting force was measured in-situ, on the load path
between the blade and the manipulator’s terminal
link. These facilities were conveniently provided by
acme, the Active Measurement Facility developed
at the University of British Columbia by Pai and
co-workers [24].

a b

Fig. 6. acme’s manipulator performing a) potato
wedge cutting, b) liver sample cutting.

5.2 Results

Figures 7a-8a show robot displacement trajec-
tories, and Figures 7b-8b each show one example
of force trajectory, for the cases of potato samples
of rectangular section and of triangular section re-
spectively. The same data in the form of overlaid
displacement-force phase curves resulting from cut-
ting the same sample are collected in Figures 7c-
8c (three curves for the rectangular section, two
curves of the triangular section).

Figure 9a shows a position trajectory and Fig-
ure 9b an example of force trajectory for the case
of a liver sample. Figure 9c collects three over-
laid displacement-force phase curves for cuts made
on the same sample. The average of these three
responses is shown in Figure 9d.

5.3 Discussion

The results support the hypothesis that the
cutting process can be reduced to switching be-
tween three regimes corresponding to different
tool-sample interaction modes.

Referring to Figures 7c-8c (potato samples), a
deformation regime starts at (1) with a collision
between the blade and the sample after which elas-
tic energy accumulates in the sample. The rup-
ture, from (2) to (3), occurs in less than 50 ms,
almost instantaneously as the release of elastic en-
ergy creates a crack. The process then switches to
cutting at (3), where the work performed by the
blade separates the sample without change in de-
formation energy. Equation 10 predicts that the
tool force is constant for a sample with a rect-
angular section (Figure 7c), and that it increases
with the contact length in the case of a triangular
section (Figure 8c). The results clearly indicate
the dependency of the cutting force on the contact
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length between the cutting edge and the sample.
Another deformation mode begins at (4) when the
blade velocity reverses, and ends at (5). The small
force reversal there is probably due to friction. It
is maximum at zero velocity, when the walls of the
crack exert the largest pressure, and then vanishes
during retreat.
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Fig. 7. Displacement and force during cutting rectan-
gular potato prisms.
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Fig. 8. Displacement and force during cutting triangu-
lar potato prisms.

The curves show a considerable difference be-
tween the deformation regime from (1) to (2), that
is, of initial indentation of an uncracked sample,
compared to that (4) and (5), that is, of retreat
from a crack. The deformation energy, the defor-
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Fig. 9. Displacement and force during cutting liver
samples.

mation depth, and the rate of change of force all
differ. It is likely that the force variations at vari-
ous scales result from inhomogeneities in the sam-
ple and/or small changes in the contact conditions.

In the case of liver samples, Figure 9, it is ap-
parent that the response to cutting is not as pre-
dictable as it is for potatoes. The reduced pre-
dictability is probably the result of the micro-
behavior of liver tissue which is such that small
changes in the contact mechanics yield significant
changes in the stress condition. It is also likely
that micro-cracks are not distributed as evenly in
liver as they are in potatoes. In addition, fracture
toughness may be more variable. These results are
indicative of the fact that a cutting process always
exhibits some amount of stochastic behavior and
that this aspect is more pronounced for certain
tool/tissue pairs.

Whether one or combination of these three fac-
tors dominate in this example, it is nevertheless
true that the stochastic component of a response
to cutting is always reduced with sharper tools. It
is well known that tool sharpness generally deter-
mines the predictability of a cut, since the size of
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the contact depends highly on its micro-geometry.
The stochastic nature of the behavior is made ev-
ident in the averaged response. With just three
cuts made a few millimeters aparts, the average
response during the cutting phase becomes almost
flat. These observations may have important con-
sequences for the design of surgical simulators ca-
pable of haptically rendering cuts.

The liver results, like those obtained from pota-
toes, clearly indicate the existence of different de-
formation modes corresponding respectively to the
initiation of a cut or to the retreat from a crack.
Also, the transition from a deformation mode to
a cutting mode does not yield a significantly dis-
continuous response, as it was the case for potato
samples. This preliminary study is not sufficiently
detailed to allow us to conclude whether this ab-
sence of discontinuity can be attributed to plastic
deformation, since other factors could explain it.

6 Implementation
The model described in Section 4 was imple-

mented in a computer to simulate cutting in real
time. The forces computed as a function of dis-
placement were rendered by a PenCat/ProTM hap-
tic device (Immersion Canada Inc.) which can
render forces in two dimensions. The simulation
program consisted of two independent real-time
threads running under RTLinux 3.0. The first exe-
cution thread computed the cutting force at a self
adjusting rate according to the complexity of the
rendering (typically 1 kHz). The other thread ran
at 2 kHz to drive the haptic device. A separate user
process provided for graphics and user interaction
with Tcl/Tk.

During simulation, the virtual knife was kept
at a constant orientation. The virtual body con-
sisted of two layers with different toughness which
could be independently changed for each case. Set-
ting the two sets of parameters to the same values
would simulate an homogenous body. The graphi-
cal user interface can be seen in Figure 10. It was
assumed that both layers had the same force de-
flection responses. f1 and f2 were represented by
two virtual walls which could be independently ad-
justed. The response could be linear, quadratic, or
cubic, f1(.) = fr [./δr]i, and f2(.) = Jc [./δc]j , with
i or j = 1, 2, or 3.

The force returned by the haptic device consisted
of three components which were computed sepa-
rately before being added: the force representing a

Fig. 10. Graphical user interface and device used in
the cutting simulation.

sharp interaction, the lateral force experienced by
the knife, and a friction forces. The lateral force
experienced by the knife was modeled empirically
as an elastic wall that kept the knife displacement
along the cutting axis. The friction force due to
sliding contacts between the knife sides and the
body, as well as the friction force due to sliding
contacts between sharp edge of knife and uncut
body made was also modeled empirically using the
method of [16] (Section 3.1), whereby the friction
force is predicted in terms of presliding displace-
ments. The cutting force algorithm for the case of
one single material is summarized in Figure 11.

Figures 12 and 13 shows simulated displacement-
force curves created by virtually cutting by hand
homogeneous blocks where the various body-tool
interaction regimes have been labeled as in the ex-
perimental curves of Section 5. The parameters
were set manually for best empirical match. The
irregularities during cutting are due to small move-
ments of the virtual tool, causing switching be-
tween deformation and cutting. The machine used
to perform the tests was many times more rigid
than a human hand.

7 Conclusion

7.1 Summary

Sharp cut interactions were defined in terms
of concepts from contact and fracture mechanics,
whereby a body is locally deformed before it is sep-
arated. For purposes of haptic rendering, a sharp
tool was assumed to make a straight or curved line
of contact with a deformable body. The model
introduced an energy approach inspired from frac-

9



// Homogenous body and single cutting crack. Quantities related 
// to gross geometry,Collision Body Tool( , ), l x( ) from other process.
// l x( ) can be approximated by l CrackLength( ) if severe lack of synchonization.

begin thread
if ( ( , ))¬ ∧ ¬CuttingFrameKnown Collision Body Tool

Ft ← 0
exit

fi
if ( ( , ))¬ ∧CuttingFrameKnown Collision Body Tool

DefineCuttingFrame ToolPosition LocalSurfaceNormal( , )
CuttingFrameKnown ←True
CrackLength ← 0
Deformation State← 1

fi
if CuttingFrameKnown

[ , ] ( )x y MapToCuttingFrame ToolPosition← // local coordinates
if x < 0

CuttingFrameKnown ←False
Ft ← 0

else
case Deformation State= 1

if x r< δ // deformation
δ ( )x x←
f l x f xx ← ( ) ( ( ))1 δ // f1 unilateral wall
f Friction x y fy x← ([ , ], , )µ

else // rupture
CrackLength x c← − δ
f LateralStiffness yy ← − // bilateral wall

f l x J Friction x y fx c y← +( ) ([ , ], , )µ
Deformation State← 2

fi
F MapToDeviceCoordinates f ft x y← ([ , ])

case Deformation State= 2
if x CrackLength<

fx ← 0 // no contact
else

if x CrackLengthc< +δ // deformation
δ ( )x x CrackLength← −
f l x f xx ← ( ) ( ( ))2 δ // f2 unilateral wall

else               // cutting
CrackLength x c← − δ
f l x Jx c← ( )

fi
fi
f LateralStiffness yy ← − // bilateral wall

f f Friction x y fx x y← + ([ , ], , )µ
F MapToDeviceCoordinates f ft x y← ([ , ])

fi
fi // Frame known

end thread

Fig. 11. Cutting algorithm expressed in pseudo code.

ture mechanics methods to evaluate the tool force
given tool displacement. This made it possible to
reduced the problem of cutting to the existence of
three distinct interaction modes and to switching
conditions between these modes over time. Mea-
surements were required to define each mode com-
pletely, as a function of materials and tool condi-
tions.

0 0.2 0.4 0.6 0.8 1
−15

−10

−5

0

time (s)

 V
irt

ua
l t

oo
l  

D
is

pl
ac

em
en

t (
m

m
)

0 0.2 0.4 0.6 0.8 1
−5

−4

−3

−2

−1

0

1

time (s)

 T
oo

l F
or

ce
 (

N
)

−14 −12 −10 −8 −6 −4 −2 0
−5

−4

−3

−2

−1

0

1

T
oo

l F
or

ce
  (

N
)

 Virtual Tool Displacement (mm)

01

2

3
4

5 6

Fig. 12. Displacement and force during cutting simu-
lation of potato.
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Fig. 13. Displacement and force during cutting simu-
lation of liver.

Unlike the potato samples, the liver sample had
deflection responses that could vary significantly.
Liver was also more prone to yielding results hav-
ing a significant stochastic component during the
cutting mode. This may have important conse-
quences for the design of surgical simulators that
can render cuts with some fidelity.

A computer implementation of the model was
described that could predict effectively the deter-
ministic behavior of cutting in terms of material
fracture toughness (energy per unit of area), local
deflection responses per unit of length, and a rup-
ture threshold per unit of length.

The model is computationally efficient. It is
not limited to interaction between a uniform line
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of contact and a deformable body of pre-defined
shape. For the simulation of a sharp interaction
with a body of arbitrary shape, the local cutting
frame set at the location of initial contact serves
to define subsequent interactions. The deflection
is distributed over the length of the contact line,
so the individual contacts can experience simulta-
neous but different interaction modes. The total
tool force is then obtained by integration over the
length. This integral may be obtained numerically
from the contributions of discrete segments using
data obtained from standard tests. The display of
the resulting forces and torques would require the
use of high fidelity haptic devices with torque ren-
dering capability such the as Freedom-7 [17] or its
commercial version.2

7.2 Open Issues

The model should be extended to consider other
tool movements, for example movements having ro-
tations around the contact line. Additional mea-
surements would be needed to obtain the deforma-
tion response in these cases. An important sub-
case is that of a sliding contact, a case that we
normally describe as a sawing movement. Whether
sawing has a significant effect during cutting is an
still an open question. The energy approach in-
troduced in this paper might still be applicable to
haptic rendering with sawing motion. Tests are be-
ing designed to determine how the tool work dis-
tributes among the force components involved in a
sawing interaction, and whether the work of frac-
ture is changed or not.

When materials are highly extensible, the force
deflection response for the two states of deforma-
tion can be only known from samples which have
comparable sizes and traction at the boundary.
More research is needed to determine the sensi-
tivity of these parameters on a cut, particularly in
the case of pre-deformed extensible biomaterials.

The contact of the sides of a tool inside a crack
made in deformable body was modeled empirically.
More detailled models should account for the vari-
ation of friction according to global deformation.
This was noticeable in potato cuts. However, the
approaches already mentioned for simulation of de-
formation are applicable when the contact area
is not small. The multi-layer approach described
in [2] would make this possible.

2http://www.mpb-technologies.ca

Viscoelastic effects have been ignored due to the
low rates involved. However, the key assumptions
needed to apply the energy approach, namely sharp
interaction, approximations of contacts mechanics,
and kowledge of fracture toughness, are not limited
to purely elastic bodies. The same computational
approach could be extended to include terms re-
lated to viscosity, and perhaps more importantly,
to plasticity. Whether or not these terms need to
be considered depends on the application.

The issues related to multi-modal, graphic and
haptic, simulation have been side stepped because
the determination of the force response appeals
to techniques that are very different from that
needed to determine the visual aspect of a simula-
tion, and hence should rely on different representa-
tions. However, some aspects can be shared by the
two modes, in particular the determination of colli-
sions and of the contact position and length should
use techniques developed for graphics, whereas the
graphics could benefit from the knowledge of crack
extensions with high spatial and temporal resolu-
tion that current graphics methods do not allow.
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